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Applications of R-Polynomials

Applications

R-polynomials arise in various areas of mathematics:
▶ Combinatorics:

▶ Study of Bruhat order properties.
▶ Kazhdan-Luzstig-Stanley-Theory for Matroids.

▶ Representation Theory:
▶ Computing Kazhdan-Luzstig Basis.
▶ Counting the multiplicity of certain morphisms in the Category

of Soergel Bimodules.

▶ Algebraic Geometry:
▶ Schubert calculus.
▶ Study of flag varieties.



Some Notation

Coxeter group

A Coxeter group (W , S) is a group W with generating set S and
relations:

(st)m(s,t) = 1 for s, t ∈ S ,

where m(s, s) = 1 and m(s, t) = m(t, s) ≥ 2 for s ̸= t.

Length Function

Let x ∈ W . We denote by ℓ(x) the minimal number of generators
in any expression of x .

Bruhat Order
Let x , y ∈ W and fix a reduced word y for y . We define a partial
order by : x ≤ y if x has an expression that is a subexpression of y .
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R-Polynomials in Coxeter Groups

Definition
There is a unique family of Polynomials R̃x ,y (v)x ,y∈W ⊆ Z[v ] such
that

1. R̃x ,y (v) = 0, if x ̸≤ y ,

2. R̃x ,y (v) = 1, if x = y ,

3. For s with ℓ(ys) < ℓ(y),

R̃x ,y (v) =

{
R̃xs,ys(v), if ℓ(xs) < ℓ(x),

R̃xs,ys(v) + vR̃x ,ys(v), if ℓ(xs) > ℓ(x).

Main Properties

▶ R̃x ,y (v) is a polynomial in v with non-negative integer
coefficients.

▶ The degree of R̃x ,y (v) is ℓ(y)− ℓ(x).

▶ We have
∑

x≤z≤y R̃x ,z(v)(−1)ℓ(x)+ℓ(z)R̃z,y (v) = δx ,y .
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Example: S3
▶ Let S3 =< s, t|s2 = t2 = e, sts = tst > and denote by

w◦ = sts.

▶ Then R̃ts,w◦(v) = R̃t,st(v) = R̃e,s(v) = v

e

s t

st ts

w◦

Figure: Hasse Diagram of S3

e s t st ts w◦

e 1 v v v2 v2 v3 + v

s 0 1 0 v v v2

t 0 0 1 v v v2

st 0 0 0 1 0 v

ts 0 0 0 0 1 v

w◦ 0 0 0 0 0 1

Table: R̃-Polynomials of S3.
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R-Polynomials in Hecke Algebra of S3

▶ Denote v ′ = v − v−1. Let H be the Z[v , v−1]-algebra
generated by {Hs′}s′∈S3 and relations

1. Hs2=1+v ′Hs
and Ht2=1+v ′Ht

2. HsHtHs = HtHsHt

▶ From the relations one gets H−1
s′ = Hs′ + v ′ and Hx :=

∏
Hsi ,

where x =
∏

si is a reduced word for x , is well defined.

▶ Define an involution on H via extending H̄x := (Hx−1)−1,
v̄ = v−1 to a ring homomorphism.

▶ Then HsHt = (Hs + v ′)(Ht + v ′) = HsHt + v ′Hs + v ′Ht + v ′2

▶ In general for y ∈ S3 we get Hy =
∑

x≤y R̃(v
′)Hx
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Incidence Algebra of a Poset

▶ One can view the R̃-polynomial as a function
f : {(x , y) ∈ W ×W | x ≤ y} → Z[v ],

▶ Let P be a locally graded poset and denote by p(x , y) the
maximal length of a chain in [x , y ].

▶ Then one can define
I(P,K [v ]) := {f : {(x , y) ∈ P × P | x ≤ y} → K [v ]}.

▶ The convolution (f ∗ g)x ,y (v) =
∑

x≤z≤y fx ,z(v)gz,y and
pointwise addition turn this into a K-algebra.

▶ One can define an involution f̂ by f̂x ,y (v) = vp(x ,y)f (v−1). An
element κ ∈ I(P,K [v ]) is called a P-Kernel if κ̂ = κ−1.

▶ This condition ensures that κ ∗ f = f̂ for some functions in
I(P,K [v ]).
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R̃−Polynomial as a W-Kernel

▶ From earlier we have (R̃−1)x ,y (v) = (−1)ℓ(y)−ℓ(x)R̃(v),

▶ But ˆ̃Rx ,y (v) = v ℓ(y)−ℓ(x) ˆ̃Rx ,y (v
−1). So R̃ is not a W -Kernel.

▶ We have however v ℓ(y)−ℓ(x)R̃x ,y (v − v−1) is a W -kernel.

▶ Want to modify R̃ or the hat map to respect the substitution.
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R-Polynomials and Soergel Bimodules

▶ Let each dot represent a factor of v ′ in the Product
(Hs + v ′)(Ht + v ′) we obtain the various R̃x ,st for x ≤ y .



R-Polynomials and Varities

▶ Related to Richardson Varities.

▶ Richardson Varities are indexed by a pair x , y ∈ W , such that
x ≤ y .

▶ These have dimension ℓ(y)− ℓ(x).
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