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• Introduction to Soft Collinear Effective Theory

• Cross Sections with Jets

• Jet Substructure

•

•

pp→ H + 0 jets
scales,  including fixed order,
profiles, theory uncertainties,
power corrections

pp→ H + 1 jetN-Jettiness event shape & 

NNLL+NNLO

NNLL

• Jets Nearby in phase space



QCD

jets, pions
energetic
hadrons B physics

Heavy Quark 
Effective TheorySCET

Chiral Pert. Theory

Soft Collinear Effective Theory (SCET) is limit of QCD

• Results derived with SCET must be equivalent to results derived 
directly from QCD.  And SCET results are results about QCD.

• Goals:  

mJ/EJ � 1 ΛQCD/mb � 1

p/Λχ � 1

* organize calculations around treatment of scales, exploit field theory
* simplify treatment of factorization (new formulas, extensions, ....)
* systematic expansion (factorize power corrections, estimate theory errors)
* sum logs with higher precision (NNLL, N3LL)

Bauer, Fleming, Pirjol, IS

e+e−pp



QCD

jets, pions
energetic
hadrons B physics

Heavy Quark 
Effective TheorySCET

Chiral Pert. Theory

Soft Collinear Effective Theory (SCET) is limit of QCD

• Applications for Event Generators / Shower MC:

mJ/EJ � 1 ΛQCD/mb � 1

p/Λχ � 1

Bauer, Fleming, Pirjol, IS

* test MC against (higher order) resummed calculations with uncertainties

* provide theory ingredients to improve accuracy of shower 
   (as in Geneva, see talks by Bauer & Vermilion)
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Exclusive Jet Production with a Hard Interaction:
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Key Simplifying Principle is to Exploit the Hierarchy 
   of Scales 
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E

µp � ΛQCD

µJ � mJ

µS � Esoft

µH �MSUSY

SCET

QCD

SCET =  Soft-Collinear Effective Theory

µB � mT
J
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SCET energetic jets

Defining concepts:
• hard scale Q

•
•

collinear sectors {[ni]}
power counting parameter λ

FIG. 4: The opening angle of the light grey (blue) cone is ∼ λ2i, and the opening angle of the dark

grey (red) one is ∼ λ2(i+1). The particle with momentum p is collinear to both n and n′ in SCETi,
but only to n′ in SCETi+1. RPIi allows us to move the field label, n, to any location inside the

appropriate cone for SCETi while keeping the theory invariant.

Note that the quark field on the LHS of (38) has a different one from those on the RHS.
This relates to the stricter definition of collinearity in SCETi+1 shown in Fig. 4. In order to
perform the matching, we will make use of the reparametrization invariance (RPI) discussed
in point 3. of Sec. IIC to change fields’ n-labels.

A. Leading Shower Revisited

We first want to reproduce the strongly-ordered contribution to i-gluon radiation from
the quark in an initial γ∗ → qq pair production. Our iterative matching procedure for
multiple EFTs takes a particularly simple form at LO in λ. For our standard example, we
take the process e+e− → jets. Starting in QCD, we couple the quarks to another sector
via the operator, Jµ

QCD = q̄ Γµq. This allows us to avoid complications that come from the
initial state such as backward evolution. In SCET1 (which is equivalent to the usual SCET),
matching to QCD at tree-level converts the quark coupling to the following operator at LO:
χ̄n0Γ

µχn̄, which produces q and q̄ in different collinear directions. Details on the matching
of QCD to SCET1 are given in App. C. Using the notation in Eq. (14), we write the SCET1

operator in the following way:

χ̄n0Γ
µχn̄ =

(

C(2,0,0)
1,LO

)

ij

(

O(2,0,0)
1 (n0, n̄)

)

ij
, (39)

where
(

O(2,0,0)
1 (n0, n̄)

)

ij
= (χ̄n0)i(χn̄)j , (40)

(

C(2,0,0)
1,LO

)

ij
= (Γµ)ij ,

and i and j are spinor indices. The subscripts 1 in Eq. (40) indicate that the fields are
defined in SCET1. Our focus is on gluon emissions from the quark, and we always take the
antiquark in the same direction, n̄, therefore we drop it from the list of n-labels. Also, we
will use the following shorthand notation for the most common operator,

O(2,k,0)
i (n1, n

′
1, . . . , n

′
k, n̄) ≡ O(k)

i (n1, n
′
1, . . . , n

′
k) , (41)

20

eg. pp → H + 2 jets

nbna

n1

n2

H
M2

jet

E2
jet

∼ λ2

Start:  determine relevant d.o.f.:  collinear, soft, Coulomb?, Glauber?

(use known IR structure of QCD,  test with matching calculations)

Then: derive factorization theorems without further assumptions, 
dominant terms require fixed order calculations for simpler objects, 
solve RGE to sum logs, etc
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FIG. 4: The opening angle of the light grey (blue) cone is ∼ λ2i, and the opening angle of the dark

grey (red) one is ∼ λ2(i+1). The particle with momentum p is collinear to both n and n′ in SCETi,
but only to n′ in SCETi+1. RPIi allows us to move the field label, n, to any location inside the

appropriate cone for SCETi while keeping the theory invariant.

Note that the quark field on the LHS of (38) has a different one from those on the RHS.
This relates to the stricter definition of collinearity in SCETi+1 shown in Fig. 4. In order to
perform the matching, we will make use of the reparametrization invariance (RPI) discussed
in point 3. of Sec. IIC to change fields’ n-labels.
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take the process e+e− → jets. Starting in QCD, we couple the quarks to another sector
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QCD = q̄ Γµq. This allows us to avoid complications that come from the
initial state such as backward evolution. In SCET1 (which is equivalent to the usual SCET),
matching to QCD at tree-level converts the quark coupling to the following operator at LO:
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eg. pp → H + 2 jets

nbna
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H

distinct collinear directions:
na, nb, n1, n2

ni · nj � λ2nµ
i = (1, n̂i)

pµ =
nµ

i

2
(n̄i · p) +

n̄µ
i

2
(ni · p) + pµ
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p is collinear to ni :

O(1) O(λ2) O(λ)

collinear fields: ξni , Aµ
ni

M2
jet

E2
jet

∼ λ2

(u)soft fields:

pµ = O(λ2) pµ = O(λ)or

n̄µ
i = (1,−n̂i)
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SCET Lagrangian:

QCD SCET
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L(0)
n = ξ̄n

�
n · iDus + gn · An + i /Dn

⊥
1

in̄ · Dn
i /Dn
⊥

� /̄n

2
ξn

propagator: i /n

2
n̄ · p

p2 + i�
=

i /n

2
1

n·p− �p 2
⊥

n̄·p + i� sign(n̄·p)

eikonal softs:

k

i
n·k+iε k

i
−n·k+iε k

i
−n·k−iε k

i
n·k−iε

(Y+ ξ+
n ) (ξ̄+

n Y
†
+) (ξ̄−n Y

†
−) (Y− ξ−n )

FIG. 1: Eikonal iε prescriptions for incoming/outgoing quarks and antiquarks and the result that
reproduces this with an ultrasoft Wilson line and sterile quark field.

Since the dependence on s0 sometimes causes confusion, we explore some of the subtleties
in this section, in particular, why it is important to remember that factors of Y , Y † can
also be induced in the interpolating fields for incoming and outgoing collinear states, and
why a common choice for s0 = s †

0 is sufficient to properly reproduce the iε prescription in
perturbative computations. In many processes (examples being color allowed B → Dπ and
B → Xsγ) the s0 dependence of the Wilson lines cancels and the following considerations
are not crucial. In other processes, however, the path for the Wilson line is important for the
final result, particularly when these Wilson lines do not entirely cancel. An example of this
is jet event shapes as discussed in Refs. [28–30]. See also the discussion of path dependence
in eikonal lines in Refs. [31–37].

First consider the perturbative computation of attachments of usoft gluons to incoming
and outgoing quark and antiquark lines. The results for the eikonal factors for one gluon
are summarized in Fig. 1, and can be computed directly with the SCET collinear quark
Lagrangian (or from an appropriate limit of the QCD propagator). These attachments seem
to force one to make a particular choice for s0 and s0, see for example the recent detailed
study in Ref. [30]. In our notation it is straightforward to show that this choice corresponds
to

s0 = −∞ sign(P̄) , s0 = +∞ sign(P̄†) ,

{

P̃=P̃
′
=P , for P̄ , P̄† > 0

P̃=P̃
′
=P , for P̄ , P̄† < 0

. (21)

To see this take a quark with label n̄·p > 0 and an antiquark with label n̄·p′ < 0, and note
that

Y ξn,p = P̃ exp
(

ig

∫ 0

−∞

ds n·Aus(x
µ
s )

)

ξ+
n,p = P exp

(

ig

∫ 0

−∞

ds n·Aus(x
µ
s )

)

ξ+
n,p ≡ Y+ξ+

n,p , (22)

ξ̄n,pY
†= ξ̄+

n,pP̃
′
exp

(

−ig

∫ 0

∞

ds n·Aus(x
µ
s )

)

= ξ̄+
n,pP exp

(

ig

∫ ∞

0

ds n·Aus(x
µ
s )

)

≡ ξ̄+
n,pY

†
+ ,

Y ξn,p′ = P̃ exp
(

ig

∫ 0

∞

ds n·Aus(x
µ
s )

)

ξ−n,p′ = P exp
(

−ig

∫ ∞

0

ds n·Aus(x
µ
s )

)

ξ−n,p′ ≡ Y−ξ−n,p′ ,

ξ̄n,p′Y
†= ξ̄−n,p′P̃

′
exp

(

−ig

∫ 0

−∞

ds n·Aus(x
µ
s )

)

= ξ̄−n,p′P exp
(

−ig

∫ 0

−∞

ds n·Aus(x
µ
s )

)

≡ ξ̄−n,p′Y
†
− .

This is in agreement with the Ỹ = Y−, Y † = Y †
−, Y = Y+, Ỹ † = Y †

+ used in [30] for the
production and annihilation of antiparticles and the annihilation and production of parti-
cles respectively. The results in Eq. (22) reproduce the natural choice of having incoming
quarks/antiquarks enter from −∞, while outgoing quarks/antiquarks extend out to +∞.

7

ξn → Y ξn

An → Y AnY †

Y (x) = P exp
�
ig

� 0

−∞
ds n·Aus(x+ns)

�



eg. e
+
e
−

→ 2 jets

SCET energetic jets

!!

usoft particles

n-collinear 
       jet

n-collinear 
       jet

ξn̄, Aµ
n̄ξn, Aµ

n

Production Current:

n

n ψ̄ Γµψ → (ξ̄nWn)ω Γµ(W †
n̄ξn̄)ω̄ = (ξ̄nWn)ω Y †

n ΓµYn̄(W †
n̄ξn̄)ω̄

SCET

n

� �

χn̄,ω̄

Q� ∆

c. gauge invariant 
“parton” field

M2
1 M2

2

qs, A
µ
s



eg. e
+
e
−

→ 2 jets

SCET energetic jets

!!

usoft particles

n-collinear 
       jet

n-collinear 
       jet

ξn̄, Aµ
n̄ξn, Aµ

n

Production Current:

n

n ψ̄ Γµψ → (ξ̄nWn)ω Γµ(W †
n̄ξn̄)ω̄ = (ξ̄nWn)ω Y †

n ΓµYn̄(W †
n̄ξn̄)ω̄

SCET

n

� �

χn̄,ω̄

Q� ∆

c. gauge invariant 
“parton” field

M2
1 M2

2

qs, A
µ
s

L(0)
n L(0)

n̄
L(0)

s



Λ
2
! ∆

2
! Q2

eg. e
+
e
−

→ 2 jets

SCET energetic jets

!!

usoft particles

n-collinear 
       jet

n-collinear 
       jet

ξn̄, Aµ
n̄ξn, Aµ

n

the n and n̄ directions (see Sec. IIA). However, only |C(Q, µ)|2 will appear in the final

factorization theorem.

Using Eqs. (17) and (18) in Eq.(40), the cross-section in SCET takes the form

σ =

�

�n

res.�

XnXn̄Xs

(2π)
4 δ4

(q−PXn−PXn̄−PXs)

�

i

L(i)
µν

�
dω dω̄ dω� dω̄�

×C(ω, ω̄)C∗
(ω�, ω̄�

)�0|χ̄n̄,ω̄�Γ̄ν
j χn,ω� |XnXn̄Xs��XnXn̄Xs|χn,ωΓµ

i χn̄,ω̄|0� . (44)

Here we have pulled out an explicit sum over the top jet label directions �n and keep only

two collinear sectors L(0)
n and L(0)

n̄ for the SCET description of top and antitop jets. This

allows us to explicitly carry out the integral over the top jet directions �n in Sec. IIID in

parallel to implementing factorization.

In Eq. (44) we have decomposed the final states |X� into a soft sector |Xs� and collinear

sectors |Xn�, |Xn̄� in the �n and �̄n directions respectively

|X� = |XnXn̄Xs� . (45)

Since the hard production scale is integrated out by the matching procedure, these states

now form a complete set of final states that can be produced by the SCET currents J µ
i .

This already implements part of the restrictions, “res”, in the sum over states in Eq. (44).

The momentum PX of the final state |X� is also decomposed into the momentum of the

collinear and soft sectors:

PX = PXn + PXn̄ + PXs. (46)

Because the set of hadrons observed in the detector has a well defined set of momenta, it is

possible to impose criteria on the hadrons in the final state to associate them with one of

Xn, Xn̄, or Xs. Thus, the hadronic two-jet state factorizes as a direct product

|X� = |Xn�|Xn̄�|Xs� . (47)

This factorization is also a manifest property of the hadronic states in SCET.

For quark and gluon states in SCET the difference from the purely hadronic case is that

the analog states in Eq. (47) can carry global color quantum numbers. After having made

the soft-collinear decoupling field redefinition, the individual Lagrangians for these sectors

are decoupled, and they only organize themselves into color singlets in the matrix elements

which appear in the observable cross-section. We can take this as a manifestation of quark-

hadron duality. Using the soft-collinear decoupling property from section IIA we can write

the matrix elements in Eq. (44) as

�
0
��χa

n̄,ω̄�(Y n̄)
ba

(ΓYnχn,ω�)
b
��XnXn̄Xs

��
XnXn̄Xs

��(χn,ωY †
n Γ)

c
(Y

†
n̄)

dcχd
n̄,ω̄

��0
�

(48)

=
�
0
��χa

n̄,ω̄�

��Xn̄

��
Xn̄

��χa�

n̄,ω̄

��0
��

0
��χb

n,ω�

��Xn

��
Xn

��χb�

n,ω

��0
�

×
�
0
��(Y n̄)

ca
(ΓYn)

cb
��Xs

��
Xs

��(Y †
nΓ)

b�c�
(Y

†
n̄)

a�c���0
�
,

22

where here roman indices are for color and spin and |Xn� and |Xn̄� are color triplets. Next

we rearrange the color and spinor indices so that they are fully contracted within each of the

n-collinear, n̄-collinear, and soft product of matrix elements. This makes explicit the fact

that in SCET each of these contributions to the cross-section must separately be a spin and

color singlet. Although it is not absolutely necessary to make this arrangement of indices

manifest at this point, it does allow us to avoid carrying around unnecessary indices (a similar

manipulation was used for B → Xsγ in Ref. [60]). For color, our |Xn̄��Xn̄| forces the indices

on χa
n̄ and χa�

n̄ to be the same, so
�
0
��χa

n̄

��Xn̄

��
Xn̄

��χa�
n̄

��0
�

= (δaa�
/Nc)

�
0
��χb

n̄

��Xn̄

��
Xn̄

��χb
n̄

��0
�
. A

similar result holds for the n-collinear matrix elements. For spin we can use the SCET Fierz

formula

1⊗ 1 =
1

2

�� n̄/

2

�
⊗

�n/

2

�
+

�−n̄/γ5

2

�
⊗

�n/γ5

2

�
+

�−n̄/γα
⊥

2

�
⊗

�n/γ⊥
α

2

��
, (49)

which is valid when the identity matrices are inserted so that the n/ terms on the RHS

appear between χn̄ · · · χn̄ without additional n̄/ factors next to these fields (or the analogous

statement with n ↔ n̄). Combining the color and spin index rearrangement, the matrix

element in Eq. (48) becomes

tr

�n/

2
Γµ

i

n̄/

2
Γ̄ν

j

���
0
��χa

n̄,ω̄�

��Xn̄

��
Xn̄

��
� n/

4Nc
χn̄,ω̄

�a��0
�� ��

0
��
� n̄/

4Nc
χn,ω�

�b��Xn

��
Xn

��χb
n,ω

��0
��

×
��

0
��(Y n̄)

ca�
(Yn)

cb���Xs

��
Xs

��(Y †
n )

b�c�
(Y

†
n̄)

a�c���0
��

≡ tr

�n/

2
Γµ

i

n̄/

2
Γ̄ν

j

�
tr

��
0
��χn̄,ω̄�

��Xn̄

��
Xn̄
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where for convenience we defined

/̂n ≡ n//(4Nc) , /̂̄n ≡ n̄//(4Nc) . (51)

Note that only the first term on the RHS of Eq. (49) contributes because the collinear states

give at least one matrix element which is zero when we have a γ5 or γα
⊥. This factorizes the

SCET cross-section into a product of three singlets under spin and color. For convenience

we will in the following suppress writing these explicit traces on the matrix elements.

Using Eq. (50) in Eq. (44), the factorized SCET cross section takes the form
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where here roman indices are for color and spin and |Xn� and |Xn̄� are color triplets. Next
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⊥. This factorizes the

SCET cross-section into a product of three singlets under spin and color. For convenience
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all-orders in αs
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Factorization depends on choice of Measurement
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

A. Drell-Yan Factorization Theorems

To describe the Drell-Yan process pp → X!+!− or
pp̄ → X!+!−, we take

Pµ
a + Pµ

b = pµ
X + qµ , (4)

where Pµ
a,b are the incoming (anti)proton momenta,

Ecm =
√

(Pa + Pb)2 is the total center-of-mass energy,
and qµ is the total momentum of the !+!− pair. We also
define

τ =
q2

E2
cm

, Y =
1
2

ln
Pb · q
Pa · q ,

xa =
√

τeY , xb =
√

τe−Y , (5)

where Y is the total rapidity of the leptons with respect
to the beam axis, and xa and xb are in one-to-one corre-
spondence with τ and Y . Their kinematic limits are

0 ≤ τ ≤ 1 , 2|Y | ≤ − ln τ ,

τ ≤ xa ≤ 1 , τ ≤ xb ≤ 1 . (6)

The invariant mass of the hadronic final state is bounded
by

m2
X = p2

X ≤ E2
cm(1 −

√
τ )2 . (7)

In Drell-Yan

Q =
√

q2 % ΛQCD (8)

plays the role of the hard interaction scale. In general,
for factorization to be valid at some leading level of ap-
proximation with a perturbative computation of the hard
scattering, the measured observable must be infrared safe
and insensitive to the details of the hadronic final state.

