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Introduction

Unpolarized Deep—Inelastic Scattering (DIS):
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Structure Functions: Fy f,

contain light and heavy quark contributions.



Need for full NNLO result

e The knowledge of heavy flavor DIS contributions to O(a3) allows to measure Agcp and

as(Mz) with increased precision, |Aag| < 1% .

e The unification of forces depends crucially on the value of oy at low scales.

e The detailed understanding of parton densities in necessary to interpret the hadron
induced processes at HERA, TEVATRON & LHC.

— Important case:

hadronic Higgs Boson production o a?G?*(x, Q?).
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— different scaling violations compared to massless F»(x, Q?)

— massive contributions at lower values of x are of order 20% — 35%.

— Massive contributions needed!



Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin convolution
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Q2 m 2
F(QL)QUQ Z C‘7(2L CU,—,? ®  fi(x,p”)

~~ d nonpert.
perturbative

into (pert.) Wilson coefficients and (nonpert.) parton distribution functions (PDFs).

= /01 dyfol dz 6(x —yz) f(y)g(z) -

The subsequent calculations are performed in Mellin space, where ® reduces to a

® denotes the Mellin convolution

multiplication, due to the Mellin transformation

F(V) ;:/O dz 21 (z)



Wilson coefficients:
Q2 m2 Q2 Q2 m2
Cj.2,1) (N, 202 = Cj ) | IV, 2 + Hj o) | N, 202 )
At Q? > m? the heavy flavor part
) (w5 )25 ()
H; Na_a— — C’L Na_ AZ —7N
7,(2,L) ( 127 2 z@: ,(2,L) 112 J 112
[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]

factorizes into the light flavor Wilson coefficients C' and the massive operator matrix elements

(OMESs) of local operators O; between partonic states j
m? . :
Aij (?7N) = <J ’ O; ’J> .

— additional Feynman rules with local operator insertions for partonic matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].
For Fy(z,Q?) : at Q% > 10m? the asymptotic representation holds at the 1% level.



The Heavy Flavor Wilson Coefficients

[ INS,(2 ANS, (2
LS(ng) = a2 Ay (ng) + CL5 P ()]
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Status of OME calculations

Leading Order: [Witten, 1976 Nucl.Phys.B; Babcock, Sivers, 1978 Phys.Rev.D; Shifman, Vainshtein,
Zakharov, 1978 Nucl.Phys.B; Leveille, Weiler, 1979 Nucl.Phys.B; Gliick, Reya, 1979 Phys.Lett.B; Gliick,
Hoffmann, Reya, 1982 Z.Phys.C.]

Next—to—Leading Order : [Laenen, van Neerven, Riemersma, Smith, 1993 Nucl. Phys. B]

[Large Q2 /m?: Buza, Matiounine, Smith, Migneron, van Neerven, 1996 Nucl.Phys.B] IBP

[Bierenbaum, Bliimlein, Klein, 2007 Nucl.Phys.B] via qu7S, more Compact results

[Bierenbaum, Bliimlein, Klein 2008 Nucl.Phys.B, 2009 Phys.Lett.B]:O(a2¢) contributions (all N)
NNLOI[Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B] Moments for Fy: N = 210(14)
[Ablinger, Bliimlein, Klein, Schneider, Wiflbrock 2011 Nucl.Phys.B] contrib. o ny to FQ (all N)

At 3-loop order known:

° qus,@ Aggq: complete; Agg, Ag%, AquS,QAquS,g R all terms of O(nT7Ca/r)

o Ayu0:Aygo: see this talk — all terms of O(nTECa/r)

e Also O(nsT%C4/r) contributions to all polarized OMEs have been computed.
S,TR.

o ADS ANS A > all terms of O(T2C4/r)

e Ladder and Benz topologies with a single massive line: first results this talk.



Graphs with m, and m,

At 3—loop order graphs containing both c¢- and b- quarks contribute.
They do neither belong to the pure c— or b— contribution to the structure function.

Note that:

— Expand in m./my

for fixed values of N the diagrams can be mapped onto tadpole diagrams by projection operators [Bierenbaum,
Bliimlein, Klein 2009.]

eg. N =2

_ 1 (—g;w +dp(ﬂ)p(y)>

I -
v d—1 p2 p4
more complex structures occur for higher Moments

expansion in masses was performed using EXP [Harlander, Seidensticker, Steinhauser 1998, Seidensticker 1999]



(3) N —
Qg (N = 6)

