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Top Sector: Non-Planar
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2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:
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𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

r = 0

𝑜 = 0 𝑜 = 1
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

r = 0

𝑜 = 0 𝑜 = 1
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

r = 0

𝑜 = 0 𝑜 = 1

𝑎 = −1, 𝑟 = 1,
𝑜 = 1, 𝜇 = 1
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

2. Reduce the full system, 
preferring Ψ3 as a master

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝑧0𝜂

Ψ2 = 𝜀4𝑈 Ԧ𝑧 𝑧1𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧1𝑄

𝑃3
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑄

𝑃3
𝜂

r = 0

𝑜 = 0 𝑜 = 1

𝑎 = −1, 𝑟 = 1,
𝑜 = 1, 𝜇 = 1
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

2. Reduce the full system, 
preferring Ψ3 as a master

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝑧0𝜂

Ψ2 = 𝜀4𝑈 Ԧ𝑧 𝑧1𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧1𝑄

𝑃3
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑄

𝑃3
𝜂

r = 0

𝑜 = 0 𝑜 = 1

𝑎 = −1, 𝑟 = 1,
𝑜 = 1, 𝜇 = 1

𝑎 = 0, 𝑟 = 0,
𝑜 = 0, 𝜇 = 0
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

2. Reduce the full system, 
preferring Ψ3 as a master

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝑧0𝜂

Ψ2 = 𝜀4𝑈 Ԧ𝑧 𝑧1𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧1𝑄

𝑃3
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑄

𝑃3
𝜂

r = 0

𝑜 = 0 𝑜 = 1

𝑎 = −1, 𝑟 = 1,
𝑜 = 1, 𝜇 = 1

𝑎 = 0, 𝑟 = 0,
𝑜 = 0, 𝜇 = 0

𝑎 = 0, 𝑟 = 0,
𝑜 = 1, 𝜇 = 1
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Top Sector: Non-Planar

𝑈 𝑧0, 𝑧1 = 𝑃0(𝑧0) 4𝜀 𝑃1 𝑧0, 𝑧1
−

1
2 𝑃1 𝑧0, 𝑧1

−
1
2 𝑃3 𝑧0, 𝑧1

−
1
2−𝜀 𝑃4 𝑧0, 𝑧1

−
1
2−𝜀

Twist 𝑈 is derived from a one-dimensional LBL Baikov representation:

even odd

ℎ1,0

ℎ1,1

ℎ0,1

r = 1

1. Localize on 𝑃0 = 0 
Ψ3 = 𝜀4𝑈 Ԧ𝑧

𝑧1
2

𝑃0
𝜂

(sole master of the subsystem)

2. Reduce the full system, 
preferring Ψ3 as a master

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝑧0𝜂

Ψ2 = 𝜀4𝑈 Ԧ𝑧 𝑧1𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧1𝑄

𝑃3
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑄

𝑃3
𝜂

r = 0

𝑜 = 0 𝑜 = 1

𝑎 = −1, 𝑟 = 1,
𝑜 = 1, 𝜇 = 1

𝑎 = 0, 𝑟 = 0,
𝑜 = 0, 𝜇 = 0

𝑎 = 0, 𝑟 = 0,
𝑜 = 1, 𝜇 = 1

Translate back to FI:

5 Forms 5 Integrals
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0



55

Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0

𝜇 = 1
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0

𝜇 = 1

Rotation into 𝜀-factorized basis can be constructed as:

𝐾 = 𝑅−1 𝜀, 𝑥 Ԧ𝐽 =  𝑅 −1 𝜀, 𝑥  𝑅 0 𝜀, 𝑥  
−1

 Ԧ𝐽
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0

𝜇 = 1

Rotation into 𝜀-factorized basis can be constructed as:

𝐾 = 𝑅−1 𝜀, 𝑥 Ԧ𝐽 =  𝑅 −1 𝜀, 𝑥  𝑅 0 𝜀, 𝑥  
−1

 Ԧ𝐽

𝜀0𝑔3𝜀−1𝑔2

𝜀0𝑔1

R 𝜀, 𝑥
𝜀0𝑓

I2×2 

I3×3
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Top Sector: Non-Planar

Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0

𝜇 = 1

Rotation into 𝜀-factorized basis can be constructed as:

𝐾 = 𝑅−1 𝜀, 𝑥 Ԧ𝐽 =  𝑅 −1 𝜀, 𝑥  𝑅 0 𝜀, 𝑥  
−1

 Ԧ𝐽

𝜀0𝑔3𝜀−1𝑔2

𝜀0𝑔1

R 𝜀, 𝑥
𝜀0𝑓

I2×2 

I3×3

Functions g and f depend 
on kinematics only  
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2



63

K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

Ψ2 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃0
𝜂

Ψ3 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃0
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃1
𝜂

Ψ6 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃2
𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃1
𝜂

Ψ7 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃2
𝜂

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

Ψ2 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃0
𝜂

Ψ3 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃0
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃1
𝜂