For inclusive Drell-Yan, illustrated in Fig. 2(a), one
sums over all hadronic final states X allowed by Eq. (7)
without imposing any cuts. Hence, the measurement is
insensitive to any details of X because one sums over all
possibilities. In this situation there is a rigorous deriva-
tion of the classic factorization theorem [28, 51, 52]

1
σ0

dσ

dq2dY
=

∑

i,j

∫
dξa

ξa

dξb

ξb
H incl

ij

(xa

ξa
,
xb

ξb
, q2, µ

)

× fi(ξa, µ) fj(ξb, µ)
[
1 + O

(ΛQCD

Q

)]
, (9)

where σ0 = 4πα2
em/(3NcE2

cmq2), and the integration lim-
its are xa ≤ ξa ≤ 1 and xb ≤ ξb ≤ 1. The sum is
over partons i, j = {g, u, ū, d, . . .}, and fi(ξa) is the par-
ton distribution function for finding parton i inside the
proton with light-cone momentum fraction ξa along the
proton direction. Note that ξa,b are partonic variables,
whereas xa,b are leptonic, and the two are only equal at
tree level. The inclusive hard function H incl

ij can be com-
puted in fixed-order perturbative QCD as the partonic
cross section to scatter partons i and j [corresponding to
dσpart

ij in Eq. (1)] and is known to two loops [53–57].
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for factorization to be valid at some leading level of ap-
proximation with a perturbative computation of the hard
scattering, the measured observable must be infrared safe
and insensitive to the details of the hadronic final state.

For inclusive Drell-Yan, illustrated in Fig. 2(a), one
sums over all hadronic final states X allowed by Eq. (7)
without imposing any cuts. Hence, the measurement is
insensitive to any details of X because one sums over all
possibilities. In this situation there is a rigorous deriva-
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ton distribution function for finding parton i inside the
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proton direction. Note that ξa,b are partonic variables,
whereas xa,b are leptonic, and the two are only equal at
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A. Drell-Yan Factorization Theorems

To describe the Drell-Yan process pp → X!+!− or
pp̄ → X!+!−, we take

Pµ
a + Pµ

b = pµ
X + qµ , (4)

where Pµ
a,b are the incoming (anti)proton momenta,
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(Pa + Pb)2 is the total center-of-mass energy,
and qµ is the total momentum of the !+!− pair. We also
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where Y is the total rapidity of the leptons with respect
to the beam axis, and xa and xb are in one-to-one corre-
spondence with τ and Y . Their kinematic limits are

0 ≤ τ ≤ 1 , 2|Y | ≤ − ln τ ,

τ ≤ xa ≤ 1 , τ ≤ xb ≤ 1 . (6)

The invariant mass of the hadronic final state is bounded
by
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√
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In Drell-Yan

Q =
√

q2 % ΛQCD (8)

plays the role of the hard interaction scale. In general,
for factorization to be valid at some leading level of ap-
proximation with a perturbative computation of the hard
scattering, the measured observable must be infrared safe
and insensitive to the details of the hadronic final state.

For inclusive Drell-Yan, illustrated in Fig. 2(a), one
sums over all hadronic final states X allowed by Eq. (7)
without imposing any cuts. Hence, the measurement is
insensitive to any details of X because one sums over all
possibilities. In this situation there is a rigorous deriva-
tion of the classic factorization theorem [28, 51, 52]
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its are xa ≤ ξa ≤ 1 and xb ≤ ξb ≤ 1. The sum is
over partons i, j = {g, u, ū, d, . . .}, and fi(ξa) is the par-
ton distribution function for finding parton i inside the
proton with light-cone momentum fraction ξa along the
proton direction. Note that ξa,b are partonic variables,
whereas xa,b are leptonic, and the two are only equal at
tree level. The inclusive hard function H incl

ij can be com-
puted in fixed-order perturbative QCD as the partonic
cross section to scatter partons i and j [corresponding to
dσpart

ij in Eq. (1)] and is known to two loops [53–57].
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0-Jets: X= collinear & soft

z =
q2

ξaξbE2
cm

→ 1

partonic threshold

large double logs αk
s ln2k−1(1− z)

1− z

large double logs αk
s ln2k−1(t/Q2)

t

where t� Q2 implements a Jet-Veto

pp→ X(H →W
+
W
−)or



a factorization friendly jet veto variable:  Beam Thrust event shape 

linear in momentum

IS, Tackmann, Waalewijn

implements a jet-veto

Tcm =
�

k

|�pkT |e−|ηk| =
�

k

(Ek − |pz
k|)

Tcm ≤ T cut

inclusive gluon
beam functions

Bg(t, x, µ) =
�

j

� 1

x

dξ

ξ
Igj

�
t,

x

ξ
, µ

�
fj(ξ, µ)

= T a
cm + T b

cm + T soft
cm

Factorization and SCET Higgs Jet Veto Calculation Results

Factorization Theorem for Beam Thrust

[Stewart, FT, Waalewijn]
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Function describes at the scale

Hard Hgg hard virtual radiation |µH | � mH

Beam Bg virtual & real energetic ISR µB �
√

TcmmH

Soft S
gg

B
virtual & real soft radiation µS � Tcm
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pp→ H + 0 jets
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Use beam thrust to describe generic ingredients for
cross section predictions

• resummation & evolution

• profile functions:  merging onto fixed order results

• singular & nonsingular contributions

• power corrections

• perturbative uncertainties



Factorization and SCET Higgs Jet Veto Calculation Results

Summation of Jet-Veto Logarithms

Factorization theorem splits up large logarithms
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Logarithms are summed by

1 Evaluating each function at its natural scale

|µH | � mH � µB �
�

TcmmH � µS � Tcm

2 RG evolving to common (arbitrary) scale µ

NNLL requires

� 1-loop matching

� 2-loop anomalous dimensions

� 3-loop cusp anomalous dimension

S
gg

B
µS

µB

ΛQCD

µH

µ
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Bg
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Resummation
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fixed order H
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evolution kernels UX sum logs•

• fixed order expansions
at µH , µB , µS

• fixed order scale dependence cancels
to the order one is working

µ2
B
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µ2
S � T 2
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determined after doing integrals*

* ensures only perturbative 
anom.dim. are used & no 
Landau poles encountered
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Resummation
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Resummation is in exponent:

NNLLNLLLL

y = FT[Tcm/mH ]

ln
dσ

dy
= ln y(αs ln y)k + (αs ln y)k + αs(αs ln y)k + α2

s(αs ln y)k + . . .

counting is simplest in Fourier space

N3LL

matching (singular) nonsingular γx Γcusp β PDF

LO LO LO - - 1-loop LO

NLO NLO NLO - - 2-loop NLO

NNLO NNLO NNLO - - 3-loop NNLO

LL LO - - 1-loop 1-loop LO

NLL LO - 1-loop 2-loop 2-loop LO

NNLL NLO - 2-loop 3-loop 3-loop NLO

NLL′+NLO NLO NLO 1-loop 2-loop 2-loop NLO

NNLL+NNLO (N)NLO NNLO 2-loop 3-loop 3-loop NNLO

NNLL′+NNLO NNLO NNLO 2-loop 3-loop 3-loop NNLO

N3LL+NNLO NNLO NNLO 3-loop 4-loop 4-loop NNLO

Table 1. The order counting we use in fixed-order and resummed perturbation theory. The last two
rows are beyond the level of our calculations here, but are discussed in the text.

(i.e. the fixed-order results for the hard, beam, and soft functions) and anomalous dimensions

(γx, Γcusp) that enter the singular corrections. To NNLL order we require the NLO fixed-

order corrections for Hgg, Bg, and Sgg
B , as well as the two-loop non-cusp and three-loop cusp

anomalous dimensions in the evolution factors, and the three-loop running of αs.

The nonsingular contributions, dσns/dTcm in eq. (2.1), are O(Tcm/mH) suppressed rela-

tive to the resummed contribution, dσs/dTcm. They become important at large Tcm and are

required to ensure that the resummed results also reproduce the fixed-order cross section at

a given order.

For the various combinations in table 1 we show the order at which nonsingular corrections

are included, which for consistency agrees with the order for the singular matching corrections.

For example, to include the fixed NLO corrections in the NLL result requires including both

the singular and nonsingular NLO terms, which we denote as NLL′+NLO. Similarly at one

higher order we would obtain NNLL′+NNLO. The prime in both cases refers to the fact that

the matching corrections in the resummed result are included at one higher order than what

would be necessary for the resummation only. The complete NNLO matching corrections for

the beam and soft functions, which we would need at NNLL′ and N3LL, are not available

at present. Instead, for our final result, which we denote as NNLL+NNLO, we only include

the µ-dependent NNLO terms in Hgg, Bg, and Sgg
B , which we compute using the two-loop

RGEs. The remaining µ-independent NNLO terms are added in addition to the nonsingular

NNLO terms, as discussed in section 2.5, such that the fixed-order expansion of our final

result always reproduces the complete NNLO expression.

In the following sections 2.1 to 2.3, the hard, beam, and soft function are discussed in

turn, including expressions for their fixed-order corrections as well as their NNLL evolution.

The one-loop results for the hard and soft function are easily obtained from known results.

The one-loop calculation for the gluon beam function is performed in appendix A.3. The

– 10 –



Resummation is in exponent:

NNLLNLLLL

y = FT[Tcm/mH ]

ln
dσ

dy
= ln y(αs ln y)k + (αs ln y)k + αs(αs ln y)k + α2

s(αs ln y)k + . . .

counting is simplest in Fourier space

N3LL

σ(∆) = 1 + αsL
2 + α2

sL
4 + α3

sL
6 + . . .

+ αsL + α2
sL

3 + α3
sL

5 + . . .

+ αs + α2
sL

2 + α3
sL

4 + . . .

+ α2
sL + α3

sL
3 + . . .

+ α2
s + α3

sL
2 + . . .

+ α3
sL + . . .

+ α3
s + . . .

. . .

LO NLO NNLO N3LO

N3LL

NNLL

NLL
LL

αsL ∼ 1
αs � 1

σ(∆) =
� ∆

0
dτ

dσ

dτ

L = ln(µH/µJ) = ln(µJ/µS) = ln(1/τ)

σ(T cut) =

L = ln(m2
H

/T 2
cut)
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Figure 5. Comparison of the singular, nonsingular, and full cross sections at NNLO for µ = mH .
The left panel shows the magnitude of the differential cross sections on a logarithmic scale. The right
panel shows the corresponding cumulant cross sections.

the singular ones. On the other hand for Tcm ! mH/2 the singular and nonsingular terms

become equally important and there is a large cancellation between the two contributions.

These features of the fixed-order cross section will have implications on our choice of running

scales discussed in section 2.6.

To determine the singular NNLO contributions in eq. (2.37) for the above analysis we

only considered the k ≥ 0 terms contained in σs,NNLL. Of course σs,NNLL also contains some

k = −1 terms at NNLO, in particular the cπ(µ) and cµ(µ) contributions, but also parts of

the cres(µ) contribution from cross terms between the NLO matching corrections. Since we

know cres(µ) numerically, we are able to determine the missing k = −1 contribution at NNLO

numerically, which corresponds to the sum of the unknown µ-independent NNLO matching

corrections to the hard, beam, and soft functions. It is given by the difference

cδ(µ) = σs,NNLO − σs,NNLL
∣∣
NNLO

= cπ(µ) + cµ(µ) + cres(µ)− σs,NNLL
∣∣
NNLO,k=−1

. (2.45)

Since we include the µ-dependent NNLO matching corrections in σs,NNLL, its NNLO expan-

sion is obtained by setting µS = µB = µH = µ. Thus, we can easily evaluate eq. (2.45)

numerically. For mH = 165GeV, we find for the LHC at 7TeV,

cδ(mH/2) = 0.002 , cδ(mH) = −0.035 , cδ(2mH) = −0.028 , (2.46)

and for the Tevatron,

cδ(mH/2) = −0.0043 , cδ(mH) = −0.0026 , cδ(2mH) = −0.0027 . (2.47)

Comparing this to cres(mH) = 0.86 (LHC) and cres(mH) = 0.028 (Tevatron), we see that these

coefficients are almost fully accounted for by cross terms between the NLO hard, beam, and

soft functions. The remaining NNLO terms in cδ are in fact very small, and our NNLL+NNLO

results are therefore numerically very close to the complete NNLL′+NNLO result.
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Scale Profiles
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Figure 6. Profiles for the running scales µH , µB, and µS . The central lines for µB and µS show
our central scale choices. The upper and lower curves for µB and µS correspond to their respective
variations b) and c) in eq. (2.55).

For the profile µrun(τ, µ) we use a combination of two quadratic functions and a linear function

as in ref. [92]. For τ > τ3 our choice for µrun(τ, µ) ensures that our cross section formula

becomes precisely the fixed-order result.

µrun(τ, µ) =






µ0 + aτ2/τ1 τ ≤ τ1 ,

2a τ + b τ1 ≤ τ ≤ τ2 ,

µ− a(τ − τ3)2/(τ3 − τ2) τ2 ≤ τ ≤ τ3 ,

µ τ > τ3 ,

a =
µ0 − µ

τ1 − τ2 − τ3
, b =

µτ1 − µ0(τ2 + τ3)

τ1 − τ2 − τ3
. (2.53)

The expressions for a and b follow from demanding that µrun(τ) is continuous and has a

continuous derivative. The value of µ0 determines the scales at τ = 0, while τ1,2,3 determine

the transition between the regions discussed above. For our central value we use the following

choice of parameters

µ = mH , eB = eS = 0 , µ0 = 2GeV , τ1 =
5GeV

mH
, τ2 = 0.4 , τ3 = 0.6 . (2.54)

The corresponding running scales are shown in figure 6.

Since the factorization theorem is not affected by O(1) changes of the renormalization

scales, we should vary them to determine the perturbative uncertainty. For a reasonable

variation of the above parameters, the cross section is most sensitive to µ, eB and eS . We

therefore estimate our uncertainties from higher order terms in perturbation theory by taking

the envelope of the following three separate variations,

a) µ = 2±1mH , eB = 0 , eS = 0 ,

b) µ = mH , eB = ±0.5 , eS = 0 ,

c) µ = mH , eB = 0 , eS = ±0.5 . (2.55)
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be expanded in an OPE as

Sgg
B (k, µS) = Sgg

pert(k, µS)− 2Ωgg
1

dSgg
pert(k, µS)

dk
+O

(Λ2
QCD

k3

)
, (2.27)

where the leading power correction is determined by the dimension-one nonperturbative pa-

rameter Ωgg
1 =

∫
dk′ (k′/2)F gg(k′) which is parametrically O(ΛQCD). The positivity of F gg(k)

implies that Ωgg
1 > 0, so the factorization in eq. (2.26) predicts the sign of the correction caused

by the nonperturbative effects. We will see that this simple OPE result with one nonpertur-

bative parameter Ωgg
1 gives an accurate description of the nonperturbative effects in the Tcm

spectra for the entire region we are interested in, which includes the peak in the distribution.

The OPE in eq. (2.27) implies that the leading nonperturbative effects can be computed as

an additive correction to the spectrum

dσs

dTcm
=

dσs
pert

dTcm
− 2Ωgg

1

d2σs
pert

dT 2
cm

, (2.28)

and likewise for the cumulant

σs(T cut
cm ) = σs

pert(T cut
cm )− 2Ωgg

1
d

dT cut
cm

σs
pert(T cut

cm ) . (2.29)

To first order in the OPE expansion this is equivalent to a shift in the variable used to eval-

uate the perturbative spectrum, Tcm → Tcm − 2Ωgg
1 , or cumulant, T cut

cm → T cut
cm − 2Ωgg

1 . For

the cumulant the nonperturbative corrections always reduce the cross section, whereas the

distribution is reduced before the peak and increased in the tail region. Since the nonsingular

terms in the cross section are an order of magnitude smaller than the singular terms we can

also replace σs by σ, that is include the nonsingular dσns/dTcm in eq. (2.28). For simplicity,

we will use the purely perturbative result in most of our numerical analysis. However, in sec-

tion 2.8 we will use eqs. (2.26) and (2.28) to analyze the effect of nonperturbative corrections

on our predictions.

2.4 Nonsingular Contributions

In this section we discuss how we incorporate the nonsingular contributions to the cross

section using fixed-order perturbation theory. For the beam thrust cross section considered

in this paper, the full cross section in fixed-order perturbation theory can be written as

dσ

dτdY
= σ0 α

2
s(µ)

∣∣∣F (0)
(m2

H

4m2
t

)∣∣∣
2

×
∫

dξa
ξa

dξb
ξb

∑

i,j

Cij

(xa
ξa

,
xb
ξb
, τ, Y, µ,mH ,mt

)
fi(ξa, µ) fj(ξb, µ) , (2.30)

where i, j = g, q, q̄ sum over parton types, and τ = Tcm/mH .6 To simplify the notation

in the following we will suppress the mH and mt dependence of the coefficients Cij . The

6For H → γγ where the boost between the partonic and hadronic center-of-mass frames is accounted for

with τB = TB/mH , the appropriate replacements in eq. (2.30) are to take τ → τB, and in the fourth argument

of Cij to set Y = 0.
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Nonperturbative Hadronization effects

• can be derived / parameterized with field theory matrix elements

ΛQCD � Tcm � mHFor dominant correction is simply a shift:
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Figure 8. Shift to the NNLL+NNLO perturbative cross section, shown by solid curves with Ωgg
1 = 0,

caused by the leading nonperturbative hadronization corrections, shown by the dashed and dotted
curves for Ωgg

1 = 0.35GeV and Ωgg
1 = 1.0GeV, respectively.

from Casimir scaling for adjoint Wilson lines. This choice also reproduces roughly the size of

hadronization effects for Higgs production in Pythia. Using eqs. (2.28) and (2.29), results

from the OPE for the LHC with Ecm = 7TeV are shown in figure 8. Comparing the OPE

results for the distribution, shown in the left panel, to the full convolution with a model soft

function using eq. (2.26), we find that the OPE works well for the entire displayed spectrum

when Ωgg
1 = 0.35GeV and for Tcm > 10GeV when Ωgg

1 = 1.0GeV. (Thus, for Ωgg
1 = 0.35GeV

the peak is perturbative.) Examining the right panel of figure 8, we see that at T cut
cm = 20GeV

a power correction of Ωgg
1 = 0.35GeV reduces σ(T cut

cm ) by 3%, while for Ωgg
1 = 1.0GeV the

reduction is by 7%. (The results for the Tevatron are very similar, giving reductions by 2%

and 6%, respectively, for T cut
cm = 20GeV.) The sign of this nonperturbative shift is predicted

by the factorization theorem, while its magnitude is determined by Ωgg
1 . Examining the Tcm

spectra from Pythia before and after hadronization, we find that the hadronization cor-

rection in Pythia is consistent with the nonperturbative shift discussed here with a value

Ωgg
1 = 1.0GeV for both the Tevatron and LHC.

