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Introduction: Superstring N point disk amplitude

Color stripped tree amplitude for scattering N massless open string states

A(L,2,. . Nio) = Y A™M(1L, 24, (N=2)r, N—1,N) F"(d)
TESN_3

[Mafra, OS, Stieberger 1106.2645, 1106.2646]

e decomposes into (N — 3)! field theory subamplitudes A;%%N_B

o string effects (o’ dependence) from generalized Euler integrals F'™ (o)




Introduction: Superstring N point disk amplitude

Color stripped tree amplitude for scattering N massless open string states

A(L,2,. . Nio) = Y A™M(1L, 24, (N=2)r, N—1,N) F"(d)
TESN_3

[Mafra, OS, Stieberger 1106.2645, 1106.2646]

e decomposes into (N — 3)! field theory subamplitudes AXQ/ISN—B
o string effects (o’ dependence) from generalized Euler integrals F'™ (o)

e consistent with field theory limit: F7(a/ — 0) = 5?2737”.7]\7_2)

e valid for states of N =1SYM in D =10 (or N =4 SYM in D = 4)

e remain valid for the gluon’s SUSY multiplet for NV < 4 compactification




Euler integrals F'" only depend on dimensionless Mandelstam variables:
_ / 2
Sij = « (kz + k])

In a disk boundary parametrization z € R with (21, 2y _1, 2x5) = (0,1, 00):
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N —3 mtegrations result of CFT correlation function

Taylor expansion of F'" in s;; | «— o’ expansion of stringy physics
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N —3 mtegratlons result of CFT correlation function

Taylor expansion of F'" in s;; | «— o’ expansion of stringy physics

V color ordering > € S 3 separate set of functions { Fx:™, m € Sy_3}:

A(Z(l,Q,...,N};O/) — (d) H/ -
) ZZz+1

by dependent mtegratlon range

J/
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Any subamplitude A(Z(l, 2,...,N):d ) with X € S can be expanded in

the basis {Ag(o/) = A(1,0(2,3,...N— 2),N—1,N; o/), o€ SN_g}

[Bjerrum-Bohr, Damgaard, Vanhove 0907.1425; Stieberger 0907.2211]

— sufficient to compute A, (a’) with o € Sy_3:

A (o) = > E(d)AM

WESN 3

o' dependent (N — 3)! x (N — 3)! matrix F,™ (o) acting on the

(N — 3)! cpt. vector .A}T(M = AYM(l,W(Q,B, .., N —=2),N — 1,N)
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Any subamplitude .A(Z(l, 2,...,N):d ) with X € S can be expanded in

the basis {Ag(o/) = A(1,0(2,3,...N— 2),N—1,N; o/), o € SN_g}

[Bjerrum-Bohr, Damgaard, Vanhove 0907.1425; Stieberger 0907.2211]

— sufficient to compute A, (a’) with o € Sy_3:

A (o) = > E(d)AM

TESN_3

o' dependent (N — 3)! x (N — 3)! matrix F,™ (o) acting on the

(N — 3)! cpt. vector A}(M = AYM(l,W(Q,B, .., N —=2),N — 1,N)

Aim of the talk: Investigate the structure of the matrix F,™ (o)

.. and the appearance of multiple zeta values Cn p,... n, therein.
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I. Multiple zeta values and their Q relations

o’ expansion of string amplitudes give rise to multiple zeta values (MZV's)

1
Cnl,...,nr = Z knl an knr , Ny € N , Ty > 2
O<ki<..<k, L 72 7070

of various weights (transcendentality degree) w = > ;_;n; and depth r.

MZV relations over (Q leave the following conjectural weight w bases Z,,:

w|0/1]2]3]4 5 6] 7 8 9 10

Zol 110 GGG &G GGGl GGG G, G, GG | Cos 65y Gy GG

GGG Gl | G GG | s GG | QS (s GGG
dp | 110111111 2 2 3 4 5 7

where dy := dimQZy = dyy—9 + dyy—3 with dy = 1 and dy = 0. Zagier]



w 112314 5 |6 7 8 9 10

Zp| 110 GG G| G |G| GG GGG | G 6 GG | Gos G55 Gy €163
GG G| GG | G GG | GG, GG | GGy GGas (GG

dy, o111 2 |2 3 4 5 7

Unlike odd single zeta values (9,11, even single (o, are related over @,

G2

2
0

)

C2n

<_1)n+1

2(2n)!