Ψ6 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃2
𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃1
𝜂

Ψ7 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃2
𝜂 𝑎 = −2, 𝑟 = 2,

𝑜 = 2, 𝜇 = 1

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

Ψ2 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃0
𝜂

Ψ3 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃0
𝜂

Ψ4 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃1
𝜂

Ψ6 = 𝜀4𝑈 Ԧ𝑧
𝑧0

𝑃2
𝜂

Ψ5 = 𝜀4𝑈 Ԧ𝑧
𝑧2

𝑃1
𝜂

Ψ7 = 𝜀4𝑈 Ԧ𝑧
𝑧1

𝑃2
𝜂 𝑎 = −2, 𝑟 = 2,

𝑜 = 2, 𝜇 = 1

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)

3. No forms for subsystem 
r = 1
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)

3. No forms for subsystem 
r = 1

4. Run the full system, 
preferring Ψ2 − Ψ7

(find six more forms)

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝜂

Ψ8 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2𝑧2
2

𝑃4
𝜂

Ψ9 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧2

𝑃3
𝜂

Ψ11 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧1

𝑃3
𝜂

Ψ10 = 𝜀4𝑈 Ԧ𝑧
𝑧1

2

𝑃3
𝜂

Ψ12 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2

𝑃3
𝜂
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)

3. No forms for subsystem 
r = 1

4. Run the full system, 
preferring Ψ2 − Ψ7

(find six more forms)

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝜂

Ψ8 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2𝑧2
2

𝑃4
𝜂

Ψ9 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧2

𝑃3
𝜂

Ψ11 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧1

𝑃3
𝜂

Ψ10 = 𝜀4𝑈 Ԧ𝑧
𝑧1

2

𝑃3
𝜂

Ψ12 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2

𝑃3
𝜂

𝜇 = 0
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K3 Sector: Non-Planar

𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)

3. No forms for subsystem 
r = 1

4. Run the full system, 
preferring Ψ2 − Ψ7

(find six more forms)

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝜂

Ψ8 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2𝑧2
2

𝑃4
𝜂

Ψ9 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧2

𝑃3
𝜂

Ψ11 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧1

𝑃3
𝜂

Ψ10 = 𝜀4𝑈 Ԧ𝑧
𝑧1

2

𝑃3
𝜂

Ψ12 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2

𝑃3
𝜂

𝜇 = 0

𝜇 = 1
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𝑈 𝑧0, 𝑧1, 𝑧2 = 𝑃0 𝑧0
4ε 𝑃1 Ԧz ε 𝑃2 Ԧz ε 𝑃3 Ԧz −

1
2−𝜀 𝑃4 Ԧz −

1
2−𝜀

Twist 𝑈 is derived from a two-dimensional LBL Baikov representation:

even odd

ℎ2,1

ℎ2,2

ℎ2,0 ℎ1,1 ℎ0,2

ℎ1,2

r = 2

r = 1

r = 0

𝑜 = 0 𝑜 = 1 𝑜 = 2

1. Localize on 
{𝑃0, 𝑃1, 𝑃2} = 0 

(𝑃odd become even)

2. Take one more residue

(we find six forms)

3. No forms for subsystem 
r = 1

4. Run the full system, 
preferring Ψ2 − Ψ7

(find six more forms)

Ψ1 = 𝜀4𝑈 Ԧ𝑧 𝜂

Ψ8 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2𝑧2
2

𝑃4
𝜂

Ψ9 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧2

𝑃3
𝜂

Ψ11 = 𝜀4𝑈 Ԧ𝑧
𝑧0𝑧1

𝑃3
𝜂

Ψ10 = 𝜀4𝑈 Ԧ𝑧
𝑧1

2

𝑃3
𝜂

Ψ12 = 𝜀4𝑈 Ԧ𝑧
𝑧0

2

𝑃3
𝜂

𝜇 = 0

𝜇 = 1

12 Forms 8 Integrals
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Corresponding DEQ matrix is given by Laurent series in 𝜀:

1

𝜀
𝜀0 𝜀

𝜇 = 0

𝜇 = 1

Rotation into 𝜀-factorized basis can be constructed as:

𝐾 = 𝑅−1 𝜀, 𝑥 Ԧ𝐽 =  𝑅 −1 𝜀, 𝑥  𝑅 0 𝜀, 𝑥  
−1

 Ԧ𝐽

𝜀0𝑔3𝜀−1𝑔2

𝜀0𝑔1

R 𝜀, 𝑥
𝜀0𝑓

1

I7×7



• Studied planar and non-planar double boxes with three equal masses

• Found multiple sectors associated with non-trivial geometries

• Tested the algorithm proposed in [arXiv:2506.09124] to solve the problem on the maximal cut

• Constructed solutions required no prior knowledge of geometries
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Summary

Thank you for attention!