3 Numerical Results

In this section we present our numerical results for the Higgs production cross section for both

the differential beam thrust spectrum, dσ/dTcm, and the cumulant, σ(T cut
cm ), which gives the

integrated cross section with a cut on beam thrust, Tcm ≤ T cut
cm . We are mostly interested in

the region of small Tcm or T cut
cm , which corresponds to the 0-jet region. We will show resummed

results up to NNLL+NNLO order and also compare with the results obtained in fixed-order

perturbation theory at NNLO using FEHiP [27, 43]. An explanation of the various orders is

given at the beginning of section 2 and in table 1. Since our focus in this section is on the

perturbative results and their uncertainties, we will not include the nonperturbative hadronic

correction discussed in section 2.8 (i.e. we take Ωgg
1 = 0).
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Figure 2. Comparison of the Higgs signal and tt̄ background using Pythia. The differential spectrum
in Tcm is shown on the left, and in pmax

T , the pT of the hardest jet, on the right. For the jet algorithm
we use the anti-kt algorithm with R = 0.4, only considering jets with |ηjet| < 2.5 or |ηjet| < 4.8.

37] to simulate gg → H → WW for mH = 165GeV and tt̄ → WWbb̄ events. In both

cases we turn off multiple interactions in Pythia, since the corresponding uncertainty is

hard to estimate without dedicated LHC tunes. Following the selection cuts from ATLAS

in ref. [2] we force one W to decay into an electron and one into a muon. We then require

both leptons to have pT > 15GeV and |η| < 2.5. For the dilepton invariant mass we require

12GeV < m!! < 300GeV, and for the missing transverse momentum, pmiss
T > 30GeV. We

have not attempted to implement any lepton isolation criteria since they should have a similar

effect on the Higgs signal and tt̄ background. For the pT jet veto we define jets using the

anti-kt algorithm [64] with R = 0.4 implemented in the FastJet package [65]. The results for

the differential cross section in Tcm and pmax
T after the above cuts are shown in figure 2, where

the normalization corresponds to the total cross sections σgg→H = 8pb and σtt̄ = 163pb (see

e.g. ref. [66]). Note that the above selection cuts have no effect on the shape of the Higgs

signal and a small 5 − 20% effect on the shape of the tt̄ background. In this simulation a

signal to background ratio of one is achieved with cuts Tcm < 31GeV, pmax
T < 32GeV for

|η| < 2.5, and pmax
T < 33GeV for |η| < 4.8. It will be very interesting to see the performance

of Tcm in a full experimental analysis including a b-jet veto from b-tagging which will further

improve the suppression of t → Wb decays with only small effects on the Higgs signal.

Including the resummation of large logarithms for Tcm # mH , the production cross

section from gluon fusion, gg → H, is given by the factorization theorem [56]

dσ

dTcm
= σ0 Hgg(mt,m

2
H , µ)

∫
dY

∫
dta dtbBg(ta, xa, µ)Bg(tb, xb, µ)

× Sgg
B

(
Tcm − e−Y ta + eY tb

mH
, µ

)
+

dσns

dTcm
, (1.4)

where

xa =
mH

Ecm
eY , xb =

mH

Ecm
e−Y , σ0 =

√
2GF m2

H

576πE2
cm

, (1.5)

– 6 –
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Factor of two improvement from resummation

σ0(T cut) = σtotal − σ≥1(T cut)
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becomes precisely the fixed-order result.

µrun(τ, µ) =






µ0 + aτ2/τ1 τ ≤ τ1 ,

2a τ + b τ1 ≤ τ ≤ τ2 ,

µ− a(τ − τ3)2/(τ3 − τ2) τ2 ≤ τ ≤ τ3 ,

µ τ > τ3 ,

a =
µ0 − µ

τ1 − τ2 − τ3
, b =

µτ1 − µ0(τ2 + τ3)

τ1 − τ2 − τ3
. (2.53)

The expressions for a and b follow from demanding that µrun(τ) is continuous and has a

continuous derivative. The value of µ0 determines the scales at τ = 0, while τ1,2,3 determine

the transition between the regions discussed above. For our central value we use the following

choice of parameters

µ = mH , eB = eS = 0 , µ0 = 2GeV , τ1 =
5GeV

mH
, τ2 = 0.4 , τ3 = 0.6 . (2.54)

The corresponding running scales are shown in figure 6.

Since the factorization theorem is not affected by O(1) changes of the renormalization

scales, we should vary them to determine the perturbative uncertainty. For a reasonable

variation of the above parameters, the cross section is most sensitive to µ, eB and eS . We

therefore estimate our uncertainties from higher order terms in perturbation theory by taking

the envelope of the following three separate variations,

a) µ = 2±1mH , eB = 0 , eS = 0 ,

b) µ = mH , eB = ±0.5 , eS = 0 ,

c) µ = mH , eB = 0 , eS = ±0.5 . (2.55)

– 25 –

• µH = µH0 100% correlated 
with σtotal

µB and µS give uncertainty
from imposing jet-veto
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e+e− → qq̄. The experimental measurement of beam
thrust will contribute very valuable information to our
understanding of ISR at hadron colliders and could be
used to test and tune the initial-state parton shower and
underlying event models in Monte Carlo programs. Re-
stricting beam thrust τB " 1 implements a theoretically
well-controlled jet veto, which has important applications
in other processes, for example Higgs production [11].
The measurement of beam thrust in Drell-Yan provides a
clean environment to test the application of beam thrust
as a central jet veto.
This work was supported by the Office of Nuclear

Physics of the U.S. Department of Energy, under the
grant DE-FG02-94ER40818.
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FIG. 2: Different final-state configurations for pp collisions. The top row corresponds to Drell-Yan factorization theorems for
the (a) inclusive, (b) threshold, and (c) isolated cases. The bottom row shows the corresponding pictures with the lepton pair
replaced by dijets.

A. Drell-Yan Factorization Theorems

To describe the Drell-Yan process pp → X!+!− or
pp̄ → X!+!−, we take

Pµ
a + Pµ

b = pµ
X + qµ , (4)

where Pµ
a,b are the incoming (anti)proton momenta,

Ecm =
√

(Pa + Pb)2 is the total center-of-mass energy,
and qµ is the total momentum of the !+!− pair. We also
define

τ =
q2

E2
cm

, Y =
1
2

ln
Pb · q
Pa · q ,

xa =
√

τeY , xb =
√

τe−Y , (5)

where Y is the total rapidity of the leptons with respect
to the beam axis, and xa and xb are in one-to-one corre-
spondence with τ and Y . Their kinematic limits are

0 ≤ τ ≤ 1 , 2|Y | ≤ − ln τ ,

τ ≤ xa ≤ 1 , τ ≤ xb ≤ 1 . (6)

The invariant mass of the hadronic final state is bounded
by

m2
X = p2

X ≤ E2
cm(1 −

√
τ )2 . (7)

In Drell-Yan

Q =
√

q2 % ΛQCD (8)

plays the role of the hard interaction scale. In general,
for factorization to be valid at some leading level of ap-
proximation with a perturbative computation of the hard
scattering, the measured observable must be infrared safe
and insensitive to the details of the hadronic final state.

For inclusive Drell-Yan, illustrated in Fig. 2(a), one
sums over all hadronic final states X allowed by Eq. (7)
without imposing any cuts. Hence, the measurement is
insensitive to any details of X because one sums over all
possibilities. In this situation there is a rigorous deriva-
tion of the classic factorization theorem [28, 51, 52]

1
σ0

dσ

dq2dY
=

∑

i,j

∫
dξa

ξa

dξb

ξb
H incl

ij

(xa

ξa
,
xb

ξb
, q2, µ

)

× fi(ξa, µ) fj(ξb, µ)
[
1 + O

(ΛQCD

Q

)]
, (9)

where σ0 = 4πα2
em/(3NcE2

cmq2), and the integration lim-
its are xa ≤ ξa ≤ 1 and xb ≤ ξb ≤ 1. The sum is
over partons i, j = {g, u, ū, d, . . .}, and fi(ξa) is the par-
ton distribution function for finding parton i inside the
proton with light-cone momentum fraction ξa along the
proton direction. Note that ξa,b are partonic variables,
whereas xa,b are leptonic, and the two are only equal at
tree level. The inclusive hard function H incl

ij can be com-
puted in fixed-order perturbative QCD as the partonic
cross section to scatter partons i and j [corresponding to
dσpart

ij in Eq. (1)] and is known to two loops [53–57].
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N-Jettiness
consider an inclusive N-jet sample with jet energies      & 
directions      determined by anti-kT (or any suitable algorithm)

2

H → WW ∗ search channel, where a jet veto is needed
to remove the large tt̄ → WWbb̄ background. The use
of an event shape for the jet veto makes possible a re-
summation of large logarithms to next-to-next-to-leading
logarithmic (NNLL) order.
The generalization of beam thrust to processes with

N jets is N -jettiness, TN , introduced in Ref. [12]. It
is designed such that in the limit TN → 0 the final
state consists of N narrow jets plus two narrow ISR-
jets along the beam axis (for hadron collisions). Since it
does not restrict the collinear radiation inside a jet, the
beam and jet functions appearing in Eq. (1) are again
the inclusive beam and jet functions (which are known
to one [10, 11, 13, 14] and two loops [15, 16], respectively).
Furthermore, since N -jettiness itself covers all of phase
space, no additional restriction on the radiation outside
of jets or beams is needed. In contrast, hadron-collider
event shapes constructed from transverse momenta only,
such as transverse thrust, in general require the addition
of exponentially suppressed forward terms to suppress
the contributions from large rapidities [17, 18].
Factorization for N -jettiness can be contrasted with

factorization for jet algorithms. Here, the perturbative
corrections are complicated by: the presence of non-
global logarithms [19–22], the potential for soft radiation
to be strongly influenced by the number of energetic par-
tons in the jets, and by cuts on soft radiation that intro-
duce additional soft scales that must be handled within
factorization [23, 24]. Jet functions for jet algorithms
in e+e− → jets have been calculated at next-to-leading
order (NLO) in Refs. [24, 25]. In Ref. [24] the soft func-
tion for e+e− → jets was calculated at NLO, where a
cut on the total energy outside the jets was used as the
jet veto. Using N -jettiness avoids several of these issues
that complicate the structure of perturbation theory.
The N -jettiness event shape assigns all particles to one

ofN+2 regions, corresponding to theN jets and 2 beams.
Therefore TN acts much like a jet algorithm, and we can
consider distinct measurements on each of these “jets”.
The simplest example is T i

N , the N -jettiness contribution
from each region i, where TN =

∑
i T i

N . A measurement
of T i

N is essentially the same as measuring the transverse
mass of this jet. This correspondence will be made pre-
cise in the next section. We will also briefly explore the
shape of the jet regions obtained using N -jettiness with
different measures. A geometric measure gives jets with
circular boundaries, putting them in the class that are
typically preferred experimentally.
For an N -jettiness cross section calculation using

Eq. (1), the only missing ingredient for an evaluation
of generic processes at NNLL is the one-loop N -jettiness
soft function, SN , which we compute in detail in this
paper. (As mentioned above, the beam and jet func-
tions are known. The hard function in Eq. (1) can be
obtained from the corresponding QCD fixed-order calcu-
lation, many of which are now known to NLO.) General
features of N -jettiness and its jet regions are explored in
Sec. II. Results are given for the fully differential T i

N fac-

torization theorem, and for renormalization group con-
sistency equations for the N -jettiness soft function. Sec-
tion III contains details of the NLO calculation of SN ,
including developing a simple method that uses hemi-
spheres for each pair of hard partons to extract UV diver-
gences and the corresponding induced logarithmic terms.
The remaining O(αs) terms are then given by finite in-
tegrals that do not involve the UV regulator, and we will
refer to these as the non-hemisphere contributions. These
steps are not specific to the N -jettiness observable, and
we show how they can be applied in general. For the
N -jettiness soft function we reduce the non-hemisphere
contributions to well-behaved one-dimensional numerical
integrals (some details are relegated to appendices). Sec-
tion IV contains conclusions.
Although it is not directly related to our investigations

here, it is worth mentioning that N -jettiness is useful for
exploring jet substructure [26, 27]. This is done with N -
subjettiness, which restricts the definition of the event
shape to particles and reference momenta inside a jet.
There are interesting correspondences between applica-
tions of N -jettiness and N -subjettiness. In particular
one could study the transverse mass spectrum of subjets
with T i

N , following a similar procedure that we advocate
here for jets.

II. SETUP OF THE CALCULATION

A. N -Jettiness Definition and Regions

N -jettiness is defined as [12]

TN =
∑

k

min
i

{2qi · pk
Qi

}
, (2)

where i runs over a, b for the two beams and 1, . . . , N
for the final-state jets. For e+e− collisions, the terms for
the beams are absent and we continue to let N refer to
the number of jets. The complexity of the calculation for
the e+e− (N + 2)-jettiness is equivalent to N -jettiness
for pp collisions. In Eq. (2) the qi are massless reference
momenta for the jets and beams, and the Qi are normal-
ization factors. For each jet we can take

qµi = ωi (1,#ni) , (3)

where ωi is the jet energy, and #ni is the jet direction.
The ωi and #ni can be predetermined with a suitable
jet algorithm, and the choice of algorithm only gives
power-suppressed effects, as explained in Ref [12]. For
the beams we have

qµa =
1

2
xa Ecm(1, ẑ) , qµb =

1

2
xb Ecm(1,−ẑ) , (4)

where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum

2

H → WW ∗ search channel, where a jet veto is needed
to remove the large tt̄ → WWbb̄ background. The use
of an event shape for the jet veto makes possible a re-
summation of large logarithms to next-to-next-to-leading
logarithmic (NNLL) order.
The generalization of beam thrust to processes with

N jets is N -jettiness, TN , introduced in Ref. [12]. It
is designed such that in the limit TN → 0 the final
state consists of N narrow jets plus two narrow ISR-
jets along the beam axis (for hadron collisions). Since it
does not restrict the collinear radiation inside a jet, the
beam and jet functions appearing in Eq. (1) are again
the inclusive beam and jet functions (which are known
to one [10, 11, 13, 14] and two loops [15, 16], respectively).
Furthermore, since N -jettiness itself covers all of phase
space, no additional restriction on the radiation outside
of jets or beams is needed. In contrast, hadron-collider
event shapes constructed from transverse momenta only,
such as transverse thrust, in general require the addition
of exponentially suppressed forward terms to suppress
the contributions from large rapidities [17, 18].
Factorization for N -jettiness can be contrasted with

factorization for jet algorithms. Here, the perturbative
corrections are complicated by: the presence of non-
global logarithms [19–22], the potential for soft radiation
to be strongly influenced by the number of energetic par-
tons in the jets, and by cuts on soft radiation that intro-
duce additional soft scales that must be handled within
factorization [23, 24]. Jet functions for jet algorithms
in e+e− → jets have been calculated at next-to-leading
order (NLO) in Refs. [24, 25]. In Ref. [24] the soft func-
tion for e+e− → jets was calculated at NLO, where a
cut on the total energy outside the jets was used as the
jet veto. Using N -jettiness avoids several of these issues
that complicate the structure of perturbation theory.
The N -jettiness event shape assigns all particles to one

ofN+2 regions, corresponding to theN jets and 2 beams.
Therefore TN acts much like a jet algorithm, and we can
consider distinct measurements on each of these “jets”.
The simplest example is T i

N , the N -jettiness contribution
from each region i, where TN =

∑
i T i

N . A measurement
of T i

N is essentially the same as measuring the transverse
mass of this jet. This correspondence will be made pre-
cise in the next section. We will also briefly explore the
shape of the jet regions obtained using N -jettiness with
different measures. A geometric measure gives jets with
circular boundaries, putting them in the class that are
typically preferred experimentally.
For an N -jettiness cross section calculation using

Eq. (1), the only missing ingredient for an evaluation
of generic processes at NNLL is the one-loop N -jettiness
soft function, SN , which we compute in detail in this
paper. (As mentioned above, the beam and jet func-
tions are known. The hard function in Eq. (1) can be
obtained from the corresponding QCD fixed-order calcu-
lation, many of which are now known to NLO.) General
features of N -jettiness and its jet regions are explored in
Sec. II. Results are given for the fully differential T i

N fac-

torization theorem, and for renormalization group con-
sistency equations for the N -jettiness soft function. Sec-
tion III contains details of the NLO calculation of SN ,
including developing a simple method that uses hemi-
spheres for each pair of hard partons to extract UV diver-
gences and the corresponding induced logarithmic terms.
The remaining O(αs) terms are then given by finite in-
tegrals that do not involve the UV regulator, and we will
refer to these as the non-hemisphere contributions. These
steps are not specific to the N -jettiness observable, and
we show how they can be applied in general. For the
N -jettiness soft function we reduce the non-hemisphere
contributions to well-behaved one-dimensional numerical
integrals (some details are relegated to appendices). Sec-
tion IV contains conclusions.
Although it is not directly related to our investigations

here, it is worth mentioning that N -jettiness is useful for
exploring jet substructure [26, 27]. This is done with N -
subjettiness, which restricts the definition of the event
shape to particles and reference momenta inside a jet.
There are interesting correspondences between applica-
tions of N -jettiness and N -subjettiness. In particular
one could study the transverse mass spectrum of subjets
with T i

N , following a similar procedure that we advocate
here for jets.

II. SETUP OF THE CALCULATION

A. N -Jettiness Definition and Regions

N -jettiness is defined as [12]

TN =
∑

k

min
i

{2qi · pk
Qi

}
, (2)

where i runs over a, b for the two beams and 1, . . . , N
for the final-state jets. For e+e− collisions, the terms for
the beams are absent and we continue to let N refer to
the number of jets. The complexity of the calculation for
the e+e− (N + 2)-jettiness is equivalent to N -jettiness
for pp collisions. In Eq. (2) the qi are massless reference
momenta for the jets and beams, and the Qi are normal-
ization factors. For each jet we can take

qµi = ωi (1,#ni) , (3)

where ωi is the jet energy, and #ni is the jet direction.
The ωi and #ni can be predetermined with a suitable
jet algorithm, and the choice of algorithm only gives
power-suppressed effects, as explained in Ref [12]. For
the beams we have

qµa =
1

2
xa Ecm(1, ẑ) , qµb =

1

2
xb Ecm(1,−ẑ) , (4)

where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum

qµ
i = Ei(1, n̂i)

n̂i

Ei

xaxb =
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E2
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=
(q1 + . . . + qN + q)2
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(set xa = xb = 1 for cases with MET)
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FIG. 1: Jet and beam reference momenta for 1-jettiness (left), 2-jettiness (middle) and e+e− 3-jettiness (right). In the middle
plot the jets and beams do not necessarily lie in a plane.

