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Outline
• Gravitational wave research at HU: 

Worldline quantum field theory

• High-precision, perturbative black hole scattering

• First, motivation:

• Gravitational wave physics

• Black hole two-body problem
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Gravitational Wave Physics
• Hundreds of detections since 2015

• Astrophysical origins: compact binary coalescence

• 2030s detectors: unprecedented sensitivity

• Large banks of theoretical gravitational-wave templates required for data analysis

• Is Einstein’s theory of gravity correct?
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Virgo, Cascina, Italy

Gravitational strains of GW150914 [PRL 116, 061102 (2016)]
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Compact Binary Coalescence [PRL 116, 061102 (2016)]

Event Horizon Telescope (2019)

• Stationary solutions to

• No-hair theorem, only mass and spin

• Kerr metric

• Event-horizon

Black hole two-body system
• Non-linear, non-stationary differential equations 

with two interacting event horizons (black holes)

• Simulated on clusters in numerical relativity 
(first complete simulation in 2005)

• Perturbative approaches: PN, PM, GSF, BHPT…

Isolated black holes

Event horizon(s) in numerical relativity simulation 
[Bohn, Kidder, Teukolsky 2016]
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Black holes:
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Black Hole 

mass, spin 
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Neutron Star

mass, spin, radius,

tidal deformability
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Spin-induced 
quadrupole Adiabatic tidal 

effects

Worldline Effective Field Theory

Point-like, 
spinning particle
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Post-Minkowskian Scattering
• Find perturbative, analytic solutions to Einstein’s field equations and the 

geodesic equations
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Worldline Quantum Field Theory (WQFT)
• Diagrammatic, algorithmic solution to classical equations of motion

• Solve classical equations of motion as stationary phase of worldline quantum 
field theory
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
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i ]
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where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)
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num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3
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12
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with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)

∫

ℓ1,ℓ2,ℓ3

num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · v1)δ(ℓ2 · v1)δ(ℓ3 · v2)
Dn1

1 Dn2
2 ...Dn12

12

(11a)

with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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FIG. 1: Berends-Giele type recursion relation to construct ⟨Zµ
i (ω)⟩ and ⟨hµν(k)⟩ perturbatively. The causality flow is always

from the Zi and h blobs to the outgoing line. They are equivalent to the PM-expanded geodesic and Einstein equations.

Momentum impulse and spin kick. — The momen-
tum impulse ∆pµi := [pµi ]

τ=+∞
τ=−∞ and spin kick ∆Sµ

i :=
[Sµ

i ]
τ=+∞
τ=−∞ follow from the one-point functions

∆pµi = mi

∫ ∞

−∞
dτ

〈

d2xµ
i (τ)

dτ2

〉

= −miω
2 ⟨zµi (ω)⟩|ω=0 ,

∆ψµ
i =

∫ ∞

−∞
dτ

〈

dψµ
i (τ)

dτ

〉

= −iω ⟨ψ′µ
i (ω)⟩

∣

∣

ω=0
, (7)

where we have Fourier transformed to momentum space.
Both observables are given as the sum of all diagrams at a
given PM order with one outgoing Zµ

i line with vanishing
energy. The spin kick is subsequently derived from the
kick of the Grassmann variable as in Ref. [62].
Integrand generation. — The 4PM impulse and spin-

kick integrands are generated recursively via Berends-
Giele type relations. The one-point functions for the
worldline “super-fields” Zi = {zi,ψ′

i} and for the gravi-
ton are represented as

⟨Zi(ω)⟩ =
ω
→

Zi
, ⟨hµν(k)⟩ = →

k
h . (8)

Their recursive definitions follow from the Schwinger-
Dyson equations and are depicted in Fig. 1. Spelling
this out systematically to order G4 allows for an algo-
rithmic construction of the integrand: in our case, we ef-
ficiently inserted Feynman rules into the generated trees
using FORM [125]. There are 201 graphs contributing to
the 4PM impulse in the non-spinning case, 529 with spin
and 253 contributing to the 4PM spin kick.
Reduction to scalar integrals. — A generic 4PM dia-

gram after performing the worldline energy integrals via
the δ-functions in Eq. (6) takes the form
∫

q
e−iq·bδ(q · v1)δ(q · v2)× (9)

∫

ℓ1,ℓ2,ℓ3

num[ℓi]

D1 · · ·D12
δ(ℓ1 · vi1)δ(ℓ2 · vi2 )δ(ℓ3 · vi3) ,

where the Di are either linear or massless propagators
depending on the loop momenta ℓi, velocities vi and mo-
mentum transfer q. The numerators num[ℓi] are polyno-
mial in loop momenta. Tensor reduction of num[ℓi] to

scalar integrals is performed by expanding the loop mo-
menta on a basis dual to vµi and qµ, as demonstrated in
the 3PM case [98]. The only dimensionful quantity in the
3-loop ℓi integral is the momentum transfer qµ. Hence,
|q| =

√

−q2 may be scaled out, and the remaining 3-loop
integrals depend only on the Lorentz factor γ.
The specific choice of three δ(ℓk · vik) functions in

Eq. (9) follows the mass dependence of a given diagram,
which scales as m1m2mi1mi2mi3 . Diagrams are thereby
grouped into two categories: test-body contributions
with mass dependence m4

1m2 or m1m4
2 and comparable-

mass contributions m3
1m

2
2, m

2
1m

3
2 — see Fig. 2. For the

conservative impulse we can easily reconstruct the m1m4
2

and m2
1m

3
2 components using ∆pµ1,cons = −∆pµ2,cons, the

impulse on the second body being given simply by rela-
beling the two worldlines. When computing ∆ψµ

1,cons no
similar relation exists; however, the integrals in opposing
mass sectors are also related by a trivial relabeling.
Integral families and reduction to masters. — There

are three integral families that need to be reduced to
master integrals. The first 4PM family is (i = 1, 2)

I [i](σ1,σ2,σ3)
n1,n2,...,n12

=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · vi)δ(ℓ2 · v1)δ(ℓ3 · v1)
Dn1

1 Dn2
2 ...Dn12

12

(10a)

with the propagators (j = 1, 2, 3 and k = 1, 2):

D1 = ℓ1 · vı̄ + σ1i0
+ , D1+k = ℓ1+k · v2 + σ1+ki0

+ ,

D4 = (ℓ1 + ℓ2 + ℓ3 + q)2 , D5 = (ℓ1 + ℓ2 + q)2 , (10b)

D5+k= (ℓk + ℓ3)
2 , D7+j = ℓ2j , D10+k= (ℓk + q)2 ,

and 1̄ = 2, 2̄ = 1. The I [1] and I [2] families contribute to
the test-body and comparable-mass regimes respectively.
The other 4PM family is given by

J (σ1,σ2,σ3)
n1,n2,...,n12

:=

∫

ℓ1,ℓ2,ℓ3

δ(ℓ1 · v1)δ(ℓ2 · v1)δ(ℓ3 · v2)
Dn1

1 Dn2
2 ...Dn12

12

(11a)

with (j = 1, 2, 3, k = 1, 2)

Dk = ℓk · v2 + σki0
+ , D3 = ℓ3 · v1 + σ3i0

+ ,

D3+k = (ℓk − ℓ3)
2 , D6 = (ℓ1 − ℓ2)

2 , (11b)

D6+j = ℓ2j , D9+j = (ℓj + q)2 .
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Feynman rules (interactions):

WQFT diagrams

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="qTyqhEqAgjsQN5RyJ7wOt4MQlms=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFNFGDNpYJmAukCxhdnKSjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacE8ScKe2631ZmZXVtfSO7aW9t7+zu5fYP6ipKJMUajXgkmwFRyJnAmmaaYzOWSMKAYyMYXk/yxj1KxSJxq0cx+iHpC9ZjlGhjVYudXN4tuFM5y+DNIX/5YV/E7192pZP7bHcjmoQoNOVEqZbnxtpPidSMchzb7URhTOiQ9LFlUJAQlZ9OBx07J8bpOr1Imie0M3V/d6QkVGoUBqYyJHqgFrOJ+V/WSnTv3E+ZiBONgs4+6iXc0ZEz2drpMolU85EBQiUzszp0QCSh2tzGNkfwFldehnqx4JUKpaqbL1/BTFk4gmM4BQ/OoAw3UIEaUEB4gCd4tu6sR+vFep2VZqx5zyH8kfX2A986j/4=</latexit>