By, 2m)" € Q- a*"
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w|0]123 4] 5 6| 7 8 9 10

Zy 110 GG Gl G |GGG GGG |G ¢ Gl Cos Gy G 663

GG |G GG | G GG Gils, GoGa | Gals, Glas, GoGas
d,/ 10/ 11112 2/ 3 1 5 7

Unlike odd single zeta values (9,11, even single (o, are related over @,

2 n+1
B _ (=)

By, 2m)" € Q- x"
MZVs of different depth related by shuffle & stuffle relations such as:

Cm Cn — Cmm T Cn,m T Cm—l—n

~5Gs — 8¢ + 536

(3.5

MZVs of depth > 1 become inevitable starting from weight w = 8:
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II. First look at disk amplitude: matrix multiplications

Observe a matrix-multiplicative structure in the o/ expansion of F(a/)

A(a’)

= (1 4+ &P+ GMs + OGP+ GMs + (PG M

N=5

+ G + G M+ GMr + GPGM; + P GM; + O@@®)) A™

where entries of Py, My, are degree w polynomials in o/ or Sij, €.8.

512534 — 534545 — S51512 513524
P, =
512534 513524 — 5924545 — S51513

miy = 834845(834 + 845) + 351812(351 + 812)

i1 M2 — 812834(812 +834) — 2512593534

M3 — ?

M1 Moo M1z = S13524(S12 + So3 + S34 + Su5 + S51)

mo1 = M2 3 Moo = M1

23 23
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Promising pattern up to weight w <7 ...

A<Oél> = (1 + OGP+ My + Py + GGMs + (G Py(3M;

N=5

+ (P + 2GM; + My + GPGMs + G P GM; + O@@®)) AT™
.. in contrast to higher weights with depth > 2 MZVs. E.g. at w = 11:

A

- (Cu M + £ Gz [Ma, [Ms, Mz]] + £ G5 G [Ms, My Mz + (3¢5 PsM;

w=11
N—

5
+ 3G GMMS + §G5 G RMy + GG (PeMy + 9[Ms, [Ms, My])

+ GG (PaMy + o5 [Ms, [Ms, Myf]) + GG (P — 55 (M, [M5,M3H)> AT
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Promising pattern up to weight w <7 ...

A(a')

I (1 + &P+ GMs + GPy + M + OGP M,

+ (P + 2GM; + My + GPGMs + G P GM; + O@@®)) AT™
.. in contrast to higher weights with depth > 2 MZVs. E.g. at w = 11:

A

oy = (Cn M + $s5[Ms, [Ms, M3]] + 1 (35¢[Ms, M3|M; + (3¢ PsMs
N=

5
+ 3G GMMS + §G5 G RMy + GG (PeMy + 9[Ms, [Ms, My])

+ GG (P + 55 [M, [M, My]]) + GG (P — 55 (M, [M5,M3H)> AT

. 9, 2—65, 34—5 e Q along with MZV’s & M; commutators

Ol

e ugly coefficients

e preferred depth 7 > 2 element in the MZV bases Z,,>g unclear, e.g.

G5 = G — G — Gs = —306 — %C§ + 5¢3G5
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II11. Motivic MZVs

Lift the true MZVs € R to motivic MZVs ¢}, which are defined purely

algebraically, form a Hopf algebra and satisty relations of ¢y, .. n, € R:
e climinate the ambiguity of MZV basis choice

e automatically build in Q relations among MZVs
[Brown 1102.1310]
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II11. Motivic MZVs

Lift the true MZVs € R to motivic MZVs ¢}, which are defined purely

algebraically, form a Hopf algebra and satisty relations of (... pn, € R:

e climinate the ambiguity of MZV basis choice

e automatically build in @Q relations among MZVs
[Brown 1102.1310]