0

0

1

1

2

2

3

3 4 5

−1

−1

−2

−2

−3

−3−4−5

η

φ Beam aBeam b

Jet 1

Jet 2

invariant-mass

measure

0

0

1

1

2

2

3

3 4 5

−1

−1

−2

−2

−3

−3−4−5

η

φ Beam aBeam b

Jet 1

Jet 2

geometric

measure

FIG. 2: The jet and beam regions for the same two jets using 2-jettiness. On the left we use the invariant-mass measure
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where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum
fractions of the colliding hard partons. The latter are
defined as

xaEcm = QeY , xbEcm = Qe−Y , (5)

where Q2 and Y are the total invariant mass-squared and
rapidity of the hard interaction. They are determined
from the observed final state by

Q2 = xaxbE
2
cm = (q1 + · · ·+ qN + q)2 ,

2Y = ln
xa

xb
= ln

(1,−ẑ) · (q1 + · · ·+ qN + q)

(1, ẑ) · (q1 + · · ·+ qN + q)
. (6)

Here qµ denotes the total momentum of the non-hadronic
final state if one is present.
The choice of the qµi is illustrated in Fig. 1 for 1-

jettiness (left panel), 2-jettiness (middle panel), and
e+e− 3-jettiness (right panel). For the first two cases
qµ is given by the momentum of the W/Z. In SCET
the qµi ’s become the large label momenta on the collinear
fields, which can be thought of as the momenta of the
partons in the hard interaction. The minimum in Eq. (2)
divides the total phase space into N + 2 regions, one for
each beam and jet, as indicated by the dashed lines in
Fig. 1. Their union exactly covers all of phase space, and
the boundary between any two regions is a (part of a)
cone.

The Qi in Eq. (2) are dimension-one variables that
characterize the hardness of the jets. Different choices
for the Qi correspond to choosing different distance mea-
sures in the minimization in TN . For example, for fixed
Qi = Q, the distance measure is just the invariant mass,
2qi · pk. The resulting jet and beam regions in this case
are illustrated for 2-jettiness in the left panel of Fig. 2.
Choosing the jet transverse momentum Qi = |!qiT | for the
jets, the measure becomes a geometric measure, which is
boost-invariant along the beam axis,

2qi · pk
|!qiT |

= |!pkT | (2 cosh∆ηik − 2 cos∆φik)

≈ |!pkT |
[
(∆ηik)

2 + (∆φik)
2
]
. (7)

Here, ∆ηik = ηi − ηk, ∆φik = φi − φk are the differences
in (pseudo)rapidity and azimuthal angle between the di-
rection of jet i and particle k. The second line is valid
in the limit of small ∆η and ∆φ. Equation (7) results
in circular boundaries for the jet regions, as illustrated
in the right panel of Fig. 2. In this case only the !ni

part of qµi enters, and the !ni could be obtained by the
choice which minimizes TN , thus making N -jettiness a
true event shape that does not depend on any auxiliary
input from a jet algorithm. The jet energy is then simply
given by summing over the particles in each jet region as
determined by TN .
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H → WW ∗ search channel, where a jet veto is needed
to remove the large tt̄ → WWbb̄ background. The use
of an event shape for the jet veto makes possible a re-
summation of large logarithms to next-to-next-to-leading
logarithmic (NNLL) order.
The generalization of beam thrust to processes with

N jets is N -jettiness, TN , introduced in Ref. [12]. It
is designed such that in the limit TN → 0 the final
state consists of N narrow jets plus two narrow ISR-
jets along the beam axis (for hadron collisions). Since it
does not restrict the collinear radiation inside a jet, the
beam and jet functions appearing in Eq. (1) are again
the inclusive beam and jet functions (which are known
to one [10, 11, 13, 14] and two loops [15, 16], respectively).
Furthermore, since N -jettiness itself covers all of phase
space, no additional restriction on the radiation outside
of jets or beams is needed. In contrast, hadron-collider
event shapes constructed from transverse momenta only,
such as transverse thrust, in general require the addition
of exponentially suppressed forward terms to suppress
the contributions from large rapidities [17, 18].
Factorization for N -jettiness can be contrasted with

factorization for jet algorithms. Here, the perturbative
corrections are complicated by: the presence of non-
global logarithms [19–22], the potential for soft radiation
to be strongly influenced by the number of energetic par-
tons in the jets, and by cuts on soft radiation that intro-
duce additional soft scales that must be handled within
factorization [23, 24]. Jet functions for jet algorithms
in e+e− → jets have been calculated at next-to-leading
order (NLO) in Refs. [24, 25]. In Ref. [24] the soft func-
tion for e+e− → jets was calculated at NLO, where a
cut on the total energy outside the jets was used as the
jet veto. Using N -jettiness avoids several of these issues
that complicate the structure of perturbation theory.
The N -jettiness event shape assigns all particles to one

ofN+2 regions, corresponding to theN jets and 2 beams.
Therefore TN acts much like a jet algorithm, and we can
consider distinct measurements on each of these “jets”.
The simplest example is T i

N , the N -jettiness contribution
from each region i, where TN =

∑
i T i

N . A measurement
of T i

N is essentially the same as measuring the transverse
mass of this jet. This correspondence will be made pre-
cise in the next section. We will also briefly explore the
shape of the jet regions obtained using N -jettiness with
different measures. A geometric measure gives jets with
circular boundaries, putting them in the class that are
typically preferred experimentally.
For an N -jettiness cross section calculation using

Eq. (1), the only missing ingredient for an evaluation
of generic processes at NNLL is the one-loop N -jettiness
soft function, SN , which we compute in detail in this
paper. (As mentioned above, the beam and jet func-
tions are known. The hard function in Eq. (1) can be
obtained from the corresponding QCD fixed-order calcu-
lation, many of which are now known to NLO.) General
features of N -jettiness and its jet regions are explored in
Sec. II. Results are given for the fully differential T i

N fac-

torization theorem, and for renormalization group con-
sistency equations for the N -jettiness soft function. Sec-
tion III contains details of the NLO calculation of SN ,
including developing a simple method that uses hemi-
spheres for each pair of hard partons to extract UV diver-
gences and the corresponding induced logarithmic terms.
The remaining O(αs) terms are then given by finite in-
tegrals that do not involve the UV regulator, and we will
refer to these as the non-hemisphere contributions. These
steps are not specific to the N -jettiness observable, and
we show how they can be applied in general. For the
N -jettiness soft function we reduce the non-hemisphere
contributions to well-behaved one-dimensional numerical
integrals (some details are relegated to appendices). Sec-
tion IV contains conclusions.
Although it is not directly related to our investigations

here, it is worth mentioning that N -jettiness is useful for
exploring jet substructure [26, 27]. This is done with N -
subjettiness, which restricts the definition of the event
shape to particles and reference momenta inside a jet.
There are interesting correspondences between applica-
tions of N -jettiness and N -subjettiness. In particular
one could study the transverse mass spectrum of subjets
with T i

N , following a similar procedure that we advocate
here for jets.

II. SETUP OF THE CALCULATION

A. N -Jettiness Definition and Regions

N -jettiness is defined as [12]

TN =
∑

k

min
i

{2qi · pk
Qi

}
, (2)

where i runs over a, b for the two beams and 1, . . . , N
for the final-state jets. For e+e− collisions, the terms for
the beams are absent and we continue to let N refer to
the number of jets. The complexity of the calculation for
the e+e− (N + 2)-jettiness is equivalent to N -jettiness
for pp collisions. In Eq. (2) the qi are massless reference
momenta for the jets and beams, and the Qi are normal-
ization factors. For each jet we can take

qµi = ωi (1,#ni) , (3)

where ωi is the jet energy, and #ni is the jet direction.
The ωi and #ni can be predetermined with a suitable
jet algorithm, and the choice of algorithm only gives
power-suppressed effects, as explained in Ref [12]. For
the beams we have

qµa =
1

2
xa Ecm(1, ẑ) , qµb =

1

2
xb Ecm(1,−ẑ) , (4)

where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum
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H → WW ∗ search channel, where a jet veto is needed
to remove the large tt̄ → WWbb̄ background. The use
of an event shape for the jet veto makes possible a re-
summation of large logarithms to next-to-next-to-leading
logarithmic (NNLL) order.
The generalization of beam thrust to processes with

N jets is N -jettiness, TN , introduced in Ref. [12]. It
is designed such that in the limit TN → 0 the final
state consists of N narrow jets plus two narrow ISR-
jets along the beam axis (for hadron collisions). Since it
does not restrict the collinear radiation inside a jet, the
beam and jet functions appearing in Eq. (1) are again
the inclusive beam and jet functions (which are known
to one [10, 11, 13, 14] and two loops [15, 16], respectively).
Furthermore, since N -jettiness itself covers all of phase
space, no additional restriction on the radiation outside
of jets or beams is needed. In contrast, hadron-collider
event shapes constructed from transverse momenta only,
such as transverse thrust, in general require the addition
of exponentially suppressed forward terms to suppress
the contributions from large rapidities [17, 18].
Factorization for N -jettiness can be contrasted with

factorization for jet algorithms. Here, the perturbative
corrections are complicated by: the presence of non-
global logarithms [19–22], the potential for soft radiation
to be strongly influenced by the number of energetic par-
tons in the jets, and by cuts on soft radiation that intro-
duce additional soft scales that must be handled within
factorization [23, 24]. Jet functions for jet algorithms
in e+e− → jets have been calculated at next-to-leading
order (NLO) in Refs. [24, 25]. In Ref. [24] the soft func-
tion for e+e− → jets was calculated at NLO, where a
cut on the total energy outside the jets was used as the
jet veto. Using N -jettiness avoids several of these issues
that complicate the structure of perturbation theory.
The N -jettiness event shape assigns all particles to one

ofN+2 regions, corresponding to theN jets and 2 beams.
Therefore TN acts much like a jet algorithm, and we can
consider distinct measurements on each of these “jets”.
The simplest example is T i

N , the N -jettiness contribution
from each region i, where TN =

∑
i T i

N . A measurement
of T i

N is essentially the same as measuring the transverse
mass of this jet. This correspondence will be made pre-
cise in the next section. We will also briefly explore the
shape of the jet regions obtained using N -jettiness with
different measures. A geometric measure gives jets with
circular boundaries, putting them in the class that are
typically preferred experimentally.
For an N -jettiness cross section calculation using

Eq. (1), the only missing ingredient for an evaluation
of generic processes at NNLL is the one-loop N -jettiness
soft function, SN , which we compute in detail in this
paper. (As mentioned above, the beam and jet func-
tions are known. The hard function in Eq. (1) can be
obtained from the corresponding QCD fixed-order calcu-
lation, many of which are now known to NLO.) General
features of N -jettiness and its jet regions are explored in
Sec. II. Results are given for the fully differential T i

N fac-

torization theorem, and for renormalization group con-
sistency equations for the N -jettiness soft function. Sec-
tion III contains details of the NLO calculation of SN ,
including developing a simple method that uses hemi-
spheres for each pair of hard partons to extract UV diver-
gences and the corresponding induced logarithmic terms.
The remaining O(αs) terms are then given by finite in-
tegrals that do not involve the UV regulator, and we will
refer to these as the non-hemisphere contributions. These
steps are not specific to the N -jettiness observable, and
we show how they can be applied in general. For the
N -jettiness soft function we reduce the non-hemisphere
contributions to well-behaved one-dimensional numerical
integrals (some details are relegated to appendices). Sec-
tion IV contains conclusions.
Although it is not directly related to our investigations

here, it is worth mentioning that N -jettiness is useful for
exploring jet substructure [26, 27]. This is done with N -
subjettiness, which restricts the definition of the event
shape to particles and reference momenta inside a jet.
There are interesting correspondences between applica-
tions of N -jettiness and N -subjettiness. In particular
one could study the transverse mass spectrum of subjets
with T i

N , following a similar procedure that we advocate
here for jets.

II. SETUP OF THE CALCULATION

A. N -Jettiness Definition and Regions

N -jettiness is defined as [12]

TN =
∑

k

min
i

{2qi · pk
Qi

}
, (2)

where i runs over a, b for the two beams and 1, . . . , N
for the final-state jets. For e+e− collisions, the terms for
the beams are absent and we continue to let N refer to
the number of jets. The complexity of the calculation for
the e+e− (N + 2)-jettiness is equivalent to N -jettiness
for pp collisions. In Eq. (2) the qi are massless reference
momenta for the jets and beams, and the Qi are normal-
ization factors. For each jet we can take

qµi = ωi (1,#ni) , (3)

where ωi is the jet energy, and #ni is the jet direction.
The ωi and #ni can be predetermined with a suitable
jet algorithm, and the choice of algorithm only gives
power-suppressed effects, as explained in Ref [12]. For
the beams we have

qµa =
1

2
xa Ecm(1, ẑ) , qµb =

1

2
xb Ecm(1,−ẑ) , (4)

where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum

qµ
i = Ei(1, n̂i)

xaxb =
Q2
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=
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(set xa = xb = 1 for cases with MET)
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FIG. 1: Jet and beam reference momenta for 1-jettiness (left), 2-jettiness (middle) and e+e− 3-jettiness (right). In the middle
plot the jets and beams do not necessarily lie in a plane.
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FIG. 2: The jet and beam regions for the same two jets using 2-jettiness. On the left we use the invariant-mass measure
Qi = Q. On the right we use the geometric measure with Qi = |!qiT | for the jets and Qa,b = xa,bEcm for the beams.

where Ecm is the center-of-mass energy, ẑ points along
the beam axis, and xa,b are the light-cone momentum
fractions of the colliding hard partons. The latter are
defined as

xaEcm = QeY , xbEcm = Qe−Y , (5)

where Q2 and Y are the total invariant mass-squared and
rapidity of the hard interaction. They are determined
from the observed final state by

Q2 = xaxbE
2
cm = (q1 + · · ·+ qN + q)2 ,

2Y = ln
xa

xb
= ln

(1,−ẑ) · (q1 + · · ·+ qN + q)

(1, ẑ) · (q1 + · · ·+ qN + q)
. (6)

Here qµ denotes the total momentum of the non-hadronic
final state if one is present.
The choice of the qµi is illustrated in Fig. 1 for 1-

jettiness (left panel), 2-jettiness (middle panel), and
e+e− 3-jettiness (right panel). For the first two cases
qµ is given by the momentum of the W/Z. In SCET
the qµi ’s become the large label momenta on the collinear
fields, which can be thought of as the momenta of the
partons in the hard interaction. The minimum in Eq. (2)
divides the total phase space into N + 2 regions, one for
each beam and jet, as indicated by the dashed lines in
Fig. 1. Their union exactly covers all of phase space, and
the boundary between any two regions is a (part of a)
cone.

The Qi in Eq. (2) are dimension-one variables that
characterize the hardness of the jets. Different choices
for the Qi correspond to choosing different distance mea-
sures in the minimization in TN . For example, for fixed
Qi = Q, the distance measure is just the invariant mass,
2qi · pk. The resulting jet and beam regions in this case
are illustrated for 2-jettiness in the left panel of Fig. 2.
Choosing the jet transverse momentum Qi = |!qiT | for the
jets, the measure becomes a geometric measure, which is
boost-invariant along the beam axis,

2qi · pk
|!qiT |

= |!pkT | (2 cosh∆ηik − 2 cos∆φik)

≈ |!pkT |
[
(∆ηik)

2 + (∆φik)
2
]
. (7)

Here, ∆ηik = ηi − ηk, ∆φik = φi − φk are the differences
in (pseudo)rapidity and azimuthal angle between the di-
rection of jet i and particle k. The second line is valid
in the limit of small ∆η and ∆φ. Equation (7) results
in circular boundaries for the jet regions, as illustrated
in the right panel of Fig. 2. In this case only the !ni

part of qµi enters, and the !ni could be obtained by the
choice which minimizes TN , thus making N -jettiness a
true event shape that does not depend on any auxiliary
input from a jet algorithm. The jet energy is then simply
given by summing over the particles in each jet region as
determined by TN .
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�
T a

N −
ta

Qa
, T b

N −
tb

Qb
, T 1

N −
s1

Q1
, . . . , T N

N − sN

QN
, {q̂i · q̂j}

��

W/Z

qbqa

q1

q2

T a
N

T b
N

T 1
N

T 2
N

qi · qj = (QiQj)(q̂i · q̂j)

Assumptions used to sum logs with this formula:

1)

2)

3)

Ti � Tj( gives non-global logs of Dasgupta & Salam)

jets are well separated (avoid having jets merge, more later)

Ti ∼ Tj

q̂i · q̂j � Ti/Qi

Qi ∼ Qj

α2
s ln2

� Ti

Tj

�
+ . . .

Bκ = Iκκ�⊗fκ�
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pp→ Higgs + 1-jet

H

qbqa

qJ• gggH, gqq̄H channels

• kinematic variables:

these determine all others
{xa, xb, Q

2, Qa,b,i, . . .}

TJ

Ta

Tb

NLO Hard Fn’s: C.Schmidt (2007)

• focus on region where
pJ

T
> mHpJ

T
∼ mH or

(only have large logs from 
vetoing 2-jet events)

m2
J = Q1TJ = jet-mass

Ta,b ≤ T cut
B /2 = restriction on beam radiation

pJ
T = jet pT

ηJ = jet rapidity
Y = event rapidity

impose upper limit on beam radiation (cumulant)•

σ(mJ , T cut
B , pJ

T , ηJ , Y ) =
� T cut

B /2

0
dTa

� T cut
B /2

0
dTb σ(mJ , Ta, Tb, p

J
T , ηJ , Y )

• NNLL results mostly analytic

Jouttenus, IS, Tackmann, Waalewijn



Normalizing the cross section makes it independent of T cut
B

•

if we look at gluon jets with fixed kinematics then 
Hard Function drops out

(not true with color 
mixing or both quark 
and gluon channels)

•
so “Higgs” drops out.

• When we integrate over phase space in numerator and denominator 
then the cancellation is approximate, but still very significant.