2

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="qTyqhEqAgjsQN5RyJ7wOt4MQlms=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFNFGDNpYJmAukCxhdnKSjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQxB8GPv7/HOacE8ScKe2631ZmZXVtfSO7aW9t7+zu5fYP6ipKJMUajXgkmwFRyJnAmmaaYzOWSMKAYyMYXk/yxj1KxSJxq0cx+iHpC9ZjlGhjVYudXN4tuFM5y+DNIX/5YV/E7192pZP7bHcjmoQoNOVEqZbnxtpPidSMchzb7URhTOiQ9LFlUJAQlZ9OBx07J8bpOr1Imie0M3V/d6QkVGoUBqYyJHqgFrOJ+V/WSnTv3E+ZiBONgs4+6iXc0ZEz2drpMolU85EBQiUzszp0QCSh2tzGNkfwFldehnqx4JUKpaqbL1/BTFk4gmM4BQ/OoAw3UIEaUEB4gCd4tu6sR+vFep2VZqx5zyH8kfX2A986j/4=</latexit>
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1 diagrams:
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<latexit sha1_base64="M8fohMLjyC6m2BzaAZZIitvY8D4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2R6rGgoMcK9gO6S8mm2TY0yW6T2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O2vrG5tb24Wd4u7e/sFh6ei4aeJUU9agsYh1OySGCa5YAzgI1k40IzIUrBUOb2d+a8y04bF6gknCAkn6ikecErBS4BsusW9GGrL7abdUdivuHHiVeDkpoxz1bunL78U0lUwBFcSYjucmEGREA6eCTYt+alhC6JD0WcdSRSQzQTY/eorPrdLDUaxtKcBz9fdERqQxExnaTklgYJa9mfif10khugkyrpIUmKKLRVEqMMR4lgDucc0oiIklhGpub8V0QDShYHMq2hC85ZdXSfOy4lUr1cercu0uj6OATtEZukAeukY19IDqqIEoGqFn9IrenLHz4rw7H4vWNSefOUF/4Hz+AOHkkjM=</latexit>

⇠
p
G

<latexit sha1_base64="Xbjcy6e/eA061UxvN9CbOw/r5bY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mKVI8FBT1WsB/QxLLZbtqlm03cnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Ngtbxe2d3b2SvX/Q0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MLqd++5EpzWN5B+OE+REZSB5ySsBIPbvkaR5hTz8oyK4n99WeXXYqzgx4mbg5KaMcjZ795fVjmkZMAhVE667rJOBnRAGngk2KXqpZQuiIDFjXUEkipv1sdvgEnxilj8NYmZKAZ+rviYxEWo+jwHRGBIZ60ZuK/3ndFMILP+MySYFJOl8UpgJDjKcp4D5XjIIYG0Ko4uZWTIdEEQomq6IJwV18eZm0qhW3VqndnpXrV3kcBXSEjtEpctE5qqMb1EBNRFGKntErerOerBfr3fqYt65Y+cwh+gPr8weIo5MI</latexit>

⇠
p
G

2
<latexit sha1_base64="5ySCO2O85TIlwkO6O8+ts5zznzE=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lUqseCgh4r2A9oYtlsN+3S3STuToQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IBFcg+N8W0vLK6tr64WN4ubW9k7J3t1r6jhVlDVoLGLVDohmgkesARwEayeKERkI1gqGlxO/9ciU5nF0B6OE+ZL0Ix5ySsBIXbvkaS6xpx8UZNfj+9OuXXYqzhR4kbg5KaMc9a795fVimkoWARVE647rJOBnRAGngo2LXqpZQuiQ9FnH0IhIpv1sevgYHxmlh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDCz3iUpMAiOlsUpgJDjCcp4B5XjIIYGUKo4uZWTAdEEQomq6IJwZ1/eZE0TyputVK9PSvXrvI4CugAHaJj5KJzVEM3qI4aiKIUPaNX9GY9WS/Wu/Uxa12y8pl99AfW5w+KJ5MJ</latexit>

⇠
p
G

3
<latexit sha1_base64="66vcav3b6Ch2ms4Vqkpp+QVIm88=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WFPRYwX5AE8tmu2mXbjZxdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrK6tbxQ3S1vbO7tle2+/peNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsYXU799iNTmsfyDsYJ8yMykDzklICRenbZ0zzCnn5QkF1P7s96dsWpOjPgZeLmpIJyNHr2l9ePaRoxCVQQrbuuk4CfEQWcCjYpealmCaEjMmBdQyWJmPaz2eETfGyUPg5jZUoCnqm/JzISaT2OAtMZERjqRW8q/ud1Uwgv/IzLJAUm6XxRmAoMMZ6mgPtcMQpibAihiptbMR0SRSiYrEomBHfx5WXSOq26tWrt9qxSv8rjKKJDdIROkIvOUR3doAZqIopS9Ixe0Zv1ZL1Y79bHvLVg5TMH6A+szx+Lq5MK</latexit>

⇠
p
G

4

<latexit sha1_base64="xVyLPQToPHtggYYPkzVW3qUAEW8=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9hViR4DevAYwTwgWcLspDcZMvtgpjcYlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXeXn0ih0XG+rcLa+sbmVnG7tLO7t39gHx41dZwqDg0ey1i1faZBiggaKFBCO1HAQl9Cyx/dzvzWGJQWcfSIkwS8kA0iEQjO0Eg92768pF2EJ8woggr1tGeXnYozB10lbk7KJEe9Z391+zFPQ4iQS6Z1x3US9DKmUHAJ01I31ZAwPmID6BgasRC0l80vn9Izo/RpECtTEdK5+nsiY6HWk9A3nSHDoV72ZuJ/XifF4MbLRJSkCBFfLApSSTGmsxhoXyjgKCeGMK6EuZXyIVOMmxR0yYTgLr+8SpoXFbdaqT5clWt3eRxFckJOyTlxyTWpkXtSJw3CyZg8k1fyZmXWi/VufSxaC1Y+c0z+wPr8AfTpk0I=</latexit>

33 terms
<latexit sha1_base64="aAKC6+D5OKvshXVpRvW8dy9thYg=">AAAB+nicbVDJSgNBEO2JW4xbokcvjUHwFGZURo8BPXiMYBZIhtDTqUma9Cx016hhzKd48aCIV7/Em39jZzlo4oOCx3tVVNXzEyk02va3lVtZXVvfyG8WtrZ3dveKpf2GjlPFoc5jGauWzzRIEUEdBUpoJQpY6Eto+sOrid+8B6VFHN3hKAEvZP1IBIIzNFK3WDpzXdpBeMSMIqhQj7vFsl2xp6DLxJmTMpmj1i1+dXoxT0OIkEumdduxE/QyplBwCeNCJ9WQMD5kfWgbGrEQtJdNTx/TY6P0aBArUxHSqfp7ImOh1qPQN50hw4Fe9Cbif147xeDSy0SUpAgRny0KUkkxppMcaE8o4ChHhjCuhLmV8gFTjJsUdMGE4Cy+vEwapxXHrbi35+Xq9TyOPDkkR+SEOOSCVMkNqZE64eSBPJNX8mY9WS/Wu/Uxa81Z85kD8gfW5w90BJOF</latexit>

366 terms
<latexit sha1_base64="2xxruTMb0oRt0KnYARV7u4bElD4=">AAAB+3icbVDLTgJBEJzFF+JrxaOXicTEE9lVgh5J9OARE3kksCGzQwMTZh+Z6TWQDb/ixYPGePVHvPk3DrAHBSvppFLVne4uP5ZCo+N8W7mNza3tnfxuYW//4PDIPi42dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx/fzv3WEygtovARpzF4ARuGYiA4QyP17GKleuXQLsIEU4qgAj3r2SWn7CxA14mbkRLJUO/ZX91+xJMAQuSSad1xnRi9lCkUXMKs0E00xIyP2RA6hoYsAO2li9tn9NwofTqIlKkQ6UL9PZGyQOtp4JvOgOFIr3pz8T+vk+DgxktFGCcIIV8uGiSSYkTnQdC+UMBRTg1hXAlzK+Ujphg3KeiCCcFdfXmdNC/LbrVcfaiUandZHHlySs7IBXHJNamRe1InDcLJhDyTV/JmzawX6936WLbmrGzmhPyB9fkD4gKTvQ==</latexit>

4630 terms
<latexit sha1_base64="dJVdxgnGpJuJ+ygweswoX7u5o4g=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGZcoseAHjxGMAskQ+jp1CRNeha6ayRhmF/x4kERr/6IN//GznLQxAcFj/eqqKrnxVJotO1vK7e2vrG5ld8u7Ozu7R8UD0tNHSWKQ4NHMlJtj2mQIoQGCpTQjhWwwJPQ8ka3U7/1BEqLKHzESQxuwAah8AVnaKResXTlXFTtLsIYU4qgAp31imW7Ys9AV4mzIGWyQL1X/Or2I54EECKXTOuOY8fopkyh4BKyQjfREDM+YgPoGBqyALSbzm7P6KlR+tSPlKkQ6Uz9PZGyQOtJ4JnOgOFQL3tT8T+vk6B/46YijBOEkM8X+YmkGNFpELQvFHCUE0MYV8LcSvmQKcZNCrpgQnCWX14lzfOKU61UHy7LtbtFHHlyTE7IGXHINamRe1InDcLJmDyTV/JmZdaL9W59zFtz1mLmiPyB9fkD/i+Tzw==</latexit>

