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Scattering Problem

xj = aj ;

g(yn) =

{
1
Ly
, −Ly

2 ≤ yn ≤ Ly
2 ;

0, |yn| > Ly
2 .

Nx planes of Np atoms in
each of them;
Plane sizes: Ly , Lz ;
Np = nyzLyLz
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Differential Scattering Cross Section in Eikonal
Approximation

d2σ

dqxdqy
= |a(q⃗⊥)|2,

a(q⃗⊥) =

∫
R2

d2ρe
i
ℏ q⃗ρ⃗

{
1− exp

[
i

ℏ
χ
(N)
0 (ρ⃗)

]}
,

where ρ⃗ = (x , y), q⃗⊥ = (qx , qy ).

χ
(N)
0 = −e

∫ ∞

−∞
dzU(N)(ρ⃗, z),

χ
(N)
0 (ρ⃗) =

N∑
n=1

χ0(ρ⃗− ρ⃗n),

χ0(ρ⃗− ρ⃗n) = −e

∫ ∞

−∞
dzu(ρ⃗− ρ⃗n, z).
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Differential Scattering Cross Section in Eikonal
Approximation

dσ

d2q⊥
=

1

4π2

∫
R4

d2ρd2ρ′e i q⃗⊥(ρ⃗−ρ⃗′)×

×⟨1− e iχ
(N)
0 (ρ⃗) − e−iχ

(N)
0 (ρ⃗′) + e i [χ

(N)
0 (ρ⃗)−χ

(N)
0 (ρ⃗′)]⟩.

⟨e i [χ
(N)
0 (ρ⃗)−χ

(N)
0 (ρ⃗′)]⟩ = exp

Np

i Nx∑
j=1

⟨χ(j) − χ′
(j)⟩−

−1

2

Nx∑
j=1

⟨
(
χ(j) − χ′

(j)

)2
⟩+ 1

2

Nx∑
j=1

⟨χ(j) − χ′
(j)⟩

2 + ...

 ,

where χ(j) = χ0(x − aj , y − y0), χ
′
(j) = χ0(x

′ − aj , y ′ − y0), the

brackets ⟨...⟩ denote averaging.

4 / 18



Differential Scattering Cross Section in Eikonal
Approximation

dσ

d2q⊥
=

1

4π2

∫
R4

d2ρd2ρ′ e i q⃗⊥(ρ⃗−ρ⃗′)
(
1− eF − eF

′
+ eF eF

′
eG
)
,

where F (x) = iNp

{∑Nx
j=1⟨χ(j)⟩ − 1

2

∑Nx
j=1⟨χ2

(j)⟩
}
, F ′(x ′) = F ∗(x ′),

G (x , x ′,∆y) = 2Np
∑Nx

j=1⟨χ(j)χ
′
(j)⟩, G̃ (x , x ′) = G (x , x ′,∆y = 0)

dσ

dqx
=

Ly
2π

{I0 − I1 − I2 + I3} ,

where I0 =
∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

) (
1− eF

′
)
,

I1 =
∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

) (
1− eF

′
)(

1− eG̃
)
,

I2 =
∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eG̃

)
,

I3 = 2Re
∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

) (
1− eG̃

)
.
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Scattering on Periodic Planes of Atoms

For screened Coulomb potential
u(r⃗) = Ze

r exp(− r
R ):

Np⟨χ0⟩ = A exp

[
−|x |

R

]
,

A = 2ZαnyzRLz .

Np⟨χ0χ
′
0⟩
∣∣∣
∆y=0

= π2ZαA {1−

−ξ [L−1(ξ)K0(ξ) + L0(ξ)K1(ξ)]} ,

where ξ = |x |+|x ′|
R , Km(ξ) is

modified Bessel function of the
second kind, Lm(ξ) is modified
Struve function.
Np⟨(χ0)

2⟩ = π2ZαA
{
1− 2|x|

R

[
L−1

(
2|x|
R

)
K0

(
2|x|
R

)
+ L0

(
2|x|
R

)
K1

(
2|x|
R

)]}
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Differential Cross Section of Scattering on Isolated
”Substructures”

H

{∑
m

f(s),m(X )

}M

s=1

 ≈ H
(
f(1),m(X ), ..., f(M),m(X )

) ∣∣∣
X∈Ym

.