�σ(mJ , T cut
B , pJ

T , yJ , Y ) ≡ σ(mJ , T cut
B , pJ

T , yJ , Y )
� mmax

J

0 dm� σ(m�, T cut
B , pJ

T , yJ , Y )



Status/Focus:
Description of Jet, in particular mJ

mH = 125GeVpick
MSTW pdfs

Gluon Jets tend to dominate the LHC jet masses•
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Figure 10. Normalised cross-sections as functions of mass of anti-kt jets with R = 1.0 in four
different pT bins.
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Figure 8. Normalised cross-sections as functions of mass of Cambridge-Aachen jets with R = 1.2
in four different pT bins.
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Dependence on 
the Jet Algorithm

invariant mass
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= 0. The invariant mass measure

has a peak further to the right.
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Figure 5-5: Changing the jet definition changes the shape of the cross section.
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Jet Kinematic Variables: 

Not Normalized Normalized
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Jet Kinematic Variables: 
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Kinematic Variables: Y

Not Normalized Normalized

(system rapidity)

• can be used to study jet-veto uncertainties for Higgs 1-jet bin

• comparison to MC for exclusive 1-jet cross section 

Applications:
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FIG. 1: Different kinematic situations and relevant scales for the case of three jets with invariant mass m. On the left, the
invariant masses between any two jets are comparable, sij = 2qi · qj ∼ Q2, and the only relevant scales are Q, m, and m2/Q.
On the right, the dijet invariant mass between jets 1 and 2, t = 2q1 · q2, is parametrically smaller than that between any other
pair of jets, so there are two more relevant scales,

√
t and m2/

√
t.

illustrated in Fig. 1(b) for the case of three jets. We are
interested in the dijet invariant mass mjj between the
two close jets, which is much smaller than the other di-
jet invariant masses of order Q, but much larger than
the invariant mass m of the individual jets, i.e., there
is a hierarchy of scales m " mjj " Q. In this case,
the cross section contains two types of logarithms, those
related to the mass of the jets, ln2(m/Q), as well as kine-
matic logarithms ln2(mjj/Q). For mjj ∼ Q, all jets are
well separated, as in Fig. 1(a), and the jet-mass loga-
rithms ln2(m/Q) in the exclusive jet cross section can
be resummed [3–7] using soft-collinear effective theory
(SCET) [8–11].
In this paper, we construct a new effective theory,

SCET+, which is valid in the limit m " mjj " Q. The
added complication in this case arises from the fact that
one needs to separate the soft radiation within a given jet
from the radiation between the two close jets, giving rise
to two different scales. In regular SCET, both of these
processes are described by the same soft function, which
therefore contains multiple scales. Soft functions with
multiple scales have been observed in SCET before, and
it has been suggested that this requires one to “refac-
torize” the soft function into more fundamental pieces
depending on only a single scale. This was first pointed
out in Ref. [5]. Here we explicitly construct for the first
time an effective theory that accomplishes a refactoriza-
tion of the soft sector and separates different scales in a
soft function. Using SCET+, we derive the factorization
of multijet processes in the limit m " mjj " Q, where
each function in the factorization theorem depends only
on a single scale. The renormalization group evolution in
SCET+ then allows us to sum all large logarithms aris-
ing from this scale hierarchy, including those in the soft
sector.
It is worthwhile to note that the multijet events we con-

sider in this paper are part of a broader class of kinematic
configurations that give rise to multiple disparate scales.
The case we address here of small dijet invariant masses
belongs to the class of configurations for which the kine-

matics of the final-state jets introduces additional kine-
matic scales. In our case this gives rise to large logarithms
of ratios of dijet masses ln(mjj/Q). Other configurations
which give rise to large kinematic logarithms, such as
those with a hierarchy of jet pT s, may require a different
effective-theory treatment, which we leave to future work.
These kinematic logarithms are in contrast to so-called
“nonglobal” observables [12], which introduce additional
scales by imposing parametrically different cuts in differ-
ent phase space regions. This corresponds for example
to a hierarchy between individual jet masses mi " mj ,
giving rise to logarithms of the form ln(mi/mj). The
structure of such logarithms has been recently explored
using SCET in Refs. [13, 14].
In the next section, we explain the physical picture

of the effective-theory setup. In Sec. III, we discuss the
construction of SCET+, which requires a new mode with
collinear-soft scaling to properly describe the soft radia-
tion between the two close jets. As an explicit example of
the application of SCET+, we consider the simplest case
of e+e−→ 3 jets, for which in Sec. IV we derive the fac-
torized cross section in the limit m " mjj " Q, and in
Sec. V we obtain all ingredients at next-to-leading order
(NLO). In Sec. V, we also discuss the consistency of the
factorized result in SCET+, and show how the usual 3-jet
hard and soft functions in SCET are separately factor-
ized into two pieces each. Readers not interested in the
technical details of this example can skip over Secs. IV
and V. In Sec. VI, we generalize our results to the case
of pp → N jets plus leptons. In Sec. VII, we present nu-
merical results for the dijet invariant mass spectrum for
e+e−→ 3 jets with all logarithms of m/Q and mjj/Q re-
summed at next-to-leading logarithmic (NLL) order. We
conclude in Sec. VIII.
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illustrated in Fig. 1(b) for the case of three jets. We are
interested in the dijet invariant mass mjj between the
two close jets, which is much smaller than the other di-
jet invariant masses of order Q, but much larger than
the invariant mass m of the individual jets, i.e., there
is a hierarchy of scales m " mjj " Q. In this case,
the cross section contains two types of logarithms, those
related to the mass of the jets, ln2(m/Q), as well as kine-
matic logarithms ln2(mjj/Q). For mjj ∼ Q, all jets are
well separated, as in Fig. 1(a), and the jet-mass loga-
rithms ln2(m/Q) in the exclusive jet cross section can
be resummed [3–7] using soft-collinear effective theory
(SCET) [8–11].
In this paper, we construct a new effective theory,

SCET+, which is valid in the limit m " mjj " Q. The
added complication in this case arises from the fact that
one needs to separate the soft radiation within a given jet
from the radiation between the two close jets, giving rise
to two different scales. In regular SCET, both of these
processes are described by the same soft function, which
therefore contains multiple scales. Soft functions with
multiple scales have been observed in SCET before, and
it has been suggested that this requires one to “refac-
torize” the soft function into more fundamental pieces
depending on only a single scale. This was first pointed
out in Ref. [5]. Here we explicitly construct for the first
time an effective theory that accomplishes a refactoriza-
tion of the soft sector and separates different scales in a
soft function. Using SCET+, we derive the factorization
of multijet processes in the limit m " mjj " Q, where
each function in the factorization theorem depends only
on a single scale. The renormalization group evolution in
SCET+ then allows us to sum all large logarithms aris-
ing from this scale hierarchy, including those in the soft
sector.
It is worthwhile to note that the multijet events we con-

sider in this paper are part of a broader class of kinematic
configurations that give rise to multiple disparate scales.
The case we address here of small dijet invariant masses
belongs to the class of configurations for which the kine-

matics of the final-state jets introduces additional kine-
matic scales. In our case this gives rise to large logarithms
of ratios of dijet masses ln(mjj/Q). Other configurations
which give rise to large kinematic logarithms, such as
those with a hierarchy of jet pT s, may require a different
effective-theory treatment, which we leave to future work.
These kinematic logarithms are in contrast to so-called
“nonglobal” observables [12], which introduce additional
scales by imposing parametrically different cuts in differ-
ent phase space regions. This corresponds for example
to a hierarchy between individual jet masses mi " mj ,
giving rise to logarithms of the form ln(mi/mj). The
structure of such logarithms has been recently explored
using SCET in Refs. [13, 14].
In the next section, we explain the physical picture

of the effective-theory setup. In Sec. III, we discuss the
construction of SCET+, which requires a new mode with
collinear-soft scaling to properly describe the soft radia-
tion between the two close jets. As an explicit example of
the application of SCET+, we consider the simplest case
of e+e−→ 3 jets, for which in Sec. IV we derive the fac-
torized cross section in the limit m " mjj " Q, and in
Sec. V we obtain all ingredients at next-to-leading order
(NLO). In Sec. V, we also discuss the consistency of the
factorized result in SCET+, and show how the usual 3-jet
hard and soft functions in SCET are separately factor-
ized into two pieces each. Readers not interested in the
technical details of this example can skip over Secs. IV
and V. In Sec. VI, we generalize our results to the case
of pp → N jets plus leptons. In Sec. VII, we present nu-
merical results for the dijet invariant mass spectrum for
e+e−→ 3 jets with all logarithms of m/Q and mjj/Q re-
summed at next-to-leading logarithmic (NLL) order. We
conclude in Sec. VIII.

t = 2q1 · q2 � Q2e+e− → 3-jetseg.
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3. Soft Functions with Single Argument

For our numerical analysis in Sec. VII we project the
soft functions onto the sum of their arguments,

S2(k, µ) =

∫
dk1dk2dk3 S2(k1, k2, k3, µ)

× δ(k − k1 − k2 − k3) , (5.33)

S+(k, µ) =

∫
dk1dk2 S

κ
+(k1, k2, µ) δ(k − k1 − k2) .

From Eqs. (5.22) and (5.30), we obtain their NLO ex-
pressions,

S2(k, µ) = δ(k) +
αs(µ)CF

4π

×
[
−

16√
ŝQµ

L1

( k√
ŝQµ

)
+

π2

3
δ(k)

]
,

S+(k, µ) = δ(k) +
αs(µ)

4π

{
−CA

[
8√
ŝtµ

L1

( k√
ŝtµ

)

−
π2

6
δ(k)

]
+ CF

2π2

3
δ(k)

}
. (5.34)

Note that this projection removes the dependence on
(T1 − T2) · T3, which makes S+(k, µ) independent of
κ. The single-argument soft functions satisfy the RGE

µ
d

dµ
S(k, µ) =

∫
dk′ γS(k − k′, µ)S(k′, µ) , (5.35)

where the anomalous dimensions after projecting onto k
simplify to

γS2
(k, µ) =

αs(µ)CF

4π

16√
ŝQµ

L0

( k√
ŝQµ

)
,

γS+
(k, µ) =

αs(µ)CA

4π

8√
ŝtµ

L0

( k√
ŝtµ

)
. (5.36)

D. All-Order Anomalous Dimensions

In this section we discuss the consistency constraints
on our factorized cross section in Eq. (4.35). This allows
us to derive the general form of the anomalous dimen-
sions for the SCET+ matching coefficient, C+, and csoft
function, S+, which are the new ingredients in the factor-
ization from SCET+. In particular, we demonstrate that
the convolution of the csoft and usoft functions at one
loop reproduces the known result for the 3-jettiness soft
function in regular SCET in the limit s12 $ s13 ∼ s23.
This demonstrates that the csoft modes are necessary for
SCET+ to reproduce the correct IR structure of QCD in
this limit. We then show that the factorized cross section
obeys exact renormalization group consistency.

1. Hard-Function Consistency and Derivation of γC+

The factorized 3-jettiness cross section in SCET is
given by [7]

dσ

dT1 dT2 dT3 dt dz

=
σ0

Q2

∑

κ

Hκ
3 (s12, s13, s23, µ)

∏

i

∫
dsi Jκi(si, µ)

× Sκ
3

(
T1 −

s1
Q1

, T2 −
s2
Q2

, T3 −
s3
Q3

, µ
)
. (5.37)

Here, all dijet invariant masses are counted as sij ∼ Q2.
This means that the hard function, Hκ

3 , is evaluated at
their exact values given in terms of t and z,

s12 = t , s13 = zQ2 − (1− z) t , s23 = (1− z)Q2 − z t ,
(5.38)

which follow from momentum conservation for e+e−→ 3
massless jets. At tree level,

H{q,g,q̄}
3 (s12, s13, s23, µ)

=
αs(µ)CF

2π

(s13 + s23)2 + (s12 + s13)2

s12s23
. (5.39)

In SCET, all loop diagrams contributing to the bare
matrix element of 〈qgq̄|O3|0〉 vanish in pure dimensional
regularization, and consequently the 3-jet hard function
in SCET, H3({sij}, µ), is directly given by the IR finite
terms of the full QCD amplitude |MQCD(0 → qq̄g)|2.
Comparing with Eq. (5.10), it follows that the hard func-
tions in SCET and SCET+ to all orders in perturbation
theory have to satisfy

Hκ
3 ({sij}, µ)

∣∣∣
s12#s13∼s23

= H2(Q
2, µ)Hκ

+(t, x, µ) .

(5.40)
At tree level, this can be seen immediately: to expand
Eq. (5.39) in the limit s12 $ s13 ∼ s23, we set s13 = xQ2,
s23 = (1 − x)Q2 [see Eq. (4.12)], and t = s12 and drop
any terms subleading in t/Q2, which gives the tree-level

result for H{q,g,q̄}
+ (t, x, µ) in Eq. (5.11).

The above argument also applies directly to the Wilson
coefficients before squaring them, so

Cκ
3 ({sij}, µ)

∣∣∣
s12#s13∼s23

= C2(Q
2, µ)Cκ

+(t, x, µ) .

(5.41)
Taking the derivative with respect to µ, it follows that

γκ
C3

({sij}, µ)
∣∣∣
s12#s13∼s23

= γC2
(Q2, µ) + γκ

C+
(t, z, µ) .

(5.42)
The general all-order forms of the anomalous dimensions
γC2

and γκ
C3

are [25, 33, 34]

γC2
(Q2, µ) = −Γcusp[αs(µ)] (T1+T2) ·T3 ln

−Q2 − i0

µ2

+ γq
C [αs(µ)] + γ q̄

C [αs(µ)] ,

λ2 = m2/Q2

λ2
t = t/Q2
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γκ
C3

({sij}, µ) = −Γcusp[αs(µ)]
∑

i<j

Ti ·Tj ln
−sij − i0

µ2

+ γq
C [αs(µ)] + γ q̄

C [αs(µ)] + γg
C [αs(µ)] ,

(5.43)

where the individual quark and gluon contributions in
the noncusp terms are given in Eq. (C14). Compared to
Eq. (5.6) we have identified the color structure in γC2

as

Tt ·T3

∣∣∣
qq̄

= (T1 +T2) ·T3

∣∣∣
qq̄g

= −CF . (5.44)

Here Tt denotes the combined color charge of the quark
or antiquark that splits into partons 1 and 2, andTt·T3 is
evaluated in the corresponding 2-parton qq̄ color space,
i.e., Tq · Tq̄|qq̄ = −CF . In the second step, we wrote
the same total color charge using the individual color
charges of the daughter partons 1 and 2, which are now
evaluated with respect to the 3-parton qq̄g color space.
Explicitly, using Eq. (5.2) we have (Tq +Tg) · Tq̄|qq̄g =
(CA/2− CF ) − CA/2 = −CF , and with the same result
for q ↔ q̄.
Using Eqs. (5.42) and (5.43) and expanding γκ

C3
, we

obtain the general form of γκ
C+

, valid to all orders in
perturbation theory,

γκ
C+

(t, x, µ) = −Γcusp[αs(µ)]T1 ·T2 ln
−t− i0

µ2

+ γκ
C+

[αs(µ), x] ,

γκ
C+

[αs, x] = −Γcusp[αs]
[
T1 ·T3 lnx+T2 ·T3 ln(1− x)

]

+ γg
C [αs] . (5.45)

Note that this provides a nontrivial example of a hard
anomalous dimension, where the nonlogarithmic term,
γC+

[αs, x], depends on a kinematic variable, whose over-
all coefficient however is still determined by Γcusp. At
one loop, Eq. (5.45) reproduces Eq. (5.15) exactly using
that γκ

H+
(t, x, µ) = 2Re[γκ

C+
(t, x, µ)].

2. Soft-Function Consistency and Derivation of γS+

In Secs. II and III we have seen that SCET+ arises
from expanding SCET in the limit t # Q. It follows
that the SCET+ 3-jet cross section in Eq. (4.35) has to
reproduce the 3-jet cross section Eq. (5.37) computed in

SCET when the latter is expanded in the limit s12 #
s13 ∼ s23,

dσSCET
∣∣∣
s12!s13∼s23

= dσSCET+ . (5.46)

(This is exactly analogous to the statement that the
SCET cross section must reproduce the QCD cross sec-
tion expanded in the limit m # Q.) As we have seen
above, the product of hard functions in SCET+ repro-
duces the full SCET hard function, and the jet functions
are the same in both cases. Hence, for the cross sections
to satisfy Eq. (5.46), the soft functions have to satisfy

Sκ
3 (k1, k2, k3, µ)

∣∣∣
ŝt!ŝ13=ŝ23

(5.47)

=

∫
dk′1 dk

′
2 S2(k1 − k′1, k2 − k′2, k3, µ)S

κ
+(k

′
1, k

′
2, µ) .