51360 terms
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Gravitational 
interactions

Example 
diagrams

<latexit sha1_base64="M8fohMLjyC6m2BzaAZZIitvY8D4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2R6rGgoMcK9gO6S8mm2TY0yW6T2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O2vrG5tb24Wd4u7e/sFh6ei4aeJUU9agsYh1OySGCa5YAzgI1k40IzIUrBUOb2d+a8y04bF6gknCAkn6ikecErBS4BsusW9GGrL7abdUdivuHHiVeDkpoxz1bunL78U0lUwBFcSYjucmEGREA6eCTYt+alhC6JD0WcdSRSQzQTY/eorPrdLDUaxtKcBz9fdERqQxExnaTklgYJa9mfif10khugkyrpIUmKKLRVEqMMR4lgDucc0oiIklhGpub8V0QDShYHMq2hC85ZdXSfOy4lUr1cercu0uj6OATtEZukAeukY19IDqqIEoGqFn9IrenLHz4rw7H4vWNSefOUF/4Hz+AOHkkjM=</latexit>

⇠
p
G

<latexit sha1_base64="M8fohMLjyC6m2BzaAZZIitvY8D4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2R6rGgoMcK9gO6S8mm2TY0yW6T2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O2vrG5tb24Wd4u7e/sFh6ei4aeJUU9agsYh1OySGCa5YAzgI1k40IzIUrBUOb2d+a8y04bF6gknCAkn6ikecErBS4BsusW9GGrL7abdUdivuHHiVeDkpoxz1bunL78U0lUwBFcSYjucmEGREA6eCTYt+alhC6JD0WcdSRSQzQTY/eorPrdLDUaxtKcBz9fdERqQxExnaTklgYJa9mfif10khugkyrpIUmKKLRVEqMMR4lgDucc0oiIklhGpub8V0QDShYHMq2hC85ZdXSfOy4lUr1cercu0uj6OATtEZukAeukY19IDqqIEoGqFn9IrenLHz4rw7H4vWNSefOUF/4Hz+AOHkkjM=</latexit>

⇠
p
G

Gustav Uhre Jakobsen Page 2

(9)

(10)

(11)

(12)

(13)

(14)

(15)

3 m1 power 3

(16)

(17)

(18)

Gustav Uhre Jakobsen Page 1
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¸1 ¸2

¸3 ¸4
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(1)

(2)

2 Loops and Self-force orders

(3)

(4)

(5)

(6)

(7)

lala

(8)

Worldline effective field theory 
(spin, tidal, absorption effects)

WQFT diagrams

<latexit sha1_base64="yNPOdo1NFbQZCjtc6wov2Ph6AME=">AAACCHicbVA9TwJBEN3DL8Qv1NLCjcTEwpA7QMTChMSGEhNREw7J3jLIhr2P7M4ZyYXSxr9iY6Extv4EO/+NC1Io+JJJXt6bycw8L5JCo21/Wam5+YXFpfRyZmV1bX0ju7l1qcNYcWjwUIbq2mMapAiggQIlXEcKmO9JuPL6ZyP/6g6UFmFwgYMIWj67DURXcIZGamd3i8Wb0il13EOncuQenhQc6iLcY0IRlK+H7WzOzttj0FniTEiOTFBvZz/dTshjHwLkkmnddOwIWwlTKLiEYcaNNUSM99ktNA0NmA+6lYwfGdJ9o3RoN1SmAqRj9fdEwnytB75nOn2GPT3tjcT/vGaM3UorEUEUIwT8Z1E3lhRDOkqFdoQCjnJgCONKmFsp7zHFuElBZ0wIzvTLs+SykHfK+fJ5KVetTeJIkx2yRw6IQ45JldRInTQIJw/kibyQV+vRerberPef1pQ1mdkmf2B9fAOflpdG</latexit>

334 = 1185 921 terms
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<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

Gustav Uhre Jakobsen Page 2

(9)
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(11)
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(13)

(14)

(15)

3 m1 power 3

(16)

(17)
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<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="9YaForT0g1pgLHmWJyefuilTAoE="></latexit>�̀3

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

Gustav Uhre Jakobsen Page 2

(9)

(10)

(11)

(12)

(13)

(14)

(15)

3 m1 power 3

(16)

(17)

(18)

<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="9YaForT0g1pgLHmWJyefuilTAoE="></latexit>�̀3

<latexit sha1_base64="eYuVoSsqQy3FaRlkP+3qtVhP4Lk="></latexit>�̀4

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q 0 Loops (tree)

1 Loops 

2 Loops 

Dimensional regularization

<latexit sha1_base64="0JOjE7iQ5atHbcbs1iEBbfXJa9Q=">AAACE3icbVBNSwMxFMz6bf2qevQSLIIKlt1SqkfBS48VbC10l5JNX2swm12St2JZ+h+8+Fe8eFDEqxdv/huzbQ9qHQgMM2+SvAkTKQy67pczN7+wuLS8slpYW9/Y3Cpu77RMnGoOTR7LWLdDZkAKBU0UKKGdaGBRKOE6vL3I/es70EbE6gqHCQQRGyjRF5yhlbrF4+ph9aTiQ2KEjNWRj3CP2UlPRKDyDJNUKISBZnLULZbcsjsGnSXelJTIFI1u8dPvxTy1VyGXzJiO5yYYZEyj4BJGBT81kDB+ywbQsVSxCEyQjXca0QOr9Gg/1vYopGP1ZyJjkTHDKLSTEcMb89fLxf+8Tor9syATKkkRFJ881E8lxZjmBdGe0MBRDi1hXAv7V8pvmGYcbY0FW4L3d+VZ0qqUvVq5dlktndendayQPbJPDolHTsk5qZMGaRJOHsgTeSGvzqPz7Lw575PROWea2SW/4Hx8A6jsnh0=</latexit>

4(4� 2✏)-dimensional integral

<latexit sha1_base64="mFkNa22EidpnjFe0tU+5jmuv/zc="></latexit>Z
d4�2✏`1

�(`1 · v2)
`21(q � `1)2`1 · v1

Loop Integration

<latexit sha1_base64="HyZp9MWCjmh80JK0uvBfbB6wSbE=">AAACBXicbVDJSgNBEO1xjXGLetRDYxA8hRnR6DHgwRwjmAWy0dOpJE16eobuGjEMuXjxV7x4UMSr/+DNv7GzHDTxQcHjvSqq6vmRFAZd99tZWl5ZXVtPbaQ3t7Z3djN7+xUTxppDmYcy1DWfGZBCQRkFSqhFGljgS6j6g+uxX70HbUSo7nAYQTNgPSW6gjO0Ujtz5LmtfAPhARMqFEJPM2koQzq6aV20M1k3505AF4k3I1kyQ6md+Wp0Qh4HoJBLZkzdcyNsJkyj4BJG6UZsIGJ8wHpQt1SxAEwzmXwxoidW6dBuqG0ppBP190TCAmOGgW87A4Z9M++Nxf+8eozdq2YiVBQjKD5d1I0lxZCOI6EdoYGjHFrCuBb2Vsr7TDOONri0DcGbf3mRVM5yXj6Xvz3PFoqzOFLkkByTU+KRS1IgRVIiZcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/HM+Xug==</latexit>

106 integrals at G5

<latexit sha1_base64="NZbadvvCUthq7kVRgW0K4oJtKSY=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsAq7FtHOgIUpEzAXSEKYncwmY2Zml5lZISwp7W0sFLH1FfIUFnY+gy/h5FJo4g8DH/9/DnPO8SPOtHHdLye1srq2vpHezGxt7+zuZfcPajqMFaFVEvJQNXysKWeSVg0znDYiRbHwOa37g+tJXr+nSrNQ3pphRNsC9yQLGMHGWrWWZgLddLI5N+9OhZbBm0Pu6mNc+X44Hpc72c9WNy SxoNIQjrVuem5k2glWhhFOR5lWrGmEyQD3aNOixILqdjKddoROrdNFQajskwZN3d8dCRZaD4VvKwU2fb2YTcz/smZsgst2wmQUGyrJ7KMg5siEaLI66jJFieFDC5goZmdFpI8VJsYeKGOP4C2uvAy187xXyBcqbq5YgpnScAQncAYeXEARSlCGKhC4g0d4hhcndJ6cV+dtVppy5j2H8EfO+w/rY5Mr</latexit>

