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Universality & Quantum Criticality

High-Temperature Superconductors
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Unresolved Problems in High Tc Superconductors

Unknown pairing mechanism between electrons

Pseudo-gap between insulator/superfluid phase

QCP below superconducting dome/strange metal phase a QCR?
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Universality & Quantum Criticality

Continuous Quantum Phase Transitions

T

ggC

∆ > kBT∆ > kBT

∆ < kBT

long-range quantum
fluctuations/entanglement

Non-analyticity in EGS(gc)

Near critical coupling gc :

∆ ∼ J |g − gc |zν

ξ−1 ∼ Λ |g − gc |ν
∆ ∼ ξ−z

Quantum critical point −→ quantum critical region for T > 0
with two different regimes:

∆ > kBT τ ≫ ~

kBT
(effectively classical)

∆ < kBT τ ∼ ~

kBT
(quantum critical)
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Universality & Quantum Criticality

Quantum Criticality & Planckian Dissipation

Planckian dissipation:

◮ Shortest possible timescale for finite temperature

τ~ =
~

kBT

◮ if τ < τ~ superfluid motion is purely quantum mechanical

−→ no dissipation (entropy production) possible

−→ Perfect fluid without quasi particle excitations

Comparison with Quark-Gluon-Plasma:

◮ Viscosity density η ∼ ǫτ

τη =
η

Ts
=

1

4π

~

kBT
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Homes’ Law & Holography

Homes’ Law for Superconductors

All superconductors seem to show
an universal scaling law
[Homes et al., Nature 2004]

Homes’ Law

ρs ∝ σDC(Tc)Tc
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The superfluid density ρs is defined as

ρs ≡ ω2
Ps ≡ λ−2

L =
4πnse

2

m∗

◮ Superconductor becomes “transparent” for ω > ωPs

◮ Photons can penetrate the superconductor to l < λL
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Homes’ Law & Holography

Homes’ Law for Superconductors

The optical sum rule can be used to obtain ω2
P

[Homes et al., cond-mat/0410719]

ω2
P

8
=

∫ ∞

0
dω σ(1)(ω),

and determine the difference in spectral weights

Nn =

∫ ∞

0+
dω σ(ω)

∣

∣

∣

∣

T>Tc

≃ ωP

8

Ns =

∫ ∞

0+
dω σ(ω)

∣

∣

∣

∣

T<Tc

Superfluid Density

ρs = 8 (Nn − Ns) = ω2
Pn − 8Ns
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Homes’ Law & Holography

Homes’ Law for Superconductors

Using the Drude-Sommerfeld form of the optical conductivity

Conductivity

σDC =
ω2

Pnτ

4π
=

nne
2τ

m∗

we can follow to different paths:

1 Assuming that all charge carriers condense in the superconducting
phase, i.e. Ns = 0

Plasma Frequencies

ω2
Ps = ω2

Pn

2 Only valid for High Tc superconductors

Tanner’s law

ns ≈
1

4
nn
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Homes’ Law & Holography

Holographic Version of Homes’ Law

Problem:

◮ Due to translational invariance/momentum conservation

Reσ(ω) ∼ δ(ω)
∣

∣

T>Tc

◮ Inserting 1 or 2 into Homes’ law yields

Universal Timescale

τcTc =
4π

C

◮ Assume a simple proportionality D(T ) ∝ τ :

Holographic Homes’ Law

D(Tc)Tc = const.
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Holographic Version of Homes’ Law

Holographic S-Wave Superconductor [Hartnoll,Herzog,Horowitz, 2008]

Einstein-Maxwell Action

S =
1

2κ2

∫

[.d + 1]x
√−g

[

R − 2λ+
2κ2

e2

(

F 2 − |∇Φ− iAψ|2 − V (|ψ|)
)

]

Equations of Motion

Einstein: Rab − 1

2
R gab +

d(d − 1)

2L2
gab = α2L2Tab[A,Φ]

Maxwell: ∇aFab = jb[A,Φ]