For the soft functions the limit s12 # s13 ∼ s23 is taken
using Eq. (4.8) by setting ŝt = ŝ12, ŝ13 = ŝ23 = ŝQ and
expanding in ŝt # ŝQ.
The fact that the hard and soft functions separately

factorize in the limit t # Q as in Eqs. (5.41) and (5.47)
is a direct consequence of factorization in SCET and
SCET+. Since the soft sectors in both theories are decou-
pled from the collinear sectors, the soft sector of SCET+

has to reproduce the soft sector of SCET expanded in
t # Q. Since the factorization applies also in the kine-
matic region where the soft functions become nonpertur-
bative, the relation in Eq. (5.47) between the soft func-
tions in the two theories holds both at the perturbative
and also the nonperturbative level.
We can check explicitly that Eq. (5.47) is satisfied by

our one-loop results. Since SCET correctly reproduces
the IR structure of QCD, this also provides an explicit
demonstration at the one-loop level that the csoft modes
are necessary to reproduce the IR structure of QCD in
the limit m # t # Q, and thus that SCET+ is the
appropriate effective theory of QCD in this limit.
The full N -jettiness soft function at NLO has been

calculated explicitly in Ref. [7], where the final result is
given in terms of a single integral, which can be evalu-
ated numerically. In Ref. [35] a general algorithm was
developed to calculate a wide class of soft functions with
an arbitrary number of collinear directions numerically.
In the limit ŝt # ŝQ, the required integrals for Sκ

3 in
Ref. [7] can be obtained analytically, and we find

Sκ
3 (k1, k2,3 , µ)

∣∣∣
ŝt!ŝ13=ŝ23

= δ(k1) δ(k2) δ(k3) +
αs(µ)

4π

{
T1 ·T2

[
8√
ŝtµ

L1

( k1√
ŝtµ

)
δ(k2) +

8√
ŝtµ

L1

( k2√
ŝtµ

)
δ(k1)−

π2

3
δ(k1) δ(k2)

]
δ(k3)

+T1 ·T3

[
8√
ŝQµ

L1

( k1√
ŝQµ

)
δ(k3) +

8√
ŝQµ

L1

( k3√
ŝQµ

)
δ(k1)−

π2

3
δ(k1) δ(k3)

]
δ(k2)
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calculated explicitly in Ref. [7], where the final result is
given in terms of a single integral, which can be evalu-
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)
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δ(k1) δ(k2)
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8√
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the scales depends on several kinematic variables. At
large mjj we are in the kinematic region of 3 equally
separated jets. In this 3-jet limit, power corrections
in m2

jj/Q
2 become important and the resummation in

mjj must be turned off, which requires µH+
! µH2

and
µS+

! µS2
. For any mjj we also have the requirement

that µH+
µS+

∼ µJ1
µJ2

. To satisfy these requirements
we choose the scales as follows:

µH = Q , µH+
(mjj) = µrun(µH ,mjj) ,

µJi =
√
QiTcut ,

µS2
=

Tcut√
ŝQ

, µS+
(mjj) =

QµS2

µrun(Q,mjj)
, (7.7)

where ŝQ = Q2/[Q3(Q1 + Q2)]. The scales µH , µJi ,
and µS2

do not depend on mjj so we simply use their
canonical scales in Eq. (7.6). The mjj -dependent scales
µH+

(mjj) and µS+
(mjj) are given in terms of the profile

function

µrun(µ,mjj) =






2amjj + µ0 mjj < m1 ,

µ− a
(mjj −m2)2

m2 −m1
m1 < mjj < m2 ,

µ mjj > m2 ,

a =
µH2

− µ0

m1 +m2
, (7.8)

such that they have a quadratic approach to µH and µS2

over the region m1 < mjj < m2. Analogous profile func-
tions have been used previously in different contexts [46–
48]. We choose the parameters of µrun as

m1 = 200GeV , m2 = 300GeV , µ0 = 0 GeV . (7.9)

To get a measure of how important the resummation in
mjj is, we will compare to results with the resummation
in mjj turned off. This is achieved by setting

µH+
= µH2

, µS+
= µS2

, (7.10)

with µH2
, µJi , µS2

as in Eq. (7.7). Note that the distri-
bution without resummation in mjj is what one would
obtain from directly using SCET with 3 jet directions
(up to the power corrections in t/Q2 which we have not
included).
The approach to the 2-jet region where the two nearby

jets merge into a single large jet is more complicated.
This happens for mjj

<∼ mj ∼ 35GeV, i.e. when the
dijet invariant mass becomes smaller than the individ-
ual jet masses. Here, µH+

and µS+
become equal to µJi

and eventually µS+
becomes larger than µH+

. The 3-jet
observables mjj and 3-jettiness are not meaningful any-
more once the two close jets merge into each other. In
addition, the proper theory would now be SCET with
two collinear sectors. We leave a more detailed investi-
gation of this transition to future work. For illustrative
purposes, we will plot our results all the way down to
mjj = 5GeV, where µH+

becomes equal to µS2
.
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FIG. 5: The distribution in mjj for Q = 500GeV, Tcut =
10GeV, and zcut = 1/3 as in Eq. (7.5). The bands show the
perturbative scale uncertainties at NLL (light blue) and NLL′

(dark orange) as explained in the text, with the central values
given by the center of the bands. The dots show the result
obtained from Pythia. The dotted line indicates the value
mjj = 35GeV below which we enter the 2-jet region where
our expansion breaks down.

A detailed numerical study is beyond the scope of this
work. Below, we will present results at next-to-leading
logarithmic (NLL) order, which uses the one-loop non-
cusp and two-loop cusp anomalous dimensions in the run-
ning and tree-level matching, and at NLL′ order, which
combines the NLL running with the one-loop matching
corrections. It is straightforward to extend our results
to next-to-next-to-leading logarithmic (NNLL) order. To
obtain a rough estimate of the perturbative uncertainties
we vary µH2

, µJi , µS2
by factors of two. By varying µH2

and µS2
we automatically let µH+

and µS+
vary accord-

ingly. This tends to give the largest effect in the variation
of µH+

and µS+
, whereas varying the parameters in µrun

within reasonable ranges has smaller effects. We then
take the envelope from varying each of µH2

, µJ1
, µJ2

,
µJ3

, µS2
individually while keeping the other scales fixed

and in addition from varying all of them up and down at
the same time. The largest variation mostly comes from
the individual variations of µS2

and the gluon jet scale.
In Fig. 5, we plot the NLL and NLL′ distributions from

Eq. (7.4) for our default scale choices. The distribution
is stable in going from NLL to NLL′, with the expected
reduction in the scale uncertainties. The ninja region,
which has the hierarchy of scales shown in Fig. 1(b), cor-
responds to the region to the right of the dotted line in
the plot. For smaller mjj we enter the 2-jet region where
our expansion breaks down. For mjj

>∼ 150GeV we enter
the 3-jet region where power corrections of order mjj/Q
become important.
In Fig. 5 we also compare our resummed predictions to

the distribution obtained from Pythia8 [49]. To make the
distribution in Pythia, we simulated e+e− → qq̄ events
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FIG. 6: Left panel: The distribution in mjj for Q = 500GeV, Tcut = 10GeV, and zcut = 1/3 as in Eq. (7.5). Right panel:
Same as the left plot but shown as the percent difference relative to the NLL′ central value. The bands show the perturbative
scale uncertainties as explained in the text. The dark orange band shows our result including the resummation (resum.) in
mjj at NLL′. The medium blue and light green bands show the results at NLL and NLL′ with the resummation only in Tcut

but not in mjj .

and determined the reference momenta qi from the first
hard emission. For simplicity we use this as an approx-
imate alternative instead of determining the q̂i by fully
minimizing the 3-jettiness for each event. (We found that
using a jet algorithm to determine the reference momenta
introduces a significant bias as the nearby jets get close
to each other and the events become more 2-jet-like. In
this limit, jet algorithms tend to merge nearby clusters
of high energy into a single jet [50], and hence become
unsuitable to determine the q̂i.) Pythia resums the kine-
matic logarithms of mjj in the parton shower, which is
formally correct at leading-logarithmic order, but also in-
cludes various other effects that contribute at NLL. We
see that the Pythia distribution agrees well with both the
NLL and NLL′ distributions even down tomjj ∼ 25 GeV.
Note that Pythia is producing exclusive samples of events
and does not report any systematic uncertainties. This
makes it challenging to interpret the theory uncertain-
ties in the distributions generated by the Monte Carlo.
Even though the NLL and NLL′ distributions are more
accurate than the parton shower, since Pythia contains
many NLL effects it is reasonable to take the uncertainty
band of the NLL curve as a proxy for the systematic un-
certainties in the Pythia distribution in the range of mjj

where we trust our calculation.

In the left panel of Fig. 6, we compare the NLL′ dis-
tribution including the resummation in mjj to the NLL′

and NLL distributions without mjj resummation. In the
right panel we show the same results in terms of the per-
cent difference from the central NLL′ curve with mjj

resummation. We see that for mjj
<∼ 75GeV the re-

summation in mjj becomes important, where the results
without mjj resummation become unstable due to the
presence of unresummed ln(mjj/Q).

VIII. CONCLUSIONS

In this paper we have constructed a new effective field
theory, SCET+, which can describe exclusive multijet
events at the LHC where the kinematic configuration of
final-state jets give rise to a hierarchy of scales. We fo-
cused on the case where the dijet invariant mass mjj of a
pair of jets is much smaller than all other dijet invariant
masses, which are of order the total center-of-mass energy
Q. This results in the presence of three separated scales
m " mjj " Q, where m is the typical jet mass. We have
shown that using SCET+ we can simultaneously and sys-
tematically resum the logarithms of both the individual
jet mass, ln(m/Q), as well as the dijet mass, ln(mjj/Q),
to higher orders in perturbation theory, which has a wide
range of applications.

Separating the additional kinematic scales that arise
requires a successive hard matching from QCD onto
SCET with N − 1 jet directions and then onto SCET+

with N jet directions. The matching from SCET onto
SCET+ introduces a new hard matching coefficient, C+,
which encodes the splitting to two nearby jets, is univer-
sal for a given splitting channel, and depends only on the
scalemjj to all orders in perturbation theory. We showed
that it is given by the finite parts of the known universal
splitting amplitudes of QCD in the collinear limit.

SCET+ is an extension of SCET with an additional
csoft mode that has virtualitym4/m2

jj and is necessary to
describe the soft radiation between the nearby jets. The
usoft modes of SCET have virtuality m4/Q2 and there-
fore cannot resolve the two nearby jets. Thus, SCET+ is
required to properly separate the physics between these
two scales. We constructed the Lagrangian of SCET+

and showed how to decouple the collinear, csoft, and
usoft interactions. We discussed the structure of gauge

Sum logs of mjj/Q
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with the 3-jettiness measurement function

M3(T1, T2, T3) =
∏

i

δ
(
Ti − 2q̂i · P̂i

)
. (4.32)

Using Ti = T c
i +T cs

i +T us
i from Eq. (4.18) together with

Eqs. (4.20), (4.22), (4.25), and the momentum operators
in Eq. (4.30), we can factorize the measurement function,

M3(T1, T2, T3) =
[ 3∏

i=1

∫
dsi
Qi

Mc(si)

]∫
dT cs

1 dT cs
2 Mcs(T cs

1 , T cs
2 )

∫
dT us

1 dT us
2 dT us

3 Mus
3 (T us

1 , T us
2 , T us

3 )

×
∏

i=1,2

δ
(
Ti −

si
Qi

− T cs
i − T us

i

)
δ
(
T3 −

s3
Q3

− T us
3

)
, (4.33)

where the collinear, csoft, and usoft measurement functions are

Mc(si) = δ(si −Qi 2q̂i · P c
i ) , Mcs(T cs

1 , T cs
2 ) =

∏

i=1,2

δ
(
T cs
i − 2q̂i · P̂ cs

i

)
,

Mus
3 (T us

1 , T us
2 , T us

3 ) = δ
(
T us
3 − 2q̂3 · P̂us

3

) ∏

i=1,2

δ
(
T us
i − 2q̂t · P̂us

i

)
. (4.34)

This factorization of the measurement function together with the factorization of the operator O+
3 discussed in

Sec. III C allows us to factorize Eq. (4.31) into separate collinear, csoft, and usoft matrix elements. This is the
cornerstone in obtaining the factorization theorem for the differential cross section. The derivation of the final
factorization formula now only requires one to properly deal with the phase space sums over label and residual
momentum and to provide an operator definition of all components in the factorization theorem. The required steps
in SCET+ are straightforward and the same as in SCET, see Refs. [3, 15, 16, 23, 24]. The final factorized cross section,
differential in the Ti, t, and z is given by

dσ

dT1 dT2 dT3 dt dz
=

σ0

Q2

∑

κ

H2(Q
2, µ)Hκ

+(t, z, µ)
∏

i

∫
dsi Jκi(si, µ)

×
∫

dk1dk2 S
κ
+(k1, k2, µ)S2

(
T1 −

s1
Q1

− k1, T2 −
s2
Q2

− k2, T3 −
s3
Q3

, µ
)
. (4.35)

Here, σ0 = (4πα2
em/3Q

2)NC
∑

q Q
2
q is the tree-level cross section for e+e−→ hadrons.

Since jets initiated by different types of partons are not distinguished experimentally, we sum over the relevant
partonic channels to produce the observed jets, which are labeled such that the minimum dijet invariant mass t is
s12 and E1 < E2. The sum over partonic channels is denoted by the sum over κ ≡ {κ1,κ2,κ3}, which runs over the
four partonic channels κ = {q, g, q̄}, {g, q, q̄}, {q̄, g, q} and {g, q̄, q}. For the first two channels, jets 1 and 2 effectively
arise from a q → qg splitting, and for the last two from a q̄ → q̄g splitting. For each splitting there are two channels,
depending on whether the gluon or (anti)quark has the larger energy fraction. (The contribution where the quark and
antiquark form the two jets with the smallest invariant mass does not enter in the sum because it is power suppressed.)
The hard function H2 is the squared Wilson coefficient of O2 from matching QCD onto SCET, and in our case is

independent of κ. The hard function Hκ
+ is the squared Wilson coefficient of O+

3 from matching SCET onto SCET+.
The Jκi(s, µ) are the standard inclusive jet functions in SCET and the soft functions S2 and Sκ

+ denote the matrix
elements of the usoft and csoft fields, respectively,

S2(T us
1 , T us

2 , T us
3 , µ) =

1

NC

〈
0
∣∣T̄

[
Y †
n3

Ynt

]
ji
Mus

3 (T us
1 , T us

2 , T us
3 )T

[
Y †
nt
Yn3

]
ij

∣∣0
〉
,

S{q,g,q̄}
+ (T cs

1 , T cs
2 , µ) =

1

NC CF

〈
0
∣∣T̄

[
V †
nt
XngT

AX†
ng
Xnq ]ji Mcs(T cs

1 , T cs
2 )T

[
X†

nq
XngT

AX†
ng
Vnt

]
ij

∣∣0
〉
. (4.36)

The soft functions implicitly depend on the reference vec-
tors q̂i through the combinations ŝQ and ŝt, respectively,
which is suppressed in our notation. The definition for S2

is given for nt and n3 corresponding to a quark and anti-
quark, respectively, but S2 itself is independent of κ, i.e.,

it is the same for q ↔ q̄, which only switches Y ↔ Y †.
The definition of S+ is given for κ = {q, g, q̄} for which
n1 = nq, n2 = g and nt corresponds to a quark. The
definitions for the other channels follow from the obvious
interchanges of the appropriate Wilson lines.
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In the following, we will consider the cross section dif-
ferential in each of the Ti, as well as the minimum dijet
invariant mass, t, and the jet energy fraction, z, defined
as

z =
E1

E1 + E2
, (4.6)

where the observed jets are numbered such that t ≡ s12
and E1 < E2. Since experimentally we cannot determine
the type of hard parton initiating a jet, we will sum over
all relevant partonic channels in the end. For simplicity,
we also integrate over the three angles which together
with t and z describe the full 3-body phase space of the
three jets. (Two angles determine the overall orientation
of the final state with respect to the beam axis. The
third angle can be taken as the azimuthal angle of the
two close jets.)

2. Power Counting in SCET

We consider the regime where all jets have similar en-
ergies, such that Qi ∼ Q and z ∼ 1− z, and take the dis-
tance between jets 1 and 2 to be parametrically smaller
than each of their distance to jet 3, such that

ŝt ≡ ŝ12 $ ŝ13 ∼ ŝ23 ∼ 1 ,

t ≡ s12 $ s13 ∼ s23 ∼ Q2 , (4.7)

corresponding to Eq. (2.12).
To define the power expansion in our two-step match-

ing procedure we now have to specify some power-
counting properties of the distance measure. In the fol-
lowing, we assume that we have chosen a measure such
that the large components in q̂1 and q̂2 are equal up to
power corrections, such that ŝ13 = ŝ23 + O(λt). This is
always the case for a geometric measure, where ŝij are
effectively angles. For the invariant-mass measure, this
is satisfied if the energies of jets 1 and 2 are equal up to
power corrections. For measures where ŝ13 and ŝ23 differ
by an amount ofO(1), the factorization still goes through
but will have a somewhat different structure from what
we will find below, and we leave the discussion of this
case to future work.
The power expansion of the SCET above the scale

√
t

in terms of λt is defined by choosing a common reference
vector q̂t for jets 1 and 2 in the direction of nt, such that

q̂t = q̂1[1 +O(λt)] = q̂2[1 +O(λt)] ,

ŝQ ≡ 2q̂t · q̂3 = ŝ13[1 +O(λt)] = ŝ23[1 +O(λt)] ,

ŝ1t ≡ 2q̂t · q̂1 = ŝt[1 +O(λt)] ,

ŝ2t ≡ 2q̂t · q̂2 = ŝt[1 +O(λt)] . (4.8)

The choice of q̂t is constrained by label momentum con-
servation in SCET,

(Q,"0) = (Q1 +Q2) q̂
µ
t +Q3 q̂

µ
3 , (4.9)

which upon squaring yields

ŝQ =
Q2

(Q1 +Q2)Q3
. (4.10)

The dijet invariant masses s13 and s23 in the SCET above√
t are thus given by

s13 = Q1Q3 ŝQ , s23 = Q2Q3 ŝQ , (4.11)

which we can also write as

s13 = xQ2 , s23 = (1− x)Q2 , x =
Q1

Q1 +Q2
. (4.12)

In particular, for the geometric measure with Qi = Ei,
we have x = z. Note that by counting all Qi ∼ Q we in
particular count Q1,2/Q3 ∼ 1, which is necessary to have
a consistent power expansion, such that

ŝt
ŝQ

∼
s12
s13

∼
s12
s23

∼ λ2
t (4.13)

are all counted in the same way.

3. Power Counting in SCET+

To setup the power expansion in SCET+ in λ (or equiv-
alently η), we first note that the invariant mass of the ith
jet is given by [7]

m2
i = P 2

i = QiTi
[
1 +O(Ti/Qi)

]
, (4.14)

where Pi =
∑

k pkΘi(pk) and so the invariant mass is
determined by Ti. Hence, the condition m2 $ sij in
Eq. (2.12), which requires the jet size to be small com-
pared to the jet separation, corresponds to Ti Qi $ sij .
The power-counting parameters λ2 = m2/Q2 and η2 =
m2/t are then determined by

Ti
ŝQ

∼ Qλ2 ,
Ti
ŝt

∼ Qη2 ,
Ti√
ŝt

∼ Qηλ . (4.15)

Note that to keep the power expansion in λt ∼ λ/η con-
sistent, we still have to use the same vector q̂t (or nt) as
in SCET to define the csoft modes in SCET+. This also
applies when expanding the usoft measurement in λt [see
Eq. (4.21) below].
All quantities related to the hard jet kinematics that

enter in the final factorized cross section are uniquely
determined in terms of the observables t and z by the
label momentum conservation of the collinear fields in
SCET+,

(Q,"0) = Q1 q̂
µ
1 +Q2 q̂

µ
2 +Q3 q̂

µ
3 . (4.16)

Recall that the large components of the collinear fields
in SCET+ are determined up to O(λ), which means we
have to keep terms of O(λt) in Eq. (4.16). For example,
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+
1

2
(T1 −T2) ·Ti

1

ξ

[
L0

(k1
ξ

)
δ(k2)− L0

(k2
ξ

)
δ(k1)

] ∏

j !=1,2

δ(kj) . (6.43)

After projecting (T1+T2)·Ti → Tt·Ti, the first two lines
on the right-hand side cancel against γ̂SN−1

. To see this

first note that as in the 3-jet case, our ŜN−1(k1, k2, . . .)
is related to the usual ŜN−1(kt, . . .) from Ref. [7] by pro-
jecting onto kt = k1 + k2. To determine how the kt
measurement is split between jets 1 and 2 notice that
for general N , ŜN−1(k1, k2, . . .) is no longer symmetric
under k1 ↔ k2, because the boundary to the ith jet re-
gion can be different for jet regions 1 and 2. However,
the fact that the anomalous dimension of S+ must be
color diagonal requires that the first line on the right-
hand side cancels against γ̂SN−1

. This tells us that the

contribution to the anomalous dimension of ŜN−1(kt, . . .)
involving Tt ·Ti L0(kt) must again be split up symmet-
rically into Tt ·Ti[L0(k1)δ(k2)+L0(k2)δ(k1)]/2 in γ̂SN−1

in our case, just as for γS2
in Eq. (5.56).4 Finally, since

the last line on the right-hand side of Eq. (6.43) has no
dependence on i other than Ti itself, we can sum over
i using

∑
i!=1,2 Ti = −(T1 + T2). This yields the term

proportional to T2
2 −T2

1 in Eq. (6.41).