⇠ G

<latexit sha1_base64="qXsVnPn1YqYMyyZ1GdUSwAPsh+g=">AAAB73icbZC7SgNBFIbPxluMt6ilIINBsAq7KaKdAQtTJmAukKxhdjKbDJmdXWdmhbCk9AVsLBSx9Q3yFBZ2PoMv4eRSaOIPAx//fw5zzvEizpS27S8rtbK6tr6R3sxsbe/s7mX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8AZXk7xxT6ViobjRw4i6Ae4J5jOCtbGabcUCdH1b6GRzdt6eCi2DM4fc5ce4+v1wPK50sp /tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ67widGqeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJPlUZdJSjQfGsBEMjMrIn0sMdHmRBlzBGdx5WWoF/JOMV+s2rlSGWZKwxGcwBk4cA4lKEMFakCAwyM8w4t1Zz1Zr9bbrDRlzXsO4Y+s9x8UFZPP</latexit>

⇠ G2

<latexit sha1_base64="7QzzmIhpeEV8liK6t3SDVkY3u+4=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmFKo7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8VmZPQ</latexit>

⇠ G3

<latexit sha1_base64="mcTxYPHhj0/ZfjL9vIr5A9YGve4=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmRKo7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8XHZPR</latexit>

⇠ G4

<latexit sha1_base64="WLgcNTS1/EFJwKN1avhjZBMb14w=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmBKs7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8YoZPS</latexit>

⇠ G5

3 Loops 

4 Loops 



Loop Integration

11

Methods from collider physics:

• Integration-by-parts identities

• Differential equations (in canonical form) for 
master integrals

• Method of regions for asymptotic limits

• Dimensional regularization

• Understanding of special functions and analytic 
behaviour

See posters from Mathias Driesse, Jitze 
Hoogeveen and Kathrin Stoldt for examples!
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<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

Gustav Uhre Jakobsen Page 2
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<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="9YaForT0g1pgLHmWJyefuilTAoE="></latexit>�̀3

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

Gustav Uhre Jakobsen Page 2

(9)

(10)

(11)

(12)

(13)

(14)

(15)

3 m1 power 3

(16)

(17)

(18)

<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="9dRFIg36wVB0XcXF6uq7Ue1TuA8="></latexit>�̀2

<latexit sha1_base64="9YaForT0g1pgLHmWJyefuilTAoE="></latexit>�̀3

<latexit sha1_base64="eYuVoSsqQy3FaRlkP+3qtVhP4Lk="></latexit>�̀4

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q

<latexit sha1_base64="YLzAWibThW0l05pTdaW+b2beGEk="></latexit>�̀1

<latexit sha1_base64="JGLT3majCpR+6MLcm7NzDyUyzRg="></latexit>�q 0 Loops (tree)

1 Loops 

2 Loops 

<latexit sha1_base64="NZbadvvCUthq7kVRgW0K4oJtKSY=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsAq7FtHOgIUpEzAXSEKYncwmY2Zml5lZISwp7W0sFLH1FfIUFnY+gy/h5FJo4g8DH/9/DnPO8SPOtHHdLye1srq2vpHezGxt7+zuZfcPajqMFaFVEvJQNXysKWeSVg0znDYiRbHwOa37g+tJXr+nSrNQ3pphRNsC9yQLGMHGWrWWZgLddLI5N+9OhZbBm0Pu6mNc+X44Hpc72c9WNy SxoNIQjrVuem5k2glWhhFOR5lWrGmEyQD3aNOixILqdjKddoROrdNFQajskwZN3d8dCRZaD4VvKwU2fb2YTcz/smZsgst2wmQUGyrJ7KMg5siEaLI66jJFieFDC5goZmdFpI8VJsYeKGOP4C2uvAy187xXyBcqbq5YgpnScAQncAYeXEARSlCGKhC4g0d4hhcndJ6cV+dtVppy5j2H8EfO+w/rY5Mr</latexit>

⇠ G

<latexit sha1_base64="qXsVnPn1YqYMyyZ1GdUSwAPsh+g=">AAAB73icbZC7SgNBFIbPxluMt6ilIINBsAq7KaKdAQtTJmAukKxhdjKbDJmdXWdmhbCk9AVsLBSx9Q3yFBZ2PoMv4eRSaOIPAx//fw5zzvEizpS27S8rtbK6tr6R3sxsbe/s7mX3D+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8AZXk7xxT6ViobjRw4i6Ae4J5jOCtbGabcUCdH1b6GRzdt6eCi2DM4fc5ce4+v1wPK50sp /tbkjigApNOFaq5diRdhMsNSOcjjLtWNEIkwHu0ZZBgQOq3GQ67widGqeL/FCaJzSaur87EhwoNQw8Uxlg3VeL2cT8L2vF2r9wEyaiWFNBZh/5MUc6RJPlUZdJSjQfGsBEMjMrIn0sMdHmRBlzBGdx5WWoF/JOMV+s2rlSGWZKwxGcwBk4cA4lKEMFakCAwyM8w4t1Zz1Zr9bbrDRlzXsO4Y+s9x8UFZPP</latexit>

⇠ G2

<latexit sha1_base64="7QzzmIhpeEV8liK6t3SDVkY3u+4=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmFKo7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8VmZPQ</latexit>

⇠ G3

<latexit sha1_base64="mcTxYPHhj0/ZfjL9vIr5A9YGve4=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmRKo7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8XHZPR</latexit>

⇠ G4

<latexit sha1_base64="WLgcNTS1/EFJwKN1avhjZBMb14w=">AAAB73icbZDLSgMxFIbP1Futt6pLQYJFcFVmBKs7Cy7ssgV7gXYsmTTThiYzY5IRytClL+DGhSJufYM+hQt3PoMvYXpZaOsPgY//P4ecc7yIM6Vt+8tKLS2vrK6l1zMbm1vbO9ndvZoKY0lolYQ8lA0PK8pZQKuaaU4bkaRYeJzWvf7VOK/fU6lYGNzoQURdgbsB8xnB2liNlmICXd+etbM5O29PhBbBmUHu8mNU+X44HJXb2c 9WJySxoIEmHCvVdOxIuwmWmhFOh5lWrGiESR93adNggAVVbjKZd4iOjdNBfijNCzSauL87EiyUGgjPVAqse2o+G5v/Zc1Y+xduwoIo1jQg04/8mCMdovHyqMMkJZoPDGAimZkVkR6WmGhzoow5gjO/8iLUTvNOIV+o2LliCaZKwwEcwQk4cA5FKEEZqkCAwyM8w4t1Zz1Zr9bbtDRlzXr24Y+s9x8YoZPS</latexit>

⇠ G5

3 Loops 

4 Loops 
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12

Methods from collider physics:

• Integration-by-parts identities

• Differential equations (in canonical form) for 
master integrals

• Method of regions for asymptotic computation

• Dimensional regularization

• Understanding of special functions and analytic 
behaviour

See posters from Mathias Driesse, Jitze 
Hoogeveen and Kathrin Stoldt for examples!

105 core hours of IBP reduction using KIRA 
developed by Johann Usovitsch  

(~ 4 SpEC simulations)
[Lange, Usovitsch, Wu: 2505.20197]

• Integration-by-parts identities
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Methods from collider physics:

• Integration-by-parts identities

•   
a

• Method of regions for asymptotic computation

• Dimensional regularization

• Understanding of special functions and analytic 
behaviour

See posters from Mathias Driesse, Jitze 
Hoogeveen and Kathrin Stoldt for examples!

• Differential equations (in canonical form) 
for master integrals

4

FIG. 3. Non-zero entries of the odd parity 232 ⇥ 232
di↵erential equation matrix M̂(x,D): The blocks on the
diagonals determine the function spaces of the multiple sub-
sectors. The not-magnified diagonal sectors give rise to mul-
tiple polylogarithms.

and the matrices M̂ take a lower block-triangular form
— see Fig. 3. To obtain this system, derivatives of the
master integrals with respect to x are re-expressed as
linear combinations of the masters themselves using the
IBP identities. We solve the system order-by-order in a
series expansion close to D = 4, with higher-order terms
given by repeated integrals (with respect to x) of lower-
order terms. Boundary conditions on the integrals are
fixed in the non-relativistic (low-velocity) limit x ! 1.