10

2 o {69882273800453 395296C N 1316809C N 832369820129 N 1511074426112 84840004938801319 4
F 367569090000 19845 39690 14586075000 624023544375 690973782403905000
. (m§>[11771644229 N 78496 1406143531 105157957 o 2287164970759 3]
n{ — 2 — xr — X X
u2 194481000 2205 69457500 180093375 7669816654500
2 2 2
m 2668087 112669 49373 31340489 324148 m 156992
+1n2(—b)[ + x — x2_7x3]+1n3( b)7+1n2(—b)1n(—c)7
w2 79380 661500 51975 34054020 12/ 19845 w2 n2’ 6615
2 2 2 2
m m 128234 112669 98746 31340489 m m? | 68332
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u? u? 3969 330750 51975 17027010 w2 u?’/ 6615
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n 2 T xT - xT
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2 2
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. (m% )[1786067629 111848C 128543024 22957168 , 2511536080 3]
n| —— — 2 — T — T — x
w2 204205050 15435 24310125 3361743 2191376187
2 2 2 2
N 1n2(mb ) [3232799 N 752432 - 1779449:2 127858928 x3] B 1n3(mb ) 111848 1n2(mb ) 1n(mc ) 223696
w2 /14862025 231525 40425 42567525 w2/ 19845 w2 w2/ 46305
2 2
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. ( ){ 24797875607 111848C N 128543024 22957168 o N 2511536080 3]
n — 2 X xT —_— X
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2 2
m 3232799 752432 177944 127858928 m? | 1230328
T+ () + -+ o2y DTEORORR a1 g3 (Do) 2R 6 (o 1B ()
u2 /14862025 231525 40425 42567525 u2 / 138915

These moments have been calculated referring gqexp by Steinhauser et al. with operator insertions. Despite being

universal, these contribution do not belong to the charm or bottom PDF. This is not compatible with the VFENF.
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Renormalization of the OMEs:

[Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B]

1.

N A o B

include contributions from reducible diagrams

perform on-shell mass renormalization

renormalize the coupling in a MOM-scheme, using the background field method

remove remaining UV singularities through the Z-factors of the local operators

remove collinear singularities via coll. factorization (being different from the former one)
transform coupling constant to MS

choice: m on-shell or Mys

— Generalization for OMEs with two different masses is needed.
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Renormalized result for the OME A" 5,(3)

@ (M M)
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e Results for contributions with two fermions of equal and non-equal mass have also been computed for the
OMEs APS®) qng ANSTH()
Qq 9,Q

e The computation of these contributions to the OME Ag, is in progress.
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New topologies:

New topologies are studied using various methods:
e Representation in terms of higher hypergeometric functions (e.g.: Appell functions)
e Mellin-Barnes techniques
e Integration in terms of hyperlogarithms

Various functions appear in intermediary and final results:

e Hyperlogarithms

e Generalized harmonic Sums:

N "ol (sign(ag) sl (sign(a)"2ep?  (sign(am))"map”
Sal ..... am, (xlv"'awm)(N)z Z Z Z |a1| 1 |a2| 2 77|Lam| -
n1=1no=1 N =1 ny Ny N
[Moch, Uwer, Weinzierl, 2002]
e Cyclotomic sums and cyclotomic HPLs [Ablinger, Bliimlein, Schneider, 2011]

In very recent calculations of diagrams with two massive fermions also a new class of sums has
been observed:

N

Yimyne - A=) e

=1 7
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Calculation of Convergent Massive 3-Loop Graphs

SN o T T,
I,(N) = / . ./da1 doo das doayg das dog dor dosg J 22 4
Tin = oasaroy + agazas + agasoy + asasar + asasag + agasoy + asarag + asaszos

faragag + agagag + azaraz + azazoe + agagag + a2aeigs + agarog
Ty = toagasoay + agazag + agaras + azasag + asazas + arazas + azaras + agasag
‘tasarayg + agaiag + araray + azasar + asarag + agayiar + ajaszar
U = oasasas + acazas + ajazas + asaras + 1es + 1 3e + Qo3 + Qotg g
‘tasagayg + arasay + azasay + 1z + 1t + a3y + gy + A3s Qe
+agazag + azasag + asarag + agasog + agas g + A5z g + X1 gy + X1 g g
tagazag + ajagag + gy + agazag + arazag + gy ar

V. = a1 +az+ a3+ ag+ag+ ar

e The integral above is a projective integral, one a-parameter may be set 1

e The operators sit on on-shell diagrams which obey specific symmetries. These are generally not obeyed by the
operator insertion.

e For the above example : after applying symmetry transformations ¢y — 1 — a2, @z — ro — ag, as — Ts — Qg
a2, g, ag are only contained in the operator polynomials and may be integrated out at this stage.
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Calculation of Convergent Massive 3-Loop Graphs

e Feynman parameter integrals are performed in terms of Hyperlogarithms,
[Brown 2008 Comm. Math. Phys.]

