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Character Varieties

Definition

Let S be an oriented surface, G a reductive group,

ChG (S) := {G -local systems on S}/ ∼ ∼= hom(π1(S),G )/G .

Attiyah-Bott-Goldmann Poisson bracket

Quantise:

Skein theory [Turaev, Przytycki, . . . ]

Cluster theory [Fock-Goncharov, G-Shen]

Factorisation homology
[Ben-Zvi-Brochier-Jordan,J-Le-Schrader-Shapiro]
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Skein partition function

SkG(M
3) := C(q)⟨fr. or. col. graphs in M3⟩/isotopy, skein rel.

Theorem: Skein partition function [Bierent, Jordan, V, Vazirani ’25]

ZMγ
(t) := 1 +

∞∑
N=1

dimSkGLN
(T 2 ×γ S1) · tN =

∞∏
k=1

(1− tk)−ck ,

where ck =
1

k

∑
d|k

ϕ(
k

d
)|(γd)− 2|, for generic γ.
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Decorated Character Varieties

Let S be a stratified surface, G a reductive group,

ChG (S) :=


G -local systems on SG ,
T -local systems on ST ,
Borel reduction on SB .

 / ∼
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Cluster Structure by Fock-Goncharov and G-Shen

ChG (S) χ∆ = (C×)d = Spec(C[x±1 , . . . , x±d ])
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Cluster Structure by Fock-Goncharov and G-Shen

ChG (S)

χ∆′

χ∆ = (C×)d = Spec(C[x±1 , . . . , x±d ])

= (C×)d = Spec(C[x ′±1 , . . . , x ′±d ])
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Cluster Structure by Fock-Goncharov and G-Shen

ChG (S)

χ∆′

χ∆ = (C×)d = Spec(C[x±1 , . . . , x±d ])

= (C×)d = Spec(C[x ′±1 , . . . , x ′±d ])

µ

χ|∆| := Spec(f ∈ O(χ∆)|f ∈ O(χ∆) after any seq. of mutations)

O(ChG (S)) = O(χ|∆|)

Easy Poisson structure: {xi , xj} = aijxixj

Easy quantisation: χq
∆ = C[q±][x±1 , . . . , x±d ]/ < xixj = qaij xjxi >
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Clusters from Factorisation Homology

Factorisation homology:

S 7→ Z(S) ∈ Cat

Clusters from factorisation homology for SL2(C):

∆ ⇝ Z(∆) ⊂ Z(S) and Z(∆) → Z(∆′)

Z(∆) ∼= χq
∆ −mod and quantum cluster mutations!

Moreover: χq
∆ can be understood in terms of skein theory.
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Internal skein algebra
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