Repeated integrations with respect to the kinematic
parameter x produce the mathematical functions I ap-
pearing in our final result for the impulse:

I(�1, �2, . . . , �n; x) :=

Z x

1
dx0�1(x

0)I(�2, . . . , �n; x0), (4)

with the base case I(; x) = 1. The nature of the in-
tegration kernels �i determines the types of functions,
and are associated with underlying geometries. In the
simplest case, the kernels �i are rational functions with
single poles, e.g., x�1, (x + 1)�1 or (x � 1)�1, and it-
erated integrations produce the function class of multi-
ple polylogarithms — including the ordinary logarithm
I(x�1; x) = log x. Geometrically, one can interpret these
integration kernels as periods of a zero-dimensional CY
space, given by two points on a sphere. In more com-
plicated scenarios, usually related to higher-loop com-
putations, the �i are connected to periods of higher-
dimensional algebraic varieties. A key challenge is to
understand the kernels and the associated class of iter-
ated integrals occurring in a physical problem. In a G4

calculation of the impulse, squares of elliptic integrals
arise, which are geometrically interpreted as periods of
a one-parameter K3 surface — see Fig. 2. In the odd
parity sector of integrals at the present fifth order in G,
the kernels also depend on CY3 periods and we express
physical quantities in terms of the corresponding class of
iterated functions.

To see the origin of the CY3 periods, and to clarify
their precise nature, we examine the di↵erential equation
matrix M̂(x, D) (see Fig. 3) in the limit D ! 4. The di-
agonal blocks of this matrix are associated with specific
Feynman graphs appearing in the impulse, of which the
CY3 geometry is isolated to a single 4 ⇥ 4 diagonal sub-
block. One can decouple these four first-order di↵erential
equations such that one obtains a single fourth-order dif-
ferential equation, which is the Picard-Fuchs equation of
the CY three-fold:

⇣
x

d

dx
� 1

⌘4
� x4

⇣
x

d

dx
+ 1

⌘4
�
$(x) = 0 . (5)

The latter is solved by the four CY three-fold1 peri-
ods $k(x) =

R
�k
3
⌦3(x), where the three-form ⌦3(x)

is integrated over the real three-dimensional cycles �k
3 ,

k = 0, 1, 2, 3. These integrals appear within the integra-
tion kernels �i of the iterated integrals (4).

Our final expression for the fifth-order impulse is in-
volved and described in the Methods section, where we
also elaborate on the function space. From the impulse
we can derive the scattering angle ✓, which measures the
angle of deflection between the ingoing and outgoing mo-
menta in the initial centre-of-mass inertial frame — see
Fig. 1.2 Like the impulse (2), the scattering angle is ex-
panded in the weak-field limit with the Gn component
denoted ✓(n). These components are also expanded in
powers of the symmetric mass ratio ⌫, and at order G5

we have

✓(5) =
M5�

b5c10

⇣
✓(5,0) + ⌫✓(5,1) + ⌫2✓(5,2) + ⌫3��2✓(5,3)

⌘
,

(6)

with M and � = E/M the total mass and mass-rescaled
energy of the initial system. A central result of our work
is the computation of all contributions except for ✓(5,2).
The function space of the angle ✓(5) arises from integrals
only in the even-parity sector, and is simpler than that
of the complete impulse. We compare our result with
available numerical relativity simulations [60] in Fig. 4.

1
The corresponding one-parameter family of CY three-folds is of

hypergeometric type and has intriguing arithmetic properties dis-

cussed in ref. [59]. For an algebraic definition of the CY family to-

gether with an explicit expression of ⌦3, we refer to refs. [52, 59].

It is intriguing that the occurring K3 and CY3 periods are related

to those of the Legendre curve by a symmetric and a Hadamard

product, respectively [52, 59].
2
As the system dissipates energy, it recoils, and so the initial frame

choice is not preserved over the course of a scattering event.



Kerr black hole scattering at       precision

• Analytic results for scattering angle and loss of energy 
to      order

• Functions of initial data: 

• Non-trivial dependence on relative velocity: 
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f1(γ) =1

f2(γ) =G(1; y)

f3(γ) =2(G(0; y)−G(1; y) +G(2; y) + log(2))

f4(γ) =π2

f5(γ) =G(1; y)2

f6(γ) =2G(1; y)(G(0; y)−G(1; y) +G(2; y) + log(2))

f7(γ) =
1
2
G(1; y)2 + (−G(1; y) +G(1− i; y) +G(1 + i; y))G(1; y)−G(1, 1− i; y)−G(1, 1 + i; y)

f8(γ) =−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

f9(γ) =−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y)

f10(γ) =π2G(1; y)

f11(γ) =−G(1; y)
(

−G(1; y)2 − 2G(0; y)G(1; y) +G(2; y)G(1; y)− log(4)G(1; y)−G(0, 1; y) + 4G(1, 1− i; y) + 4G(1, 1 + i; y)−G(1, 2; y)
)

f12(γ) =−G(1; y)3 + 2G(2; y)G(1; y)2 + (G(1; y)G(2; y)−G(0, 1; y)−G(1, 2; y))G(1; y) + 4

(

−
1
6
G(1; y)3 +G(1, 1, 1− i; y) +G(1, 1, 1 + i; y)

)

f13(γ) =
1
4
G(1; y)3 −G(2; y)G(1; y)2 +G(2; y)2G(1; y)−G(0, 1; y)G(1; y) +G(1, 2; y)G(1; y) + 2G(0, 0, 1; y) +G(0, 1, 1; y)−G(1, 1, 2; y)− 2G(1, 2, 2; y)

f14(γ) =

(

−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

)

(2G(0; y)−G(1; y) + log(4))

f15(γ) =−
1
6
G(1; y)3 +G(1, 1− i; y)G(1; y) +G(1, 1 + i; y)G(1; y) + (2G(2; y)−G(1; y))

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

− 2G(1, 1, 1− i; y)

− 2G(1, 1, 1 + i; y) + 2G(1, 1, 2; y)− 2G(1, 1− i, 2; y)− 2G(1, 1 + i, 2; y)

f16(γ) =(−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y))(2G(0; y)−G(1; y) + log(4))

f17(γ) =2

(

−
1
6
G(1; y)3 +G(0, 1, 1; y) +G(1, 1, 2; y)

)

−
3
2
G(1; y)(−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y))

f18(γ) =
1
6
G(1; y)3 − (−G(1; y) +G(1− i; y) +G(1 + i; y))(2G(2; y)−G(1; y))G(1; y)−G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y)

− (G(1; y)−G(1− i; y)−G(1 + i; y))(−2G(0; y) +G(1; y) + log(4))G(1; y)− 4(−G(1; y) +G(1− i; y) +G(1 + i; y)) log(2)G(1; y)

+ 2G(1, 1, 1− i; y) + 2G(1, 1, 1 + i; y)− 2G(1, 1, 2; y) + 2G(1, 1− i, 2; y) + 2G(1, 1 + i, 2; y)

+

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

(2G(0; y)−G(1; y)− log(4)) + 4

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

log(2)

f19(γ) =G(1; y)

(

−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

)

f20(γ) =(−G(1; y) +G(1− i; y) +G(1 + i; y))

(

2G(0, 1; y)−
1
2
G(1; y)2

)

+ (−G(1; y) +G(1− i; y) +G(1 + i; y))

(

2(G(1; y)G(2; y)−G(1, 2; y))−
1
2
G(1; y)2

)

− 2(−G(0, 1, 1; y) +G(0, 1, 1− i; y) +G(0, 1, 1 + i; y)) + 2(−G(1; y)G(1, 2; y) + 2G(1, 1, 2; y) +G(1, 2, 1− i; y) +G(1, 2, 1 + i; y))

f21(γ) =2G(1; y)(G(1; y)G(2; y)−G(0, 1; y)−G(1, 2; y))

f22(γ) =
1
2

(1
6
G(1; y)3 −G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y) +

(1
2
G(1; y)2 −G(1, 1− i; y)−G(1, 1 + i; y) + 2(−G(1; y)G(2; y) +G(1, 2; y) +G(2, 1− i; y)

+G(2, 1 + i; y))
)

G(1; y) + 2(−G(0, 1, 1; y) +G(0, 1− i, 1; y) +G(0, 1 + i, 1; y)) + 2G(1, 1, 1− i; y) + 2G(1, 1, 1 + i; y)
)

f23(γ) =
1
12

G(1; y)3 −G(2; y)G(1; y)2 +G(2; y)2G(1; y) +G(0, 1; y)G(1; y) +G(1, 2; y)G(1; y)− 2G(0, 0, 1; y)−G(0, 1, 1; y)−G(1, 1, 2; y)− 2G(1, 2, 2; y)

f24(γ) =
1
2
G(1; y)3 − 6G(0, 1, 1; y) + 4G(0, 1, 2; y) + 8G(0, 2, 1; y)− 4(G(1; y)G(1, 2; y)− 2G(1, 1, 2; y))− 2G(1, 1, 2; y)

f25(γ) =−
1
12

G(1; y)3 +G(0, 1, 1; y)− 2G(0, 1, 2; y) +G(1, 1, 2; y)

f26(γ) =
1
2

(

−
1
6
G(1; y)3 +G(1, 1− i; y)G(1; y) +G(1, 1 + i; y)G(1; y) +

(1
2
G(1; y)2 −G(1, 1− i; y)−G(1, 1 + i; y) + 2(−G(1; y)G(2; y) +G(1, 2; y)