∫
RdimX

dX e iQXH

{∑
m

f(s),m(X )

}M

s=1

 ≈

≈

(∑
m

e iQXm 1̃H(Ym)

)(∫
RdimX

dX e iQXH

({
f
(1)
(s) (X )

}M

s=1

))
,

where
{
f
(1)
(s) (X )

}M

s=1
corresponds to a set of functions{

f(s),m(X )
}M
s=1

for a single isolated structure
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Differential Cross Section of Scattering on Isolated
”Substructures”

(a) H =
(
1− eF

) (
1− eF

′
) (b)

H =
(
1− eF

) (
1− eF

′
)(

1− eG̃
)

Figure: Dependence of H on x and x ′ for A = 1 for 3 atomic planes
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Differential Cross Section of Scattering on Isolated
”Substructures”

dσ

dqx
=

Ly
2π

{
DNx I

(1)
0 + Nx

(
−I

(1)
1 − I

(1)
2 + I

(1)
3

)}
,

where DNx =
∣∣∣∑Nx

k=1 e
iqxxk

∣∣∣2,
I
(1)
0 =

∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

(1)
)(

1− eF
′ (1)
)
,

I
(1)
1 =

∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

(1)
)(

1− eF
′ (1)
)(

1− eG̃
(1)
)
,

I
(1)
2 =

∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eG̃

(1)
)
,

I
(1)
3 = 2Re

∫
R2 dxdx

′ e iqx (x−x ′)
(
1− eF

(1)
)(

1− eG̃
(1)
)
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Calcultions

A = 10

For parameters of (110) Si planes:

Lz [µm] = 0.026 A =⇒ Lz = 0.26 µm

ε[GeV] ≫ 20 (Lz [µm])2 =⇒ ε ≫ 1.35 GeV
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Scattering on a Single Plane of Atoms
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Differential Cross Section of Scattering on 2 Planes of
Atoms
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Differential Cross Section of Scattering on 3 Planes
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Differential Cross Section of Scattering on 4 Planes
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Comparison between eikonal and Born approximations
Born approximation:

dσ
(Nx )
Born

dqx
= Np

{
Nx

dσatom
Born

dqx
+ 2πnyzLzDNx e

−q2x ⟨u2x ⟩ d
2σatom

Born

dqxdqy

∣∣∣
qy=0

}
.

In terms of planes:

dσ
(Nx )
Born

dqx
= Nx

dσ
(1)
B,incoh

dqx
+ DNx

dσ
(1)
B,coh

dqx
,

dσ
(1)
B,coh

dqx
= 2πnyzNpLze

−q2x ⟨u2x ⟩ d
2σatom

Born
dqxdqy

∣∣∣
qy=0

,
dσ

(1)
B,incoh

dqx
= Np

dσatom
Born

dqx
.

Eikonal approximation:

dσ

dqx
=

Ly
2π

{
DNx I

(1)
0 + Nx

(
−I

(1)
1 − I

(1)
2 + I

(1)
3

)}
.

For Nx ≫ 1: DNx ∼ Nx
∑

g̃j
δ(qx − g̃j), where g̃j =

2πj
a
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Conclusions

▶ We obtained the differential cross section in the eikonal
approximation for a fast charged particle scattering on sets of
periodic planes of atoms numerically and using structure
factor.

▶ Cross sections obtained with both methods agree well.

▶ Suggested approach allows considering scattering on targets
of complicated structure in a relatively easy way using less
computing power and time comparing to the numerical
approach.

▶ Obtained cross sections are sensitive to number of planes in
the target.

▶ The case of large number of planes in the target was also
considered.
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