VII. NUMERICAL RESULTS

In this section we present some numerical results for
our example of e+e−→ 3 jets. For simplicity, we project
onto the total 3-jettiness of the event [see Eq. (4.3)],

T ≡ TN=3 = T1 + T2 + T3 . (7.1)

Just as thrust characterizes how 2-jet-like an event is, the
total N -jettiness of an event characterizes how N -jet-like
an event is, and can be used as a veto against additional
jets. The factorized cross section for T is obtained from
Eq. (4.35) by projecting onto T using Eq. (7.1),

dσ

dT dt dz
(7.2)

=
σ0

Q2

∑

κ

H2(Q
2, µ)Hκ

+(t, z, µ)
∏

i

∫
dsi Jκi(si, µ)

×
∫
dk S+(k, µ)S2

(
T −

s1
Q1

−
s2
Q2

−
s3
Q3

− k, µ
)
.

4 To see that γSN−1
must still be symmetric under k1 ↔ k2, we

can split up the phase space region associated to jets 1 and 2 into
a φt(p) independent region enclosing q̂1 and q̂2 and the UV-finite
difference to the boundaries of the ith jet region. In Ref. [7] it
was demonstrated at one loop that the UV divergences associated
with jet regions i and j only arise from i,j hemispheres, whereas
the contributions depending on the boundary with the remain-
ing jet directions are UV finite and do not affect the anomalous
dimension.

The different hard, jet, and soft functions were discussed
in detail in Sec. V. They are renormalized objects, and in
the cross section must all be evaluated at the same scale
µ. To resum the large logarithms in Eq. (7.2) we have
to evaluate each function at a scale where its perturba-
tive series does not involve large logarithms and then RG
evolve all functions to the common scale µ,

dσ

dT dt dz

=
σ0

Q2

∑

κ

H2(Q
2, µH2

)UH2
(Q2, µH2

, µ)

×Hκ
+(t, z, µH+

)Uκ
H+

(t, z, µH+
, µ)

×
∏

i

∫
dsids

′
i Jκi(si − s′i, µJ )UJκi

(s′i, µJ , µ)

×
∫
dk dk′ S+(k − k′, µS+

)US+
(k′, µS+

, µ)

×
∫
d%S2

(
T −

s1
Q1

−
s2
Q2

−
s3
Q3

− k − %, µS2

)

× US2
(%, µS2

, µ) . (7.3)

The evolution kernels UX for each function in Eq. (7.3)
are given in Appendix C. After RG evolving the hard,
jet, and soft functions, we obtain a distribution with all
large logarithms of T and mjj resummed.
We are interested in the distribution in mjj , for which

we integrate the cross section over T and z,

dσ

dmjj
= 2mjj

∫ 1−zcut

zcut

dz

∫ Tcut

0
dT

dσ

dT dt dz
, (7.4)

where the factor of 2mjj is the Jacobian from changing
variables from t = m2

jj to mjj , and we suppress the de-
pendence of dσ/dmjj on Tcut and zcut. For our numerical
analysis, we choose

Q = 500GeV , Tcut = 10GeV , zcut =
1

3
. (7.5)

The Qi are given in terms of z and t in Eq. (4.17). For
this zcut, the ratio of nearby jet energies ranges between
0.5 and 2. For Tcut = 10GeV the two nearby jets have
a typical jet mass of 35GeV. In terms of mjj and Tcut,
the scales for the different functions in Eq. (7.3) have the
scaling

µH2
& Q , µH+

& mjj , µJi &
√
QiTcut ,

µS+
&

Tcut√
ŝt

, µS2
&

Tcut√
ŝQ

. (7.6)

The simultaneous resummation of logarithms of Tcut
and mjj is challenging because the hierarchy between
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the contributions depending on the boundary with the remain-
ing jet directions are UV finite and do not affect the anomalous
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in detail in Sec. V. They are renormalized objects, and in
the cross section must all be evaluated at the same scale
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The evolution kernels UX for each function in Eq. (7.3)
are given in Appendix C. After RG evolving the hard,
jet, and soft functions, we obtain a distribution with all
large logarithms of T and mjj resummed.
We are interested in the distribution in mjj , for which

we integrate the cross section over T and z,

dσ

dmjj
= 2mjj

∫ 1−zcut

zcut

dz

∫ Tcut

0
dT

dσ

dT dt dz
, (7.4)

where the factor of 2mjj is the Jacobian from changing
variables from t = m2

jj to mjj , and we suppress the de-
pendence of dσ/dmjj on Tcut and zcut. For our numerical
analysis, we choose

Q = 500GeV , Tcut = 10GeV , zcut =
1

3
. (7.5)

The Qi are given in terms of z and t in Eq. (4.17). For
this zcut, the ratio of nearby jet energies ranges between
0.5 and 2. For Tcut = 10GeV the two nearby jets have
a typical jet mass of 35GeV. In terms of mjj and Tcut,
the scales for the different functions in Eq. (7.3) have the
scaling

µH2
& Q , µH+

& mjj , µJi &
√
QiTcut ,

µS+
&

Tcut√
ŝt

, µS2
&

Tcut√
ŝQ

. (7.6)

The simultaneous resummation of logarithms of Tcut
and mjj is challenging because the hierarchy between

factorization (using N-jettiness to define jet masses):



Correcting for ISR/UE and Cone Effects

Corrections

can we apply this calculation to LHC scenarios?

in our calculation we used:

Zµ
−→ n1

−→ n2

in real life:

Zµ
−→ n1

−→ n2
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N-subjettiness

definition
TN ≡ min

n1,...,nN

∑

j∈J

min{pj · n1, . . . , pj · nN}.

how it’s used [Thaler, Van Tilburg]

TN " 1 =⇒ jet with ≤ N subjets

TN % 0 =⇒ jet with > N subjets

TN/N−1 ≡ TN/TN−1 good for
identifying boosted heavy objects
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Jet substructure has emerged as a critical tool for LHC searches, but studies so far have relied
heavily on shower Monte Carlos, which formally approximate QCD at leading-log level. We demon-
strate that systematic higher-order QCD computations of jet substructure can be carried out by
boosting global event shapes by a large momentum Q, and accounting for effects due to finite jet
size, initial state radiation (ISR), and underlying event (UE) as 1/Q corrections. In particular, we
compute the 2-subjettiness substructure distribution for boosted Z → qq̄ events at the LHC at next-
to-next-to-next-to-leading log order. The calculation is greatly simplified by recycling known results
for the thrust distribution in e+e− collisions. The 2-subjettiness distribution quickly saturates, be-
coming Q independent for Q >

∼
400 GeV. Crucially, the effects of jet contamination from ISR/UE

can be subtracted out analytically at large Q, without knowing their detailed form. Amusingly, the
Q = ∞ and Q = 0 distributions are related by a scaling by e, up to next-to-leading log order.

The Large Hadron Collider (LHC) is exploring a new
regime where the collision energy far exceeds the masses
of known standard model particles. At such energies,
heavy particles such as W/Z bosons and top quarks are
often produced with large Lorentz boost factors, which
leaves their hadronic decay products collimated into a
single energetic “fat jet”. Jet substructure techniques
extract information from these fat jets to distinguish
boosted heavy objects from the QCD background of jets
initiated by light quarks and gluons. Examples of vari-
ables defined for this purpose include planar flow [1, 2],
jet angularities [2], pull [3], N -subjettiness [4, 5], dipolar-
ity [6], and angular correlations [7], with applications to
boosted Higgses [8], tops [1, 9], W s [10] and quark ver-
sus gluon discrimination [11], along with many beyond
the standard model applications (see [12, 13] for recent
reviews). Jet substructure measurements are underway
at the LHC [14, 15], but to date, studies of the analyz-
ing power of substructure variables have been limited by
the use of leading-log shower Monte Carlo simulations.
If higher order QCD computations were available, one
could use them to directly compare to experiment or test
the accuracy of Monte Carlos.

In this paper, we develop a framework for performing
jet substructure computations analytically, in the limit
where the boosted object of interest has a large momen-
tum Q. We find a mapping between global e+e− event
shapes—which have been calculated to high precision—
and jet substructure variables in the large Q limit, treat-
ing finite jet size, initial state radiation (ISR), and un-
derlying event (UE) as 1/Q corrections. Concretely, we
consider the jet substructure observable N -subjettiness
TN [4], which is the subjet version of the global event
shape N -jettiness [16]. The ratio TN/TN−1 is a robust
probe for N -prong decays [17], and compares favorably
to other methods for boosted object identification.

Here, we focus on 1- and 2-subjettiness (T1 and T2),
which are relevant for LHC searches involving W/Z and

Higgs bosons. We compute the distribution for the
ratio T2/T1 from Z → qq̄ decays to next-to-next-to-
next-to-leading log (N3LL) order, using ingredients from
higher order calculations of the classic e+e− thrust event
shape [18–24]. From a calculational point of view, the
use of this ratio is crucial, since it has a finite limit when
Q → ∞. We will show that our full subjet distribution is
equal to the global distribution generated by the Z decay
products, up to 1/Q power-suppressed corrections. The
dominant hadronization corrections cause a shift which is
encoded in a single Q-independent parameter. We com-
pare our substructure calculation to Pythia 8.150 [25]
tune 4C, and also use Pythia to demonstrate that ef-
fects from the jet boundary and from external radiation
(i.e. ISR and UE) are suppressed by 1/Q, only entering
at the 5% level for Q >∼ 400GeV.

We begin by considering a fat jet of size R (clustered
with anti-kT [26]) in a pp collision event. This jet should
contain most of the Z decay products as well as some
ISR/UE contamination. The jet momentum is Pµ

J =∑
j∈J pµj , where j runs over the four-vectors pµj within

the jet J . The jet boost Q is defined as Q ≡ |!PJ |. To
calculate N -(sub)jettiness, we must specify a distance
measure [4, 16, 17, 27], and we use the geometric measure

TN ≡ min
n1,n2,...,nN

∑

j∈J

min{n1 ·pj , n2 ·pj , . . . , nN ·pj}. (1)

Here, nµ
i = (1, n̂i) are lightlike axes defined by the over-

all minimization. The minimum inside the sum partitions
the jet’s constituents into subjet regions J1, . . . , JN , de-
fined by the axes nµ

i . For the N -jettiness event shape, J
is replaced by the entire event.

For 1-subjettiness, T1 = min
n

∑
j∈J n · pj , which can

also be written as the small component of the fat-jet mo-
mentum, T1 = P+ ≡ n ·PJ . If the jet contained all the Z
decay products and nothing else, T1 would depend only

Thaler, Van Tilburg
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Analytic Calculation of 2-Subjettiness

Can we calculate dσ
dT2/1

analytically?

Pythia said
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[Thaler, Van Tilburg]

factorisation theorem from N-jettiness [Stewart, Tackmann, Waalewijn]

1

σ0

dσ

dT2/1
= H

∫
d cos θ

2

∫
ds1ds2dk1dk2 S(k1, k2, {ni}, µ)

× J(s1, µ)J(s2, µ)δ
(
T2/1 −

k1 + k2
T1

−
s1E2 + s2E1

2E1E2T1

)
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|�pZ | = Q large
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FIG. 1: Kinematics of boosted Z decay.

on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,

nµ
1,2 = nµ +

mZ

Q

{
− cot

θ

2
, tan

θ

2

}
êµx +O

( 1

Q2

)
, (7)

where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]

1

σ0

dσ

dτ21
= H

∫
d cos θ

2

∫
ds1ds2dk1dk2 S(k1, k2, {ni}, µ)

× J(s1, µ)J(s2, µ) δ
(
τ21−

k1+k2

T̂1
−
s1E2+s2E1

2E1E2T̂1

)
, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and
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on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,

nµ
1,2 = nµ +

mZ

Q

{
− cot

θ

2
, tan

θ

2

}
êµx +O

( 1

Q2

)
, (7)

where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]

1

σ0

dσ

dτ21
= H

∫
d cos θ

2

∫
ds1ds2dk1dk2 S(k1, k2, {ni}, µ)

× J(s1, µ)J(s2, µ) δ
(
τ21−

k1+k2

T̂1
−
s1E2+s2E1

2E1E2T̂1

)
, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and

measures contamination from UE/ISR
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on the Z boson momentum Pµ
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Z =

√
Q2 +m2
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Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =
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EQ, 0, 0, Q

}
, (4)
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1
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,
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√
m2

Z +Q2. The quark energies are E1 =
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(EQ −Q cos θ) and E2 = 1

2
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For the relevant small T2 region, the subjet directions
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2 =
1
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where nµ is the T1 axis and nµ
1 and nµ
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In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
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. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
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)
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where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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∫
d cos θ
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∫
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where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and

has good large Q limit
only has contamination at O(1/Q)
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on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
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2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
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2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,

nµ
1,2 = nµ +

mZ

Q

{
− cot

θ

2
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θ

2

}
êµx +O

( 1

Q2

)
, (7)

where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and
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measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
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Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,
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Z +Q2. The quark energies are E1 =
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For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
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In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,
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where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
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Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
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+
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. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,
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where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
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EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,
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,

with EQ =
√
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Z +Q2. The quark energies are E1 =
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(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
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2 =
1
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where nµ is the T1 axis and nµ
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In terms of the subjet masses mi and energies Ei,
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In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,
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where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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dτ21
= H

∫
d cos θ

2

∫
ds1ds2dk1dk2 S(k1, k2, {ni}, µ)

× J(s1, µ)J(s2, µ) δ
(
τ21−
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T̂1
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s1E2+s2E1
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)
, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and
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S(k1, k2, {ni}, µ) are respectively the Z → qq̄ hard func-
tion, inclusive jet function, and 2-jettiness soft function.
H and J are known at O(α2

s) [28, 29]. For simplicity, we
consider the narrow width limit, neglecting O(ΓZ/mZ)
corrections. We also neglect non-singular corrections at
O(αs). These contribute less than 5% in the peak of the
τ21 distribution and can be included following [23, 24].
We now show that the 2-jettiness soft function S can be

related to the hemisphere soft function Shemi—relevant
for thrust and heavy jet mass—which is known pertur-
batively to O(α2

s) [30, 31]. The soft function is

S(k1, k2, n1 · n2, µ,Λ) ≡
1

Nc

∑
Xs

δ(k1 − n1 ·P 1
s )

× δ(k2 − n2 ·P 2
s ) 〈0|Y

T

n2
Yn1

|Xs〉 〈Xs|Y †
n1
Y

∗

n2
|0〉 , (10)

where the Y ’s are light-like Wilson lines and P 1,2
s are the

momenta of the subjets J1,2 in the state |Xs〉. Rotational
invariance implies that the subjet directions only appear
in the combination n1 · n2, and the argument Λ ≡ ΛQCD

is a reminder of nonperturbative corrections contained in
S. The hemisphere case corresponds to n1 · n2 = 2, so
that Shemi(kL, kR, µ,Λ) = S(kL, kR, 2, µ,Λ). From (1),
the partitioning into regions of 2-subjettiness is invariant
under a common rescaling of the subjet direction, n1 →
βn1 and n2 → βn2. So (10) satisfies

S(k1, k2, n1 ·n2, µ,Λ) = β2S(βk1,βk2,β
2n1 ·n2, µ,Λ).

Choosing

β = βθ =

√
2

n1 · n2
=

√
m2

Z +Q2 sin2 θ

mZ
, (11)

we find

S(k1, k2, n1 · n2, µ,Λ) = β2
θ S (βθk1,βθk2, 2, µ,Λ)

= Shemi (k1, k2, µ/βθ,Λ/βθ) , (12)

where we have rescaled all dimensionful arguments by
β−1
θ and used that S has mass dimension −2.
When ki ' Λ/βθ, the leading nonperturbative cor-

rection to Shemi is equivalent to a shift [32–34], ki →
ki − Φ/βθ, where Φ ∼ Λ is Q-independent. Since T2
in (1) is not identical to thrust for massive hadrons, we
cannot use the value found in [24]. All the objects in (9)
have known renormalization group equations, so we can
sum large logarithms of τ21 up to N3LL (with a Padé
approximation for the small contribution of the 4-loop
cusp anomalous dimension). Thus for τ21 ' 2Λ/(T̂1βθ)
we have

1
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dσ

dτ21
= T̂ 2

1

∫
d cos θ

2
H(mZ , µH)UH(mZ , µH , µJ)

×
∫
dzs ds1ds2J

(
s1, µJ

)
J
(
s2, µJ

)
Sτ

(
T̂1zs,

µS

βθ
,αs(µS)

)

× U τ
S

(
T̂1τ21−

2Φ

βθ
−

s1
2E1

−
s2
2E2

−T̂1zs,
µJ

βθ
,
µS

βθ

)
. (13)
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FIG. 2: Results of the N3LL analytic calculation for τ21 with
Φ = 0. The distribution saturates for Q >

∼
400 GeV.
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indicate the approximate range of validity of (13).

Here Sτ is the perturbative thrust soft function, and H ,
J , and Sτ are fixed-order expansions in αs(µH), αs(µJ ),
and αs(µS) respectively. UH and U τ

S are evolution ker-
nels which sum αi

s ln
jτ21 terms. See [23] for details.