+G(2, 1− i; y) +G(2, 1 + i; y))
)

G(1; y)− 2(−G(0, 1, 1; y) +G(0, 1− i, 1; y) +G(0, 1 + i, 1; y))− 2G(1, 1, 1− i; y)− 2G(1, 1, 1 + i; y)
)

f27(γ) =
1
6
G(1; y)3 +

1
2
(−G(1; y) +G(1− i; y) +G(1 + i; y))2G(1; y)−G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y)

− (−G(1; y) +G(1− i; y) +G(1 + i; y))

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

+G(1, 1, 1− i; y) +G(1, 1, 1 + i; y)

+G(1, 1− i, 1− i; y) +G(1, 1− i, 1 + i; y) +G(1, 1 + i, 1− i; y) +G(1, 1 + i, 1 + i; y)

f28(γ) =G(1; y)3

f29(γ) =G(1; y)2
(

−G(1; y) +G(1− i; y) +G(1 + i; y)
)

f30(γ) =−

(

G(1; y)− 2G(2; y)
)

(

2G(0, 1; y)−
1
2
G(1; y)2

)

f31(γ) =
(

G(1; y)− 2G(2; y)
)

(

1
2
G(1; y)2 − 2(G(1; y)G(2; y)−G(1, 2; y))

)

TABLE I: Basis functions of the 5PM-1SF scattering angle θ(5,1) =
∑31

k=1 ck(γ)fk(γ) of Eq. (14). The

G(a1, . . . , an; y) are the multiple polylogarithms (MPLs) defined in (11) and y = 1− x = 1− γ +
√

γ2 − 1. Note that
MPLs with complex arguments always appear in conjugate pairs securing a real result.
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c1(γ) =
1880064γ19 + 1880064γ18 + 42654086γ17 + 20978054γ16

− 305752626γ15
− 236079666γ14 + 597683406γ13 + 516398286γ12

− 403178675γ11

7560(γ2 − 1)4γ7(γ + 1)

+
−362536115γ10 + 77856912γ9 + 70236432γ8 + 16701489γ7 + 16955505γ6

− 536235γ5
− 536235γ4 + 393120γ3 + 393120γ2 + 10395γ + 10395

7560(γ2 − 1)4γ7(γ + 1)

c2(γ) =−
651264γ20

− 7809042γ18
− 23185512γ16 + 169295016γ14

− 315460542γ12 + 277369170γ10
− 134264214γ8 + 6510035γ6

− 988015γ4 + 240905γ2
− 18585

2520γ8 (γ2 − 1)9/2

c3(γ) =
6144γ16

− 587336γ14 + 4034092γ12
− 417302γ10

− 5560073γ8
− 142640γ6 + 35710γ4

− 8250γ2 + 1575
360(γ2 − 1)3γ7

c4(γ) =−
γ
(

32768γ8
− 90112γ6 + 1564672γ4

− 1872978γ2
− 7817455

)

336(γ2 − 1)2

c5(γ) =−
491520γ22

− 2482176γ20 + 10655064γ18
− 32742084γ16 + 17085516γ14 + 61205662γ12

− 59068870γ10
− 5433687γ8 + 1352120γ6

− 330890γ4 + 72450γ2

840(γ2 − 1)5γ7

+
11025

840(γ2 − 1)5γ7

c6(γ) =−
24576γ18 + 213480γ16

− 1029342γ14
− 1978290γ12 + 3752006γ10 + 816595γ8

− 55260γ6 + 13690γ4
− 3100γ2 + 525

120γ8 (γ2 − 1)7/2

c7(γ) =
198856γ14

− 689664γ12
− 154716γ10 + 666260γ8

− 5091γ6
− 1935γ4 + 155γ2

− 105

12γ8 (γ2 − 1)5/2

c8(γ) =−
49152γ18

− 208896γ16 + 1182464γ14
− 3741239γ12 + 3040161γ10 + 1882567γ8

− 2828161γ6 + 49728γ4
− 2268γ2 + 1260

42γ6 (γ2 − 1)7/2

c9(γ) =−
γ
(

525γ8
− 450γ6 + 17700γ4

− 12598γ2
− 5369

)

4 (γ2 − 1)7/2

c10(γ) =−
81920γ6 + 189180γ4

− 1240416γ2
− 199207

48 (γ2 − 1)5/2

c11(γ) =−
128γ

(

2γ2
− 3

) (

8γ6
− 6γ4

− 51γ2
− 8

)

(γ2 − 1)4

c12(γ) =−
γ
(

2γ2
− 3

) (

2273γ6
− 1851γ4

− 12957γ2
− 2057

)

2(γ2 − 1)4

c13(γ) =−
γ
(

1575γ6 + 1920γ4
− 5177γ2

− 1182
)

2 (γ2 − 1)5/2

c14(γ) =−
1249γ6

− 1083γ4
− 1053γ2

− 9

(γ2 − 1)5/2

c15(γ) =−
3
(

225γ6 + 600γ5
− 315γ4

− 1200γ3 + 99γ2 + 56γ − 9
)

(γ2 − 1)5/2

c16(γ) =
γ
(

2100γ6 + 1755γ4
− 6422γ2

− 1209
)

4 (γ2 − 1)5/2

c17(γ) =
9γ

(

2γ2
− 3

) (

5γ2
− 1

)2

(γ2 − 1)3

c18(γ) =
1823γ6

− 1221γ4
− 13155γ2

− 2039

(γ2 − 1)5/2

c19(γ) =
γ
(

2γ2
− 3

) (

799γ6
− 453γ4

− 12003γ2
− 2039

)

(γ2 − 1)4

c20(γ) =
768

(

8γ6 + 14γ4
− 116γ2

− 19
)

(γ2 − 1)5/2

c21(γ) =−
3γ2

(

2γ2
− 3

) (

175γ6
− 355γ4 + 185γ2

− 37
)

4(γ2 − 1)4

c22(γ) =−
4
(

1823γ6 + 6459γ4
− 38115γ2

− 6263
)

(γ2 − 1)5/2

c23(γ) =−
3871γ6

− 2817γ4
− 3747γ2

− 75

2 (γ2 − 1)5/2

c24(γ) =−
3γ

(

175γ6
− 1255γ4 + 1985γ2

− 121
)

4 (γ2 − 1)5/2

c25(γ) =
3421γ6

− 2067γ4
− 5865γ2 + 111

2 (γ2 − 1)5/2

c26(γ) =
48γ

(

75γ4
− 150γ2 + 7

)

(γ2 − 1)5/2

c27(γ) =−
2
(

4321γ6 + 11973γ4
− 75933γ2

− 12553
)

(γ2 − 1)5/2

c28(γ) =−
64

(

160γ12
− 600γ10

− 84γ8 + 2058γ6
− 1665γ4

− 72γ2 + 32
)

3 (γ2 − 1)11/2

c29(γ) =−
γ
(

2γ2
− 3

) (

1823γ6
− 1221γ4

− 13155γ2
− 2039

)

(γ2 − 1)4

c30(γ) =
3150γ7 + 1846γ6

− 5775γ5 + 198γ4 + 5488γ3
− 7518γ2

− 1935γ + 258

8 (γ2 − 1)5/2

c31(γ) =
1050γ6 + 1696γ5 + 389γ4

− 1691γ3
− 2241γ2

− 1041γ − 114
8(γ − 1)(γ2 − 1)3/2

TABLE II: Coefficient polynomials of the 5PM-1SF scattering angle θ(5,1) =
∑31

k=1 ck(γ)fk(γ) of Eq. (14).
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f1(γ) =1

f2(γ) =G(1; y)

f3(γ) =2(G(0; y)−G(1; y) +G(2; y) + log(2))

f4(γ) =π2

f5(γ) =G(1; y)2

f6(γ) =2G(1; y)(G(0; y)−G(1; y) +G(2; y) + log(2))

f7(γ) =
1
2
G(1; y)2 + (−G(1; y) +G(1− i; y) +G(1 + i; y))G(1; y)−G(1, 1− i; y)−G(1, 1 + i; y)

f8(γ) =−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

f9(γ) =−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y)

f10(γ) =π2G(1; y)

f11(γ) =−G(1; y)
(

−G(1; y)2 − 2G(0; y)G(1; y) +G(2; y)G(1; y)− log(4)G(1; y)−G(0, 1; y) + 4G(1, 1− i; y) + 4G(1, 1 + i; y)−G(1, 2; y)
)

f12(γ) =−G(1; y)3 + 2G(2; y)G(1; y)2 + (G(1; y)G(2; y)−G(0, 1; y)−G(1, 2; y))G(1; y) + 4