Scalar Field: (∇− iA)2 Φ− 1

2
V ′(|Φ|) Φ

|Φ| = 0
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Holographic Version of Homes’ Law

Solutions & Phase Diagram

Solutions to Equations of Motion

α = 0 (probe limit) α 6= 0 (backreaction)

Φ = 0 AdS Schwarzschild BH AdS Reissner Nordström BH

Φ 6= 0 AdS Schwarzschild BH Scalar Hair AdS RN BH

Phase transition at critical Tc/µc

u u

T/µTc/µc

IR IRUV UV

Φ

〈O〉 6= 0

E

〈Jt〉 6= 0
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Holographic Version of Homes’ Law

Momentum & R-Charge Diffusion

Momentum diffusion DM related to 〈TxyTxy 〉
−→ Solution of hxy fluctuation equation

DM =
1

4πT

(

1 +
µ

T

n

s

)−1

=
1

4πT

(

1 +
2(d − 1)Q̄2

d − (d − 2)Q̄2

)−1

R–charge diffusion DR related to 〈JtJt〉
−→ Solution of at fluctuation equation (only known in d = 4)

DR =
1

4πT

(2 − Q̄2)(2 + Q̄2)

2(1 + Q̄2)

[Banerjee, Bhattacharya, Bhattacharyya, Dutta, Loganayagam et al., 2011]
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Holographic Version of Homes’ Law

Numerical Results for d = 3
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For each value of α we can determine a critical Tc/µc −→ α (Tc/µc)

Furthermore, we can tune the mass of the scalar field m2L2

For m2L2 < 0 we approach AdS2 for T → 0
−→ For α > αc scalar field fluctuations shows instability at T = 0
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Holographic Version of Homes’ Law

Numerical Results for d = 4
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Holographic Version of Homes’ Law

Conclusion & Outlook
Conclusion:

◮ In the case of α = 0 we recover

DM =
1

4πT
DR =

1

4πT

d

d − 2
−→ τT = const.

◮ Assumption Ns might not hold for holographic superconductors

ω2
Ps = ω2

Pn − 8Ns ⇔ τcTc =
4π

C

(

1 − Ns

Nn

)

.

◮ Tanner’s law could be modified by backreaction

ns = B(α)nn ⇔ τcTc = 4π
B(α)

C

Outlook:
◮ Calculate explicitly ρs near T = 0
◮ Investigate the influence of normal state degrees of freedom
−→ Coexistence of ideal and superconductor

◮ Check Tanner’s law holographically
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Additional Slides

Einstein-Maxwell Theory [Hartnoll,Herzog,Horowitz, 2008]

Einstein-Maxwell Action

S =
1

2κ2

∫

[.d+1]x
√−g

[

R − 2Λ +
2κ2

e2

(

1

4
F 2 − |∇Φ− iAΦ|2 − V (|Φ|)

)]

The backreaction of the gauge and matter fields is described by

α2L2 =
κ2

e2
∼

c〈JJ〉

c〈TT 〉
∼ #(charged degrees of freedom)

#(total degrees of freedom)

Gauge/Gravity Duality tells us

Cooper Pair O = ΨΨ

global U(1) current Jµ
⇔

charged scalar field Φ

locale U(1) gauge field Aa
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Additional Slides

Einstein-Maxwell Theory [Hartnoll,Herzog,Horowitz, 2008]

Equations of Motion for the Background Fields

Einstein: Rab − 1

2
R gab +

d(d − 1)

2L2
gab = α2L2Tab[A,Φ]

Maxwell: ∇aFab = jb[A,Φ]

Scalar Field: (∇− iA)2 Φ− 1

2
V ′(|Φ|) Φ

|Φ| = 0

Solutions to Equations of Motion

α = 0 (probe limit) α 6= 0 (backreaction)

Φ = 0 AdS Schwarzschild BH AdS Reissner Nordström BH

Φ 6= 0 AdS Schwarzschild BH Scalar Hair AdS RN BH
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Additional Slides

