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No fully general theory of (quantum) integrability exists to date.

Only a few 141 dimensional QFTs for which QI has been fully established.

Some systematics: non-compact, higher-rank, supersymmetric

Tailor-made lattice discretizations.
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Classical Integrability of Affine sl;; Toda Theories |
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Classical Integrability of Affine sl;; Toda Theories |
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Classical Integrability of Affine sl;; Toda Theories |
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Classical Integrability of Affine sl;; Toda Theories Il

R
Monodromy matrix: M(X\) = Pexp (/ dx AI()\))
0
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Classical Integrability of Affine sl;; Toda Theories Il

R
Monodromy matrix: M(X\) = Pexp (/ dx AI()\))
0

T(A) = Tr(M()))
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Goal: Construct integrable discretizations

Discretization princpile: preserve as many features of the continuous theory as
possible.
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The Yang-Baxter equation

Ri2(A, w) Raz(A, v) Raz(p, v) = Reoz(u, v) Riz(A, v) Ria(A, p)

Rij : VieV; = V;QV;.
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The Yang-Baxter equation

Rl?()‘a ,LL) le;()‘a V) RQ”(/”’) V) = R2'3(I“L7 V) Rl'5(/\v V) Rl?()‘a :u‘)

Rij : VieV; =V, V;.
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The Yang-Baxter equation

R12()\’:u’) R4 ()"V) R2 (/1‘77/) = Ra (tu‘v V) R (/\v’/) R12()\,/L)

Rij : VieV; = Vi@V;.

» YBE is too hard to solve in general.
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The Yang-Baxter equation

Rl?()‘hu’) R4 ()"V) R2 (/1‘77/) = Ra (tu‘v V) R ()‘v’/) R12()\,/L)

Rij : VieV; = Vi@V;.

» YBE is too hard to solve in general.
» Framework of quantum groups (see later).

» Two inequivalent representations can correspond to the same vector space.
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Quantum Inverse Scattering Method

Central objects in the QISM are (generalized) transfer matrices

voincenas L
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aux
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Quantum Inverse Scattering Method

Central objects in the QISM are (generalized) transfer matrices

'ID‘I“ [Ro,z Ro,L—1---Ro,1]| =

> They form a large family of commuting operators.

» For homogeneous chains a distinguished role is played by the transfer
matrix with

A j
aux = quantum at a site, A _ /
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Quantum Inverse Scattering Method

Central objects in the QISM are (generalized) transfer matrices

'ID‘I“ [Ro,z Ro,L—1---Ro,1]| =

> They form a large family of commuting operators.

» For homogeneous chains a distinguished role is played by the transfer
matrix with

aux = quantum at a site, //

» They contain shift operator and local charges (Hamiltonian).

September 26, 2012 Carlo Mene; Light-Cone Lattice from the Universal R-matrix




QISM and light-cone lattice: a staggered chain

Q(—H (B, 13 X)) =

Q(_)(ﬂ, wi X)) =
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QISM

Q(—H(FL, i A)

and light-cone lattice: a staggered chain

- T

(Ui)_l = Q(Jr)(ﬂ,u;u), U; = Q<7)(ﬁyu:ﬁ)7 NQ = Mﬂ71 = (mA)2 .
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Quantum discrete zero-curvature representation

+ - - +
Léa)ﬂ,t L;a,)t = Lgall,ﬂrl Léa,)t+1

where

Or+1,t+1 = (U+)71 O'r,t Ut

t+1

2a 2a + 1

Or—1,t+1 = (U7)71 Or,t u-
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Applying the strategy above to ATT

> Need to identify the relevant algebraic structure.
> Need to identify the relevant representations.

» Need to study fusion/factorization of representations.
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Applying the strategy above to ATT

v

Need to identify the relevant algebraic structure.

v

Need to identify the relevant representations.

v

Need to study fusion/factorization of representations.

» Need to construct the main building blocks.
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Quantum affine algebras: Z/{q(glM)

Generators: ki, ei, fi, i=1,..., M.
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Aij =2 if i =7,
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,
Ai; =0 otherwise.
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Quantum affine algebras: Z/{q(glM)

Generators: ki, ei, fi, i=1,..., M.

Aij=2  ifi=j
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,

Ai; =0 otherwise.
kikj = kjk;

kiej = ¢ ek, kif; = q M fiki,

ki — k1
elf_felzaz - )
J J jqfq_l
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Quantum affine algebras: Z/{q(glM)

Generators: ki, ei, fi, i=1,..., M.