(

−
1
6
G(1; y)3 +G(1, 1, 1− i; y) +G(1, 1, 1 + i; y)

)

f13(γ) =
1
4
G(1; y)3 −G(2; y)G(1; y)2 +G(2; y)2G(1; y)−G(0, 1; y)G(1; y) +G(1, 2; y)G(1; y) + 2G(0, 0, 1; y) +G(0, 1, 1; y)−G(1, 1, 2; y)− 2G(1, 2, 2; y)

f14(γ) =

(

−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

)

(2G(0; y)−G(1; y) + log(4))

f15(γ) =−
1
6
G(1; y)3 +G(1, 1− i; y)G(1; y) +G(1, 1 + i; y)G(1; y) + (2G(2; y)−G(1; y))

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

− 2G(1, 1, 1− i; y)

− 2G(1, 1, 1 + i; y) + 2G(1, 1, 2; y)− 2G(1, 1− i, 2; y)− 2G(1, 1 + i, 2; y)

f16(γ) =(−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y))(2G(0; y)−G(1; y) + log(4))

f17(γ) =2

(

−
1
6
G(1; y)3 +G(0, 1, 1; y) +G(1, 1, 2; y)

)

−
3
2
G(1; y)(−G(1; y)G(2; y) +G(0, 1; y) +G(1, 2; y))

f18(γ) =
1
6
G(1; y)3 − (−G(1; y) +G(1− i; y) +G(1 + i; y))(2G(2; y)−G(1; y))G(1; y)−G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y)

− (G(1; y)−G(1− i; y)−G(1 + i; y))(−2G(0; y) +G(1; y) + log(4))G(1; y)− 4(−G(1; y) +G(1− i; y) +G(1 + i; y)) log(2)G(1; y)

+ 2G(1, 1, 1− i; y) + 2G(1, 1, 1 + i; y)− 2G(1, 1, 2; y) + 2G(1, 1− i, 2; y) + 2G(1, 1 + i, 2; y)

+

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

(2G(0; y)−G(1; y)− log(4)) + 4

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

log(2)

f19(γ) =G(1; y)

(

−
1
2
G(1; y)2 +G(2; y)G(1; y) +G(0, 1; y)−G(1, 2; y)

)

f20(γ) =(−G(1; y) +G(1− i; y) +G(1 + i; y))

(

2G(0, 1; y)−
1
2
G(1; y)2

)

+ (−G(1; y) +G(1− i; y) +G(1 + i; y))

(

2(G(1; y)G(2; y)−G(1, 2; y))−
1
2
G(1; y)2

)

− 2(−G(0, 1, 1; y) +G(0, 1, 1− i; y) +G(0, 1, 1 + i; y)) + 2(−G(1; y)G(1, 2; y) + 2G(1, 1, 2; y) +G(1, 2, 1− i; y) +G(1, 2, 1 + i; y))

f21(γ) =2G(1; y)(G(1; y)G(2; y)−G(0, 1; y)−G(1, 2; y))

f22(γ) =
1
2

(1
6
G(1; y)3 −G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y) +

(1
2
G(1; y)2 −G(1, 1− i; y)−G(1, 1 + i; y) + 2(−G(1; y)G(2; y) +G(1, 2; y) +G(2, 1− i; y)

+G(2, 1 + i; y))
)

G(1; y) + 2(−G(0, 1, 1; y) +G(0, 1− i, 1; y) +G(0, 1 + i, 1; y)) + 2G(1, 1, 1− i; y) + 2G(1, 1, 1 + i; y)
)

f23(γ) =
1
12

G(1; y)3 −G(2; y)G(1; y)2 +G(2; y)2G(1; y) +G(0, 1; y)G(1; y) +G(1, 2; y)G(1; y)− 2G(0, 0, 1; y)−G(0, 1, 1; y)−G(1, 1, 2; y)− 2G(1, 2, 2; y)

f24(γ) =
1
2
G(1; y)3 − 6G(0, 1, 1; y) + 4G(0, 1, 2; y) + 8G(0, 2, 1; y)− 4(G(1; y)G(1, 2; y)− 2G(1, 1, 2; y))− 2G(1, 1, 2; y)

f25(γ) =−
1
12

G(1; y)3 +G(0, 1, 1; y)− 2G(0, 1, 2; y) +G(1, 1, 2; y)

f26(γ) =
1
2

(

−
1
6
G(1; y)3 +G(1, 1− i; y)G(1; y) +G(1, 1 + i; y)G(1; y) +

(1
2
G(1; y)2 −G(1, 1− i; y)−G(1, 1 + i; y) + 2(−G(1; y)G(2; y) +G(1, 2; y)

+G(2, 1− i; y) +G(2, 1 + i; y))
)

G(1; y)− 2(−G(0, 1, 1; y) +G(0, 1− i, 1; y) +G(0, 1 + i, 1; y))− 2G(1, 1, 1− i; y)− 2G(1, 1, 1 + i; y)
)

f27(γ) =
1
6
G(1; y)3 +

1
2
(−G(1; y) +G(1− i; y) +G(1 + i; y))2G(1; y)−G(1, 1− i; y)G(1; y)−G(1, 1 + i; y)G(1; y)

− (−G(1; y) +G(1− i; y) +G(1 + i; y))

(

−
1
2
G(1; y)2 +G(1, 1− i; y) +G(1, 1 + i; y)

)

+G(1, 1, 1− i; y) +G(1, 1, 1 + i; y)

+G(1, 1− i, 1− i; y) +G(1, 1− i, 1 + i; y) +G(1, 1 + i, 1− i; y) +G(1, 1 + i, 1 + i; y)

f28(γ) =G(1; y)3

f29(γ) =G(1; y)2
(

−G(1; y) +G(1− i; y) +G(1 + i; y)
)

f30(γ) =−

(

G(1; y)− 2G(2; y)
)

(

2G(0, 1; y)−
1
2
G(1; y)2

)

f31(γ) =
(

G(1; y)− 2G(2; y)
)

(

1
2
G(1; y)2 − 2(G(1; y)G(2; y)−G(1, 2; y))

)

TABLE I: Basis functions of the 5PM-1SF scattering angle θ(5,1) =
∑31

k=1 ck(γ)fk(γ) of Eq. (14). The

G(a1, . . . , an; y) are the multiple polylogarithms (MPLs) defined in (11) and y = 1− x = 1− γ +
√

γ2 − 1. Note that
MPLs with complex arguments always appear in conjugate pairs securing a real result.
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c1(γ) =
1880064γ19 + 1880064γ18 + 42654086γ17 + 20978054γ16

− 305752626γ15
− 236079666γ14 + 597683406γ13 + 516398286γ12

− 403178675γ11

7560(γ2 − 1)4γ7(γ + 1)

+
−362536115γ10 + 77856912γ9 + 70236432γ8 + 16701489γ7 + 16955505γ6

− 536235γ5
− 536235γ4 + 393120γ3 + 393120γ2 + 10395γ + 10395

7560(γ2 − 1)4γ7(γ + 1)

c2(γ) =−
651264γ20

− 7809042γ18
− 23185512γ16 + 169295016γ14

− 315460542γ12 + 277369170γ10
− 134264214γ8 + 6510035γ6

− 988015γ4 + 240905γ2
− 18585

2520γ8 (γ2 − 1)9/2

c3(γ) =
6144γ16

− 587336γ14 + 4034092γ12
− 417302γ10

− 5560073γ8
− 142640γ6 + 35710γ4

− 8250γ2 + 1575
360(γ2 − 1)3γ7

c4(γ) =−
γ
(

32768γ8
− 90112γ6 + 1564672γ4

− 1872978γ2
− 7817455

)