The natural scale choices are

µH = mZ , µJ = µQ
√
τ21, µS = µQ τ21. (14)

Here µQ = T̂1
√
1 +Q2/(2m2

Z) is an average over θ of

T̂1βθ which appears in the large logarithms. For Q = 0
one has µQ = mZ , while for Q → ∞ one has µQ =
mZ/(2

√
2). We perform the s1,2 and zs integrals in (13)

analytically and the θ integral numerically.
Results for the τ21 distribution for various Q are shown

in Fig. 2. As anticipated, the curves rapidly approach a
fixed distribution at large Q. In Fig. 3 we show a com-
parison to a “baseline” Pythia distribution, where the
effects of hadronization are included, but the Z width,
finite cone size, and ISR/UE contamination have been
turned off. For this comparison we fix Φ = 700 MeV to
match the peak of the Q = 0 Pythia distribution, which
allows us to compute the distribution for all Q += 0. In
the tail of the distribution, there is excellent quantitative
agreement. The accuracy of Pythia’s tail is somewhat
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artificial since it was tuned to closely related e+e− thrust
data at Q = 0. Predictions in the peak region require
additional nonperturbative corrections, which could be
included following [24].

In Fig. 4, we show the effect of a finite R = 1.0 cone and
jet contamination in Pythia, restricting our attention to
jets whose mass is within a 10 GeV window of mZ . At
large Q, the effect of an R = 1.0 cone is quite mild.
While ISR/UE give a large distortion to T2/T1, this is
successfully corrected in τ21 by the ∆τ in (8). With the
∆τ → ∆τ ′ replacement we do even better. Using ∆τ ′ for
Q = 1000GeV, the Pythia τ21 distribution with R =
1.0/ISR/UE is indistinguishable at the 2% level from the
baseline distribution shown in Fig. 3. Thus our analytic
result agrees very well with the full Pythia distribution.

We use Pythia to verify that the effects we have ne-
glected in our calculation are indeed 1/Q suppressed. In
Fig. 5, we plot the Kolmogorov-Smirnov D-statistic be-
tween the baseline Pythia distribution and Pythia as
finite cone and ISR/UE effects are reinstated, as a func-
tion of Q. The D-statistic measures the maximum frac-
tional difference between the cumulant τ21 distributions.
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Both finite cone and ISR/UE effects fall off as 1/Q, and
the corrections are <∼ 5% for Q >∼ 400 GeV.
In the above calculation, we neglected the finite width

of the Z boson, which leads to O(ΓZ/mZ) corrections
that are independent of Q. As shown in Fig. 6, finite
width has only a small effect on the baseline distribution.
Including∆τ yields a larger effect, since (3) assumed that
all deviations from the Z pole were due to jet contamina-
tion and not ΓZ . Nevertheless, we see in Fig. 6 that ∆τ ′

still mitigates the effect of ISR/UE. Though beyond the
scope of this letter, one can directly calculate τ21 with
finite width effects.
It is interesting to explore analytically the Q depen-

dence of our dσ/dτ21 (dropping cone and ISR/UE effects
and taking Φ = 0) by considering two extreme cases. In
the Z rest frame Q = 0, dσ/dτ21 is equal to thrust dσ/dτ .
In the Q → ∞ limit, dσ/dτ21 depends logarithmically on
τ21 multiplied by various functions of the helicity angle θ.
Isotropically averaging over θ, these logarithms behave as
∫

d cos θ

2
logn

(
τ sin2

θ

2

)
= logn

τ

e
+O

(
logn−2 τ

)
. (15)

Thus, up to NLL order, the Q → ∞ distribution is re-
lated to thrust by scaling by a factor of e = 2.718...,

dσ

dτ21

∣∣∣∣
Q→∞

=
1

e

dσ

dτ
(τ = τ21/e) . (16)
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While ISR/UE give a large distortion to T2/T1, this is
successfully corrected in τ21 by the ∆τ in (8). With the
∆τ → ∆τ ′ replacement we do even better. Using ∆τ ′ for
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1.0/ISR/UE is indistinguishable at the 2% level from the
baseline distribution shown in Fig. 3. Thus our analytic
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glected in our calculation are indeed 1/Q suppressed. In
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Both finite cone and ISR/UE effects fall off as 1/Q, and
the corrections are <∼ 5% for Q >∼ 400 GeV.
In the above calculation, we neglected the finite width

of the Z boson, which leads to O(ΓZ/mZ) corrections
that are independent of Q. As shown in Fig. 6, finite
width has only a small effect on the baseline distribution.
Including∆τ yields a larger effect, since (3) assumed that
all deviations from the Z pole were due to jet contamina-
tion and not ΓZ . Nevertheless, we see in Fig. 6 that ∆τ ′

still mitigates the effect of ISR/UE. Though beyond the
scope of this letter, one can directly calculate τ21 with
finite width effects.
It is interesting to explore analytically the Q depen-

dence of our dσ/dτ21 (dropping cone and ISR/UE effects
and taking Φ = 0) by considering two extreme cases. In
the Z rest frame Q = 0, dσ/dτ21 is equal to thrust dσ/dτ .
In the Q → ∞ limit, dσ/dτ21 depends logarithmically on
τ21 multiplied by various functions of the helicity angle θ.
Isotropically averaging over θ, these logarithms behave as
∫

d cos θ

2
logn
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τ sin2
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+O

(
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Thus, up to NLL order, the Q → ∞ distribution is re-
lated to thrust by scaling by a factor of e = 2.718...,
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=
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e

dσ

dτ
(τ = τ21/e) . (16)

Correcting for ISR/UE and Cone Effects

Corrections: ISR/UE

define a new observable

τ2/1 ≡
T2 − T1 + T̂1

T1 − T1 + T̂1
=

T2 −∆τ

T1 −∆τ
=⇒ (τ2/1)ISR/UE ∼ 1/Q

can further subtract off average UE in T2 − T1

∆τ 〈nµ
1,2 − nµ〉θ = ∆τ

πmZ

2Q
=⇒ ∆τ → ∆τ ′ = ∆τ

(
1−

πmZ

2Q

)
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FIG. 1: Kinematics of boosted Z decay.

on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,

nµ
1,2 = nµ +

mZ

Q

{
− cot

θ

2
, tan

θ

2

}
êµx +O

( 1

Q2

)
, (7)

where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]

1

σ0

dσ

dτ21
= H

∫
d cos θ

2

∫
ds1ds2dk1dk2 S(k1, k2, {ni}, µ)

× J(s1, µ)J(s2, µ) δ
(
τ21−

k1+k2

T̂1
−
s1E2+s2E1

2E1E2T̂1

)
, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and
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Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
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since τ21 = T2/T1 if only the exact Z decay products are
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sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
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Q-independent result.
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τ21−
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s1E2+s2E1
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, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and
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FIG. 1: Kinematics of boosted Z decay.

on the Z boson momentum Pµ
Z as:

T̂1 ≡ P+
Z =

√
Q2 +m2

Z −Q. (2)

Thus, the difference

∆τ ≡ T1 − T̂1 (3)

measures how much the Z is incorrectly reconstructed.
We will use ∆τ to correct for ISR/UE contamination.
Turning to 2-subjettiness, we first calculate the ratio

T2/T1 including only the Z decay products, and then
discuss how other effects can be systematically included.
The distribution for the Z decay products is easily de-
termined by boosting the Z rest frame distribution. At
leading order, Z decays to a qq̄ pair which go off back-to-
back in the rest frame, at an angle θ (the helicity angle)
with respect to the boost axis as in Fig. 1. For simplicity,
we treat the Z as unpolarized with a flat θ distribution,
but one could easily integrate over a different θ distri-
bution, for example for W s coming from top decays [9].
In the boosted frame, the Z momentum Pµ

Z and the two
daughter quarks momenta qµ1 and qµ2 are

Pµ
Z =

{
EQ, 0, 0, Q

}
, (4)

qµ1 =
1

2

{
EQ −Q cos θ,−mZ sin θ, 0, Q− cos θEQ

}
,

qµ2 =
1

2

{
EQ +Q cos θ,mZ sin θ, 0, Q+ cos θEQ

}
,

with EQ =
√
m2

Z +Q2. The quark energies are E1 =
1
2
(EQ −Q cos θ) and E2 = 1

2
(EQ +Q cos θ).

For the relevant small T2 region, the subjet directions
from the minimization in (1) can be aligned with the
leading-order quark directions [16]. Thus, we can take

nµ = (1, 0, 0, 1) , nµ
1 =

1

E1
qµ1 , nµ

2 =
1

E2
qµ2 , (5)

where nµ is the T1 axis and nµ
1 and nµ

2 are the T2 axes.
In terms of the subjet masses mi and energies Ei,

T2 = P+
1 + P+

2 #
m2

1

2E1
+

m2
2

2E2
. (6)

In the largeQ limit, E1 ∼ Q sin2(θ/2), E2 ∼ Q cos2(θ/2),
and T1 ∼ m2

Z/(2Q), while mi are Q independent. Thus
the distribution of the ratio T2/T1 asymptotes to a fixed
Q-independent result.
Now let us consider how the scaling with Q is affected

when T2/T1 is considered in a realistic environment, such
as at the LHC. A measurement of T2/T1 includes effects
from having a finite jet boundary and from including ra-
diation from elsewhere in the event. The jet boundary R
identifies a Q-independent phase space region about the
jet axis. As Q → ∞, the phase space for the Z decay
products to land outside of the cone falls as 1/Q. Hence,
the jet boundary is at most a 1/Q correction to T2/T1.
Next consider radiation not coming from the Z decay

(i.e. ISR/UE). Since TN depends linearly on pµj in (1),
both T1 and T2 will be distorted by (different) shifts due
to this contaminating radiation. If we require the fat jet
mass to be close to mZ , then the shifts will scale as TN ,
giving at most an O(Q0) distortion of T2/T1. To turn
this into a 1/Q distortion, note that the distribution of
contaminating radiation is smooth over the fat jet, and
at large Q,

nµ
1,2 = nµ +

mZ

Q

{
− cot

θ

2
, tan

θ

2

}
êµx +O

( 1

Q2

)
, (7)

where êµx = (0, 1, 0, 0). Comparing n · pj and min{n1 ·
pj , n2 ·pj}, both T1 and T2 will be shifted in the same way
up to 1/Q corrections. Hence we can remove the leading
effect of contamination with ∆τ from (3), by defining

τ21 ≡
T2 −∆τ

T1 −∆τ
. (8)

τ21 has two important properties: first, it is close to T2/T1
since τ21 = T2/T1 if only the exact Z decay products are
included; second, it is insensitive to jet contamination
up to 1/Q corrections. It is crucial that the ∆τ correc-
tion be made experimentally on an event-by-event ba-
sis; if only the T2/T1 distribution is measured, then the
contamination will not be a 1/Q correction. The sub-
traction can be improved further by replacing ∆τ with
∆τ ′ ≡ ∆τ(1 − π

2
mZ/Q) in the numerator of (8); the

additional factor accounts for the average fractional dif-
ference between T2 and T1 for uncorrelated soft radiation.
The above logic is also appropriate for event pileup.
To compute the τ21 spectrum at leading order in 1/Q,

we calculate T2/T1 assuming only the Z decay products
are included in the fat jet. We then average over the
angle θ. Using the correspondence with 2-jettiness, the
factorization formula for T2/T1 is [16]
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d cos θ
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∫
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× J(s1, µ)J(s2, µ) δ
(
τ21−
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)
, (9)

where σ0 is the tree-level cross-section given by the
Z decay rate. Here H = H(mZ , µ), J(si, µ), and

• boost event shape factorization theorem
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S(k1, k2, {ni}, µ) are respectively the Z → qq̄ hard func-
tion, inclusive jet function, and 2-jettiness soft function.
H and J are known at O(α2

s) [28, 29]. For simplicity, we
consider the narrow width limit, neglecting O(ΓZ/mZ)
corrections. We also neglect non-singular corrections at
O(αs). These contribute less than 5% in the peak of the
τ21 distribution and can be included following [23, 24].
We now show that the 2-jettiness soft function S can be

related to the hemisphere soft function Shemi—relevant
for thrust and heavy jet mass—which is known pertur-
batively to O(α2

s) [30, 31]. The soft function is

S(k1, k2, n1 · n2, µ,Λ) ≡
1

Nc

∑
Xs

δ(k1 − n1 ·P 1
s )

× δ(k2 − n2 ·P 2
s ) 〈0|Y

T

n2
Yn1

|Xs〉 〈Xs|Y †
n1
Y

∗

n2
|0〉 , (10)

where the Y ’s are light-like Wilson lines and P 1,2
s are the

momenta of the subjets J1,2 in the state |Xs〉. Rotational
invariance implies that the subjet directions only appear
in the combination n1 · n2, and the argument Λ ≡ ΛQCD

is a reminder of nonperturbative corrections contained in
S. The hemisphere case corresponds to n1 · n2 = 2, so
that Shemi(kL, kR, µ,Λ) = S(kL, kR, 2, µ,Λ). From (1),
the partitioning into regions of 2-subjettiness is invariant
under a common rescaling of the subjet direction, n1 →
βn1 and n2 → βn2. So (10) satisfies

S(k1, k2, n1 ·n2, µ,Λ) = β2S(βk1,βk2,β
2n1 ·n2, µ,Λ).

Choosing

β = βθ =

√
2

n1 · n2
=

√
m2

Z +Q2 sin2 θ

mZ
, (11)

we find

S(k1, k2, n1 · n2, µ,Λ) = β2
θ S (βθk1,βθk2, 2, µ,Λ)

= Shemi (k1, k2, µ/βθ,Λ/βθ) , (12)

where we have rescaled all dimensionful arguments by
β−1
θ and used that S has mass dimension −2.
When ki ' Λ/βθ, the leading nonperturbative cor-

rection to Shemi is equivalent to a shift [32–34], ki →
ki − Φ/βθ, where Φ ∼ Λ is Q-independent. Since T2
in (1) is not identical to thrust for massive hadrons, we
cannot use the value found in [24]. All the objects in (9)
have known renormalization group equations, so we can
sum large logarithms of τ21 up to N3LL (with a Padé
approximation for the small contribution of the 4-loop
cusp anomalous dimension). Thus for τ21 ' 2Λ/(T̂1βθ)
we have

1

σ0

dσ

dτ21
= T̂ 2

1

∫
d cos θ

2
H(mZ , µH)UH(mZ , µH , µJ)

×
∫
dzs ds1ds2J

(
s1, µJ

)
J
(
s2, µJ

)
Sτ

(
T̂1zs,

µS

βθ
,αs(µS)

)

× U τ
S

(
T̂1τ21−

2Φ

βθ
−

s1
2E1

−
s2
2E2

−T̂1zs,
µJ

βθ
,
µS

βθ

)
. (13)
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FIG. 2: Results of the N3LL analytic calculation for τ21 with
Φ = 0. The distribution saturates for Q >
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of the hard, jet, and soft scales. Here, Φ = 700 MeV. Arrows
indicate the approximate range of validity of (13).

Here Sτ is the perturbative thrust soft function, and H ,
J , and Sτ are fixed-order expansions in αs(µH), αs(µJ ),
and αs(µS) respectively. UH and U τ

S are evolution ker-
nels which sum αi

s ln
jτ21 terms. See [23] for details.

The natural scale choices are

µH = mZ , µJ = µQ
√
τ21, µS = µQ τ21. (14)

Here µQ = T̂1
√
1 +Q2/(2m2

Z) is an average over θ of

T̂1βθ which appears in the large logarithms. For Q = 0
one has µQ = mZ , while for Q → ∞ one has µQ =
mZ/(2

√
2). We perform the s1,2 and zs integrals in (13)

analytically and the θ integral numerically.
Results for the τ21 distribution for various Q are shown

in Fig. 2. As anticipated, the curves rapidly approach a
fixed distribution at large Q. In Fig. 3 we show a com-
parison to a “baseline” Pythia distribution, where the
effects of hadronization are included, but the Z width,
finite cone size, and ISR/UE contamination have been
turned off. For this comparison we fix Φ = 700 MeV to
match the peak of the Q = 0 Pythia distribution, which
allows us to compute the distribution for all Q += 0. In
the tail of the distribution, there is excellent quantitative
agreement. The accuracy of Pythia’s tail is somewhat

Q=200 GeV already large
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collinear modes: kn ∼ Q(1,λ2,λ)
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Invariant masses of soft and collinear modes are on the same
order O(Q2λ2)

Rapidity divergence arises as jets go soft or soft radiations go
collinear since they are all on the same parabola.
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Figure 7: Comparison with Tevatron Run I data from CDF, with and without long-distance
corrections. The lower panels show the deviation from the default theoretical prediction.

have discussed in the previous section that long-distance corrections will shift the peak to the
right, and Figure 4 shows that a shift of 0.75GeV corresponds to a value of ΛNP = 0.6GeV.
In Figure 7, we compare again to the CDF data [26] and plot the theoretical prediction for
both ΛNP = 0 and ΛNP = 0.6GeV. In the lower panels, we give the ratio of the experimental
and theoretical results to our default prediction. Including a non-perturbative shift, a good
description of the data is achieved over the entire qT range. In Figure 8, we repeat the same
comparison for the Tevatron Run II results from DØ [31, 32] and for the LHC result of the
ATLAS collaboration [33]. Since this data is not finely binned in the peak region, it difficult to
draw firm conclusions on the necessity for long-distance corrections. However, in both cases,
the first data bin is below the prediction without including a long-distance correction.

The systematic experimental uncertainties which affect the low qT experimental results are
substantial, because it is highly sensitive to lepton transverse momentum resolution. Recently,
two new variables aT and φ∗

η were introduced, which probe the same physics but have reduced
sensitivity to the momentum resolution [34, 35]. DØ has now performed a very precise mea-
surement of the variable φ∗

η [36]. It would be interesting to include the lepton decay in our
results and to study these variables. In the traditional framework, resummed results for these
quantities were presented recently in [37, 38].

The region of larger qT ! 20GeV is not affected by long-distance corrections and should be
described well by fixed-order perturbation theory. In this region the data lies somewhat above
the prediction, in particular for the case of the ATLAS results. A comparison to the existing
fixed-order results is given in Figure 9. The red bands correspond to the O(α2

s) fixed-order
result for the spectrum, which the highest order currently known. To compute this result we

22

• First complete calculation of Z-boson and Higgs production at NNLL+NLO
• Extension to N3LL+NNLO is technically possible (work in progress) 
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have discussed in the previous section that long-distance corrections will shift the peak to the
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corrections. The lower panels show the deviation from the default theoretical prediction.
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equivalent to
CSS factorization

SCET1 → SCET2

NNLL+NLO



Summary

N-jettiness
• simple yet powerful factorization friendly event shape 

Beam Functions
• universal function that describes ISR for broad class of processes 

Exclusive N-jet factorization
• factorization theorems with jet-vetoes, new ways to test MC

pp→ H + 0 jets pp→ H + 1 jet

• Sensitive probe of events.  Calculations tractable with SCET
Nearby Jets & Jet substructure

Factorization with Jet Algorithms

• Not covered here.  Must handle NGL’s, clustering logs, ... 