Aij=2  ifi=j
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,

Ai; =0 otherwise.

kik; = kj ki
kiej = ¢ ek, kif; = q M fiki,

ki — k1
elf_felzaz - )
J J J qg—q!

. €i€j = €;€; if Aij = O,
Serre relations: 9 . 9 )
ejei —(q+q eiejei+eie; =0 if Ay =—1,
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Quantum affine algebras: Z/{q(glM)

Generators: ki, ei, fi, i=1,..., M.

Aij =2 if i =7,
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,
Ai; =0 otherwise.

kik; = kj ks
kiej = ¢ ek, kif; = q M fiki,

ki — k;l
e’ifj - fjei = 6ijF7
Serre relations: fiijZ fifi . , !f Aij =0,

Lff—(a+a ) fififi+fffi =0 if Ay =—1,
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Quantum affine algebras: Z/{q(glM)

Generators: ki, e, fi, i=1,..., M.
Aij =2 if i =7,
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,
Ai; =0 otherwise.

67;63' = €564

eje; —(q+q~

Serre relations: {
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Quantum affine algebras: Z/{q(glM)

Generators: ki, es, fi, i=1,..., M.

Aij =2 if i =7,
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,
Ai; =0 otherwise.

kik; = k; ki

ki f; = q i fiki

Serre relations: fiijZ fifi . , if Aij =0,
fjfi_(Q+q )fzf]fz"‘fzszo IfAi]':—I,
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Quantum affine algebras: Z/{q(glM)

Generators: ki, e, fi, i=1,..., M.

Aij =2 if i =7,
Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,
Ai; =0 otherwise.

€i€j = €;€; if Aij = O,

Serre relations: 9 . 2 )
ejei —(q+q eiejei+eie; =0 if Ay =—1,
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Quantum affine algebras: Z/{q(glM)

Generators: ki, ei, fi, i=1,...,M.

Ay=2  fi=j,

Cartan Matrix (M > 2): Ay =-1 ifli—j|=1,

Ai; =0 otherwise.

Jifi=fifi

Serre relations: {fy R NN 0 A - A
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Coproduct and the Universal R-matrix

Ale;) = eiQki+1Qe;, A(fi) = iQ1+ k7 ® fi, Alki) = ks @ ks
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Coproduct and the Universal R-matrix

Ale;) = eiQki+1Qe;, A(fi) = iQ1+ k7 ® fi, Alki) = ks @ ks

(*) IR € U; ®Uy such that: R A(z) = A®(z) R Vo € U

September 26, 2012 Carlo Meneghelli: Light-Cone Lattice from the Universal R-matrix



Coproduct and the Universal R-matrix
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Questions: Is R uniquely determined by (*) ? How to find it?
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Coproduct and the Universal R-matrix
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Questions: Is R uniquely determined by (*) ? How to find it?

IR €U ®U; such that:  RA(z) = A®(x)R  Vz € U,

Quasi-tringularity and the Yang-Baxter equation follow!
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Ale;) = eiQki+1Qe;, A(fi) = iQ1+ k7 ® fi, Alki) = ks @ ks

Questions: Is R uniquely determined by (*) ? How to find it?
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Some remarkable representations

M
LT(\) = D (uiEi + AT viEiira)

i=1

M
L™(\) = Z (uiEsi + A" vi Eigri)
i=1
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Some remarkable representations

M
LT(\) = D (uiEi + AT viEiira)

1=

-

M
L™(\) = Z (uiEsi + A" vi Eigri)
i=1

c(8;5—0;5
W Ui uj = Uju; ViVj = VjV; uiv; = ¢= o) vy,
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Some remarkable representations
M
L+()\) = Z (Ui E“ + )\+1 Vi Eii+1) = (7Tf ®7T;\L) ( R )
M
Li()\) = Z (U¢ Ei: + A7t Vi E¢+1i) = (TI'f ®71’;) (O'Ril)
qc(%‘*

. _ _ _ 8i5+41)
w u; u; = uj;u; ViVj; = Vj Vg u;v; = it Vi Ui,
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Some remarkable representations
M
L+()\) = Z (Ui E“ + )\+1 Vi Eii+1) = (7Tf ®7T;\L) ( R )
M
Li()\) = Z (U¢ Ei: + A7t Vi E¢+1i) = (TI'f ®71’;) (O'Ril)

S8
— qc( ij 7,_7+1) Vj u; ,

September 26, 2012 Carlo Meneghelli: Light-Cone Lattice from the Universal R-matrix