336(γ2 − 1)2

c5(γ) =−
491520γ22

− 2482176γ20 + 10655064γ18
− 32742084γ16 + 17085516γ14 + 61205662γ12

− 59068870γ10
− 5433687γ8 + 1352120γ6

− 330890γ4 + 72450γ2

840(γ2 − 1)5γ7

+
11025

840(γ2 − 1)5γ7

c6(γ) =−
24576γ18 + 213480γ16

− 1029342γ14
− 1978290γ12 + 3752006γ10 + 816595γ8

− 55260γ6 + 13690γ4
− 3100γ2 + 525

120γ8 (γ2 − 1)7/2

c7(γ) =
198856γ14

− 689664γ12
− 154716γ10 + 666260γ8

− 5091γ6
− 1935γ4 + 155γ2

− 105

12γ8 (γ2 − 1)5/2

c8(γ) =−
49152γ18

− 208896γ16 + 1182464γ14
− 3741239γ12 + 3040161γ10 + 1882567γ8

− 2828161γ6 + 49728γ4
− 2268γ2 + 1260

42γ6 (γ2 − 1)7/2

c9(γ) =−
γ
(

525γ8
− 450γ6 + 17700γ4

− 12598γ2
− 5369

)

4 (γ2 − 1)7/2

c10(γ) =−
81920γ6 + 189180γ4

− 1240416γ2
− 199207

48 (γ2 − 1)5/2

c11(γ) =−
128γ

(

2γ2
− 3

) (

8γ6
− 6γ4

− 51γ2
− 8

)

(γ2 − 1)4

c12(γ) =−
γ
(

2γ2
− 3

) (

2273γ6
− 1851γ4

− 12957γ2
− 2057

)

2(γ2 − 1)4

c13(γ) =−
γ
(

1575γ6 + 1920γ4
− 5177γ2

− 1182
)

2 (γ2 − 1)5/2

c14(γ) =−
1249γ6

− 1083γ4
− 1053γ2

− 9

(γ2 − 1)5/2

c15(γ) =−
3
(

225γ6 + 600γ5
− 315γ4

− 1200γ3 + 99γ2 + 56γ − 9
)

(γ2 − 1)5/2

c16(γ) =
γ
(

2100γ6 + 1755γ4
− 6422γ2

− 1209
)

4 (γ2 − 1)5/2

c17(γ) =
9γ

(

2γ2
− 3

) (

5γ2
− 1

)2

(γ2 − 1)3

c18(γ) =
1823γ6

− 1221γ4
− 13155γ2

− 2039

(γ2 − 1)5/2

c19(γ) =
γ
(

2γ2
− 3

) (

799γ6
− 453γ4

− 12003γ2
− 2039

)

(γ2 − 1)4

c20(γ) =
768

(

8γ6 + 14γ4
− 116γ2

− 19
)

(γ2 − 1)5/2

c21(γ) =−
3γ2

(

2γ2
− 3

) (

175γ6
− 355γ4 + 185γ2

− 37
)

4(γ2 − 1)4

c22(γ) =−
4
(

1823γ6 + 6459γ4
− 38115γ2

− 6263
)

(γ2 − 1)5/2

c23(γ) =−
3871γ6

− 2817γ4
− 3747γ2

− 75

2 (γ2 − 1)5/2

c24(γ) =−
3γ

(

175γ6
− 1255γ4 + 1985γ2

− 121
)

4 (γ2 − 1)5/2

c25(γ) =
3421γ6

− 2067γ4
− 5865γ2 + 111

2 (γ2 − 1)5/2

c26(γ) =
48γ

(

75γ4
− 150γ2 + 7

)

(γ2 − 1)5/2

c27(γ) =−
2
(

4321γ6 + 11973γ4
− 75933γ2

− 12553
)

(γ2 − 1)5/2

c28(γ) =−
64

(

160γ12
− 600γ10

− 84γ8 + 2058γ6
− 1665γ4

− 72γ2 + 32
)

3 (γ2 − 1)11/2

c29(γ) =−
γ
(

2γ2
− 3

) (

1823γ6
− 1221γ4

− 13155γ2
− 2039

)

(γ2 − 1)4

c30(γ) =
3150γ7 + 1846γ6

− 5775γ5 + 198γ4 + 5488γ3
− 7518γ2

− 1935γ + 258

8 (γ2 − 1)5/2

c31(γ) =
1050γ6 + 1696γ5 + 389γ4

− 1691γ3
− 2241γ2

− 1041γ − 114
8(γ − 1)(γ2 − 1)3/2

TABLE II: Coefficient polynomials of the 5PM-1SF scattering angle θ(5,1) =
∑31

k=1 ck(γ)fk(γ) of Eq. (14).

4-Loop Conservative Scattering Angle
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Construct (Effective-one-body) potential
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From weak-field (post-Minkowskian) data

From geodesic limit (effective-one-body formalism)
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Buonanno, GUJ, Mogull: [2402.12342] 
Damour, Guercilena, Hinder, Hopper, Nagar, Rezzolla: [1402.7307] 
Rettegno, Pratten, Thomas, Schmidt, Damour: [2307.06999]



Outlook
• Improve resummation models

• Import our results to bound waveform models

• Continue to ever higher orders?

20

See posters from Mathias Driesse, Jitze 
Hoogeveen and Kathrin Stoldt for more!

Buonanno, Mogull, Patil, Pompili: [2405.19181]

• Wish for more numerical relativity simulations

• Wish for experimental black hole scattering data
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Compact Binary Coalescence [PRL 116, 061102 (2016)]

Weak field approximations  
and resummations

Numerical Relativity Black Hole  
Perturbation Theory

Small mass-ratio expansion
Gravitational self force

Numerical
Relativity

Weak field expansions
Post Newtonian/Minkowskian

Black hole
perturbation theory
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Figure 1. A sketch of the natural domains of applicability of the four main
approaches to solving the relativistic two-body problem. The approaches are largely
complementary and building waveforms for LISA will require input from all four. The
solid lines shown are illustrative of the reach of each approach. The precise reach of
each region depends on the source type and the accuracy requirements of the model.
In addition, the E↵ective-One-Body and Phenomenological models absorb information
from the four main approaches to produce more global models that can compute
waveforms sourced by binaries across large portions of the parameter space.

The LISA Waveform Working Group (WavWG) serves as an interface between the

LISA Science Group — tasked with realizing LISA’s scientific mission — and the wider

scientific community developing waveform models and studying the relativistic two-body

problem. It serves to prioritize waveform development, inform the wider community of

LISA’s waveform modelling needs, and as a recruiting pool for waveform related tasks

and projects in the LISA Science Group.

In this white paper, the WavWG discusses the current status of waveform modelling

and what further development is needed in realize LISA’s science. It is organized in five

main sections. In §2 we take a brief inventory of the sources LISA is expected to observe

along with their expected parameters. This sets the primary goals for waveform model

accuracy and parameter space coverage. §3 discusses what requirements LISA data

analysis puts on waveform models in terms of accuracy, e�ciency, and format. The main

approaches to modelling waveforms from compact binaries are described in §4, discussing

both their status to date, and challenges to be overcome to meet LISA’s waveform

requirements. §5 discusses methods for accelerating the production of waveform models.
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Post-Newtonian, 
Hamiltonian  
Formulation
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FIG. 10. Comparison of EOB scattering angle results with those calculated by SpEC for unequal-mass non-spinning systems.
The top panels show the relative scattering angle for constant � =1.02, `=4.8 (left) and � =1.09158, b=10.5M (right). The
bottom panels show the relative di↵erence in the relative scattering angle as compared to the NR values. The vertical dotted
lines on the right plot show the first confirmed capture.
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FIG. 11. Scattering angle results for unequal mass non-spinning systems with constant (�=1.02, `=4.8) (left) and (�=1.0916,
b=10.5M) (right). ✓1 (✓2) represents the scattering angle of the larger (smaller) BH. The di↵erence in the scattering angles is
shown in the lower panel. The vertical dotted line on the right plot shows the first confirmed capture of the SpEC simulations.

tems. The di↵erence in the angle peaks at ⌫ ' 0.15 and
then decreases as the mass ratio becomes more extreme.
One observation we can make is the size of the di↵er-
ence of the angles at this peak. The lower energy dataset
(� = 1.02) has a peak relative di↵erence of ⇠ 0.1% while
the higher energy dataset (� = 1.0916) has a peak rela-
tive di↵erence of ⇠ 0.5%. This is likely due to the fact
that the higher energy dataset is further into the strong
field and thus has increased asymmetric emission.

Figure 11 also shows the estimates of each BH angle

from the SEOB-PM model. The lower energy dataset (left)
shows that both models follow the same general shape of
the NR data, with zero di↵erence in the angles at equal
mass, followed by the di↵erence rising quickly to a peak
and then tending towards equal angles in the test body
limit. However, when comparing to the NR data, the
4PM model underestimates the di↵erence in the angles
whereas the addition of the 5PM(1SF) terms causes the
model to overestimate. The higher energy dataset (right)
shows very di↵erent behaviour. Both models have the
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