L(W,z) : C\X — C, where
— ¥ ={09,01,...,0n} are distinct points in C which may contain variables

— W is a word over the alphabet 21 = {ag, a1, ...,an} where each letter a; corresponds to a
point o;

o L (ﬁ, z) is uniquely defined by the following properties

1. L({},z) =1, and L (0™, z,) = 3 log"(z) for n > 1

2. LL({a;W},2) = 2L (W,2) for z € C\Y

zZ—0;

3. If W is not of the form w = (0,0, ,0), then lim,_,o L (W, z) = 0.

e e.g. L(a;z)=log(z — ;) —log(oy)
e The weight of L (W, z) is given by the number of letters in
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The hyperlogarithms satisfy shuffle relations L (w3, 2) L (w3, 2) = L (w] LW}, 2), e.g.:
L ({CLl, CLQ}, Z) L ({a'?)}a Z) =L ({CL3, ag, CLQ}, Z) + L ({a'la as, CLQ}, Z) + L ({a'la az, a’3}7 Z)

The indices a; contain further integration variables.

Using these properties after partial fractioning and integration by parts, one can express
any primitive for expressions consisting of rational and hyperlogarithmic functions in terms

of different hyperlogarthmic functions

These primitives have to be evaluated at the respective integration limits

— The limit at z — 0 is trivially obtained by computing the regularized Taylor series for

the hyperlogarithmic functions

— The limit at z — oo is more sophisticated. General idea:
1. Choose the integration order (Fubini).
2. Compute the derivative with respect to the next integration variable x, (this lowers
the weight by one).
3. Perform the series expansion of the derivative.
4. Perform the indefinite integration with respect to x.

5. Determine the respective integration constant.



e Using this method we have computed a number of fixed Mellin-Moments from N = 0..19

Fixed Mellin Moments

17

e.g.:
5
N Diag 4 Diag 5, Diag 5y
O 2 — 2(¢3 2¢3 2¢3
1 —2 4 2¢3 -5 —<¢3 —2 — 23
29 83 133 41 71 5
2 12 ~ 3663 72 T8 <3 24 T 263
17 47 1735 _ 35 _ 905 _ 5
3 ~6 T 1893 ~ 432 ~ 3693 16 — 263
19 _ 5825158236879253094413489658569181 _128090266890628029062643215783549 _254116903575797385411050257769
2503562235895708381108915200000 133523319247771113659142144000 25288507433289983647564800000
_104899807174743864253 ¢ + 238388793949217497 ¢ _ 1968329 ¢
54192375991353600 3 301068755507520 3 635040 ~3
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General Values of N

Due to the operator-insertions leading to power-type functions, the integrals do not fit
directly into the framework of the algorithm for general values of V.

In order to use the algorithm also on integrals with general values of IV, a generating

function is constructed e.g. by the mapping

N !

o o e % .

Performing the Feynman-parameter integrations then leads to an expression which contains
hyperlogarithms L,,(x) in the variable z.

Finally the Nth coefficient of this expression in x has to be extracted analytically. This has
been done with the package HarmonicSums by J.Ablinger.

Generalized harmonic sums occur:

Snl,...,nk (a'17 ...,CLk)(N), n; € N7 a; € Q



Six Massive Lines & Vertex Insertion
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The 2% factors cancel in the large N limit:
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I(x)

I(N)

General Values of N: Higher Topologies

1
- a +N)(2+N)${C3 [QL({—l},w) —2(=1+2z)L ({1}, 2) — 4L ({1, 1},x)] — 3L ({-1,0,0,1}, 2)
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General Values of N: Higher Topologies
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Conclusions

A series of moments for the transition matrix elements A;; at 3-loop order were given in
[Bierenbaum, Bliimlein, Klein 2009 Nucl. Phys. B].

The corresponding quarkonic 3-loop contributions of O(n;T2C4 r) to Ay, and A,, were
calculated in [Ablinger, Bliimlein, Klein, Schneider, Wilbrock 2011 Nucl. Phys. B]. Recently also

Agg.0 and Ay, o have been obtained for these color coefficients at general V.
A series of OMEs were fully calculated Ay, and A,y in O(TAC 4 F)

The moments N = 2,4,6 have been calculated for graphs depending on both m,. and my;
general N results in the NS and PS case have been obtained already. Starting with 3-loops,
graphs exist which conflict with the ideology of the VFNS.

Using hyperlogarithms non-divergent 3-loop graphs can be calculated, if moments are
considered. For general values of NV first analytic results have been obtained, including
Benz- and ladder-topologies, performing the calculation automatically.

3-loop moments of polarized massive OMEs up to the constant terms have been calculated.

The O(npT32) contributions to these OMEs have been computed for general values of N.