Can map them to another Hopf algebra with more transparent basis:

u = QI f3, f5 f1, ---) Q Ql /2]
Hopft algebra on&generators fodd commutes with f, 44

= Span{ (non-commutative polynomials in f,;7) ® f 2]@ , ke Ny }

—>  reproduces recursion dyy = dyy—9 + dyyy,—3 tor conjectural dimgZy,
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Need isomorphism ¢ : {¢,, } — U preserving Hopf algebra structures.
e on single zetas: pick normalization ¢(())') = f;, where fo. = é%kk( fo)k
2

e on depth > 2 MZVs: determined by the coproduct, see [Brown 1102.1310]

e on products: ¢<Cn1, Ny Cpl, ps) Cb@nl, nr) a gb@pl, ) where

fgfil-'~fir|—|—|f2qfir+1”' i — p+qz fz ; Z]€2N+1

UEZ rs

shuffle product LU preserves relative orderin { f;, ... f;, fand {f; ... fi,}.
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Need isomorphism ¢ : {¢,, } — U preserving Hopf algebra structures.
e on single zetas: pick normalization ¢(())') = f;, where fo;. = é%kk( fo)k
2

e on depth > 2 MZVs: determined by the coproduct, see [Brown 1102.1310]

e on products: gb(Cnl, Ny Cpl, ps) ¢<Cn1, ) L ¢(C}?},p5> where

L fi oo fo W S fiy o fio = S5 fig oo iy s i €2N1
oeX(r,s)

shuffle product LU preserves relative orderin { f;, ... f;, fand { f; | ... fi,}.

Examples at weights w = 8 and w = 11:

6((35) = —=5f5f3, 0G5 C) = f3fs + f5f3
Mys) = 5507 + 25 f8 — 2fi S — 450
BT = =5fsfs W fs = =5f3f5f3 — 10f5f3
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IV. Second look at disk amplitude: motivic structure

To simplify weight w = 11, pass to motivic MZVs (.. p, g?ﬁ,--.nr

Am

= (Cﬁ My + £(855 [Ms, [Ms, M3)] + (5% ¢ [Ms, M3 Mz + (5 (G PsM;

w=11
N=5

FHGY MM + (G G PM + GG (PaMy -+ 9 [Ms, [Ms, M)

bGP (GPR (Pubr + & [, [Ms, DT + P (G (P — 2 (Mo, [0, D)) ) AV

. and apply isomorphism ¢ : {¢} ,, } — U

P(A")

- (flan + fifs MsM3 + fsfsfs MsMsMy + fsf3 MiMs

w=11
N=5

+ Pofo(fo My + fiMJ) + Puf3f My + Pofi fs My + Pofy fyMy ) A
e unit coefficients everywhere (instead of the %, 6, o7, == above)

e democratic treatment of ( f3, M3) and (f5, M5)
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To summarize everything we know up to weight w = 11:

oAM= (1 + LR+ P+ P+ fPs+ f3Po)
X {1 + f3Mg + fsMy + f5M5 + frM7 + f3fsMsMs + f5f3M3Ms
+ foMy + fIM3 + fEMZ + faftM7Ms + frfsMsMy7 + fi1Mq

+ 3 M M5 + f3fsfaMzMsMs + f5f5M3Ms, } AM 0%

The fo powers with matrices Py act by left multiplication on

all non-commutative words in f, g7 M, 4.
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To summarize everything we know up to weight w = 11:

oAM= (1 + LR+ P+ P+ fPs+ f3Po)
X {1 + f3M3 + fsMs + f3M5 + fiMr + fafsMsMs + fsf3MsMs
+ foMy + fIM3 + fEMZ + faftM7Ms + frfsMsMy7 + fi1Mq

+ 3 M M5 + f3fsfaMzMsMs + f5f5M3Ms, } AM 0%

The fo powers with matrices Py act by left multiplication on

all non-commutative words in f,, ;7 M, ;. Tempting to generalize:

Am> — (ZkaPZk> {S‘ S‘ fZleQ fzp ip - MiQMil}AYM
k=0

Explicit checks done up to w < 16 for N =5 and w < 8 for N = 6.
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V. Main result

o’ expansion of N-point disk amplitude: [0S, Stieberger 1205.1516]
0.9 O
E : k 5 ) 5 \ YM
¢<Am) — < f2 sz) { P P filfiQ “. fip Mip c o MiQMil} A
€2N+1

e “cven sector”: commutative element fo = ¢(¢5") with matrices Poy

e “odd sector”: democratic sum over all non-commutative polynomials

JiyJig - fz-pMZ-p oM, M, = deC/Z Modd with unit coeflicients
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V. Main result

o' expansion of N-point disk amplitude: [0S, Stieberger 1205.1516]
YM
— (ZfZPQk) { Y flleQ f’Lp ip MZQM’Ll}A
p= O U] 5oyl
ENHI

e “even sector”: commutative element fo = ¢(¢5") with matrices Poy

e “odd sector”: democratic sum over all non-commutative polynomials

firtig - fi,Ms, ... My, My = foaqq Mg with unit coefficients
e at each weight w, only one matrix Py, My, ~ s . to determine
e form of ¢(A™) independent on basis choice for Z,

e The isomorphism ¢ is invertible, so ¢(A™) carries complete information
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Concluding remarks

e Complete superstring disk amplitudes follows via matrix-vector-product

from (N — 3)! YM subamplitudes: Ay (o) = > reSy_a ST (o) AXM

o o/ expansion of F'(a/) involves MZVs of weight w at order o/?.
e The structure of F'(a/) greatly simplifies when lifting Cny.....n, tOo motivic

version Cp -, and making use of their Hopf algebra structure:

Isomorphism ¢ : {¢p} , } — {1, fz]} allows for all-weight-formula.
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Concluding remarks

e Complete superstring disk amplitudes follows via matrix-vector-product

from (N — 3)! YM subamplitudes: Ay (o) =" Faﬂ(@/)A}(M

WESN_Q)
o o/ expansion of F'(a/) involves MZVs of weight w at order o/?.
e The structure of F'(a/) greatly simplifies when lifting Cny.....n, tOo motivic

version Cp -, and making use of their Hopf algebra structure:

Isomorphism ¢ : {¢p} , } — {1, fz]} allows for all-weight-formula.

Thank you for your attention !
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Since the ¢ map is invertible, ¢(A™) contains all information on A™, e.g.

() 100 0 2
e | _ 0 2 0 0 £, f2
| e 0011 g
(35 00 0 =95 f5 f3
i (1 0 0000 0 00 fir
( Cn??’ﬁn\ 0 -5 0 000 —45 —g%\ f5f32\
<3>52<3 0 =10 <5000 0 0 0 13 5 I3
(65")7¢5" 0 2 2200 0 0 0 f3f5
| et | = 00 0010 0 0 0 f3f2
(CMP ey 0 0 0006 0 0 0 3 12
¢y CQ 0 0 0000 1 0 0 f)}%
¢ (¢ 0 0 0000 0 1 0 713
\ggéj \ 0 0 0000 0 01)\f5f§)

The shown dg x dg and dy; X dy1 matrices are non-singular!
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Since the ¢ map is invertible, ¢(A™) contains all information on A™, e.g.

(¢ 100 0 I
CH(CDEN . 02 0 0 o f2
|\ e I Y
(35 X 0 0 =5 f5 f3
Sii 1 0 0000 0 0 0 i1
(C335 (Y—B 000 0 —45 —0 2 f5f§\
4375263 0 -10 =50 X0 0 0 0 13 15 13
(65)°¢5 0 2 2200 0 0 0 fgfi
ol (M = 0 0 0010 0 0 0 13 13
(CIm)3 ¢ 0 0 0006 0 0 0 3 o
¢y 4’2 0 0 0 000 1 0 0 }"9}"’%
C (¢ 0 0 0000 0 1 0 715
\C;é) \ 0 0 0000 0 01)\f5f23/

The shown dg x dg and dy1 X dy; matrices are non-singular vV X, Y

However: Coproduct cannot detect fy, in ¢(¢g) 5, ) with r > 2

—> ambiguity in P, or M, ~ commutators of lower weight M, ;..