Some remarkable representations

M

L+(>\) = Z (Ll»; Eii + )\+1 Vi Eii+1) = (ﬂ'f ®7T;\L)( R )
Li()\) = Z (U¢ Ei: + A7t Vi E¢+1i) = (7rf®7r;) (O'Ril)

c(8;5—0;5
W Ui uj = Uju; ViVj = VjV; uiv; = ¢= o) vy,

Define: L+ = ((L¥)") wi =t v =yt

Classical continuum limit: L= =14 A4y + 0(4Y),

September 26, 2012 Carlo Meneghelli: Light-Cone Lattice from the Universal R-matrix



Some remarkable representations

M

S8
— qc( ij 7,_7+1) Vj u; ,

Define: LT = ((Li)*)_ uf = uyt v = vt
Classical continuum limit: L= =14 A4y + 0(4Y),

L& =, 19 =10,
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Fusion and physical degrees of freedom

£a) = @ Ut = ] €W ®W®End(C™)
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Fusion and physical degrees of freedom

EW®W ® End(CY)

o
s
—

>
=

|

,_
I
s
<
S

—
N
m
L
—
=
=

I

La(N) =~ Lo(fi,p) = | € W ®End(C")
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Fusion and physical degrees of freedom

EW®W ® End(CY)

o
2
—~
>
Nt
Il
—
1N
S
—~
=
=
o
gt
|
-
—
E
I

|
La(N) =~ Lo(fi,p) = I € W ®End(C")

Lo(f, 1) := (1 + 0 Efvil Xitt,a Yia Ez+1i)7l <2£1 Xi,a Eii) (1 + p Efil Xl_; Yia Em+1>+1
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Fusion and physical degrees of freedom

EW®W ® End(CY)
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La(N) =~ Lo(fi,p) = | € W ®End(C")

La(ft, p) = (1 + A5 Xitt,a Vi Ez+1i)7l (Zﬁl Xi,a Eii) (1 + M XoaYia Eu+1)+1

Ug(aly) — Ug(aly) — W
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Fusion and physical degrees of freedom

EW®W ® End(CY)
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La(N) =~ Lo(fi,p) = | € W ®End(C")

Lo (g, p) = (1 + 23, Xit1,aYia Ez+1i)7l (Zﬁl Xia Eii) (1 + 1 M Xia Yia Eu+1)+1

12

Ug(aly) — Ug(aly) — W
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Universal R-matrix and basic building blocks

Construct: | | |
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Universal R-matrix and basic building blocks

Construct: | | | |

R =Rq ", R=J] 5« € U U
DAEA—+

Remarkably, for the cases of interest only finitely many terms in the product
contributes and one gets, e.g.
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Universal R-matrix and basic building blocks

Construct: | | | |

R =Rq ", R=J] 5« € U U
DAEA—+

Remarkably, for the cases of interest only finitely many terms in the product
contributes and one gets, e.g.

= men)® = (L %0.) 0
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Universal R-matrix and basic building blocks

Construct: | | | |

R =Rq ", R=J] 5« € U U
DAEA—+

Remarkably, for the cases of interest only finitely many terms in the product
contributes and one gets, e.g.

= (mer)® = (I Z0E))a "
jm(m) = (1 - q72652 I) jfw‘(q72C$)

September 26, 2012 Carlo Meneghelli: Light-Cone Lattice from the Universal R-matrix



Quantum discrete time evolution equations
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Quantum discrete time evolution equations

_2.® NG
-1 () _ 0 ® (1 " Xi—l’a) (1 " XH’GH)

Xi,a  Xia = Xia—1 Xi,a+t1
(1-#2x) (1-r2x1)
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Quantum discrete time evolution equations

t—1) _ (t+1
xia D =
t=0

X§,2a21 5

Carlo Meneghelli

2 (1) 2 (1)
® (1_” Xi—l’a) (1_“ XH,G“)

= Xi,a—1 Xi,a+1
(1-#2x) (1-r2x1)

2 =l —1
Yia X( ) = Xit+1,a Yi,a Yiat1 Xi,a+1

1,2a
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Conclusions and Outlook

» Derivation of functional relations and systematics of Baxter's Q-operators.
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Conclusions and Outlook

v

Derivation of functional relations and systematics of Baxter's Q-operators.

v

Remarkable fusion /factorization properties both in quantum and auxiliary
space.

v

Extend to affine superalgebras.

v

Hint at quantum group from the algebra of screening charges.
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Conclusions and Outlook

» Derivation of functional relations and systematics of Baxter's Q-operators.

» Remarkable fusion/factorization properties both in quantum and auxiliary
space.

» Extend to affine superalgebras.
» Hint at quantum group from the algebra of screening charges.

> Relation between integrability and “free field” description in general.
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Thank you!
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