https://arxiv.org/abs/2506.09124
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𝐼𝑛1,…,𝑛𝑁
≡ 𝑒𝑙𝜖𝛾𝐸 𝜇2 𝑛−

𝑙𝐷
2 න

𝑑𝐷𝑘1

𝑖 𝜋 ൗ𝐷
2

…
𝑑𝐷𝑘𝑙

𝑖 𝜋 ൗ𝐷
2

1

𝜎1
𝑛1 ⋅ … ⋅ 𝜎𝑁

𝑛𝑁

𝐷 = 𝐷int − 2𝜀 

propagatorsloop momenta

Integral Family:
𝜎𝑗 = 𝑞𝑗

2 − 𝑚𝑗
2

𝑘1
2 − 𝑚1

2

𝑘1 − 𝑘2
2 − 𝑚2

2

𝑘2 + 𝑘3
2 − 𝑚3

2

𝑘3 − 𝑝 2 − 𝑚4
2

𝑝𝑝Feynman Diagram:

Feynman Integrals
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න ෑ

𝑗=1

𝑗=𝑙
𝑑𝐷𝑘𝑗

𝑖 𝜋 ൗ𝐷
2

𝜕

𝜕𝑘𝑞,𝜇
𝑣𝜇 ෑ

𝑟=1

𝑟=𝑁
1

𝜎𝑟
𝑛𝑁

= 0

loop momentum any momentum

𝐼𝑛1,…,𝑛𝑁
∝ න ෑ

𝑗=1

𝑗=𝑙
𝑑𝐷𝑘𝑗

𝑖 𝜋 ൗ𝐷
2

ෑ

𝑟=1

𝑟=𝑁
1

𝜎𝑟
𝑛𝑁

𝜕𝑘𝑞

Solve complicated integrals through simple integrals

Laporta Algorithm

Gauss 
Elimination

Minimal set of unknown 𝑱

Master Integrals

Integration-by-Parts Identities
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𝑂 𝜀0 :
𝑑

𝑑𝑥
𝐾 0 = 0

𝑂 𝜀1 :
𝑑

𝑑𝑥
𝐾 1 = 𝐴(𝑥)𝐾 0

…

LHS:
𝑑

𝑑𝑥
෍

𝑛=0 

𝜀𝑛𝐾 𝑛 (𝑥)

RHS: 𝜀𝐴(𝑥) ෍

𝑛=0 

𝜀𝑛𝐾 𝑛 (𝑥)

“Rotate” the basis 𝐾 = 𝑅−1 𝜀, 𝑥 Ԧ𝐼 :
𝑑

𝑑𝑥
𝐾 = 𝜀𝐴(𝑥)𝐾

𝑅−1 ሚ𝐴(𝜀, 𝑥)𝑅 − 𝑅−1
𝑑

𝑑𝑥
𝑅

Ansatz 𝐾 = σ𝑛=0 𝜀𝑛𝐾 𝑛 (𝑥): 

𝑂 𝜀𝑛 :
𝑑

𝑑𝑥
𝐾 𝑛 = 𝐴(𝑥)𝐾 𝑛−1

Iterative solution:

𝜀-Factorized Form
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𝐼𝑛1,…,𝑛𝑁
∝ න ෑ

𝑗=1

𝑗=𝑙
𝑑𝐷𝑘𝑗

𝑖 𝜋 ൗ𝐷
2

ෑ

𝑟=1

𝑟=𝑁
1

𝜎𝑟
𝑛𝑁

Integrate in loop momenta 𝑘𝑗

Momentum Rep

Integrate in propagators 𝜎𝑗

Baikov Rep

𝐼𝑛1,…,𝑛𝑁
∝ න

𝐶

𝐵 𝜎 𝛽𝑑𝑛𝜎

ς𝑗 𝜎
𝑗

𝑎𝑗

Baikov Representation
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• To show the above expectation is too generous, consider an example of  a Scaleless Integral: 

𝐼 ≡ න
𝑘1,𝑘2

1

𝑘1 ⋅ 𝑝𝑖
𝑚 𝑘2 ⋅ 𝑝𝑖

𝑛 ⋅ …
න

𝑘1,𝑘2

1

𝑘1 ⋅ 𝜆𝑝𝑗
𝑚

𝑘2 ⋅ 𝜆 𝑝𝑖 + 𝑝𝑗
𝑛

⋅ …

𝑘𝑖 → 𝜆𝑘𝑖

𝑘𝑗 → 𝜆𝑘𝑗

= 𝐼 = 𝜆−𝑚−𝑛+⋯⋅  𝐼

rescale back 𝑘1, 𝑘2

≡ 𝜆𝛼

𝜆𝛼 − 1 𝐼 = 0 𝐼 = 0•  𝛼 ≠ 0 in dimensional regularization, hence: 

fully reducible 
sectors

scaleless integrals 
vanish in dimreg

Scaleless Integrals
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