AdS–Reissner–Nordström Black Brane

Solution in the normal conducting phase Φ = 0 ⇔ 〈O〉 = 0:

ds2 =
L2

u2

(

−f (u) dt2 + dx
2 +

du2

f (u)

)

f (u) = 1 − M̄
ud

ud
H

+ Q̄2 u2(d−1)

u
2(d−1)
H

A = µ

(

1 − ud−2

ud−2
H

)

dt

Relations between dimensionsless quantities

M̄ = 1 + Q̄2 Q̄ =

√

d − 2

d − 1
µ̄α µ̄ = µuH
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Additional Slides

Thermodynamics of AdS–Reissner–Nordström Black Branes

Thermodynamic quantities are derived from the grand canonical
potential via the regularized Euclidean on–shell action I

Ω(T ,V , µ) =
1

β
I = kBTI ,

using the thermodynamic relations

s =
4π

2κ2

Ld−1

ud−1
H

∼ T d−1Fs

(

α,
T

µ

)

ε =
d − 1

2κ2Ld−1

1 + Q̄2

ud
H

∼ T dFε

(

α,
T

µ

)

n =
√

(d − 1)(d − 2)
Ld−1

κ2

αQ̄

ud−1
H

∼ T d−1Fn

(

α,
T

µ

)
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Additional Slides

Thermodynamics of AdS–Reissner–Nordström Black Brane

Temperature of the AdS–RN Black Brane

T =
1

2π

[

1√
guu

d

du

√−gtt

]

u=uH

=
d − (d − 2)Q̄2

4πuH

UV scale invariant theory with the dimensionless quantity

T

µ
=

d − (d − 2)Q̄2

4π
α

√

d−1
d−2Q̄

=
d − (d−2)2

d−1 µ̄2α2

4πµ̄

Relations between field theory quantities and gravitational quantities

uH =
d − (d − 2)Q̄2

4πT
Q̄ = F

(

α,
T

µ

)
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Additional Slides

Linear Response Theory
Weak and short perturbations:

δH =

∫

[.d ]xϕi (t, x)Oi (t, x)

The response of the system is

δ
〈

Oi (x)
〉

=

∫

[.d + 1 ]yG ij
R (x , y)ϕj(y)

Causal structure:

G
ij
R (x , y) = iθ(tx−ty )

〈[

Oi (x),Oj(y)
]〉 [Alexei Tsvelik - QFT in CMP]

Fluctuation-Dissipation theorem:

◮ Calculate correlators of fluctuations about background solution

◮ Charged black hole with finite temperature provides damping

−→ determines dissipative transport coefficients
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Additional Slides

Holographic Fluctuation/Dissipation Theorem

Non–equilibrium physics described by fluctuations

ϕ = Φ+ δϕ Aa = AB
a + aa

Quadratic action in fluctuations
−→ equations of motion for fluctuations δϕ

Solved with in–falling wave boundary conditions at the black brane
horizon and asymptotic UV behavior

δϕ = δϕ(0)(ω, k)u∆− + δϕ(1)(ω, k)u∆+ + . . .

Dissipation into the black brane −→ retarded Green’s function

GR(ω, k) ∝ δψ(1)

δψ(0)
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Additional Slides

Approaching the Instability from the Normal Phase

Solving scalar field fluctuations equations numerically

δϕ′′(u) +
(

f
′(u)

f (u) − d−1

u

)

δϕ′(u) +
[

(ω+At)
2

f (u)2 − k
2

f (u) − L
2
m

2

u2f (u)

]

δϕ(u) = 0

2nd order phase transition −→ signaled by poles of GR(ω, 0) going
through the origin of complex ω–plane
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Additional Slides

T = 0 Criticality

For T = 0 IR-Geometry reduces to AdS2 ×Rd−1

◮ Condition for condensation [Gubser, 2008]

L
2

AdS2
m

2

eff =
1

d(d − 1)

(

m
2
L

2 − 1

α2

)

≤ L
2

AdS2
m

2

BF = −1

4

Conditions for the existence of αc
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