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Introduction

String theory is described by 2D non-linear sigma model

S =
1

2πα′

∫

Σ

d2z
(
Gab +Bab

)
∂Xa ∂Xb + . . . ,

where conformal invariance provides the string equations of
motion, which are captured by the effective action

S =
1

2κ2

∫
dnx

√
−|G|e−2φ

(
R− 1

12HabcH
abc + 4∂aφ ∂

aφ
)
.

There exist conformal field theories which cannot be identi-

fied with such simple large radius geometries (asymmetric orb-

ifolds). (talk by D. Lüst)
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Introduction

Applying T-duality using the Buscher rules leads to the chain
of fluxes (Shelton, Taylor, Wecht, hep-th/0508133)

Habc ↔ Fab
c ↔ Qa

bc ?↔ Rabc ,

with geometric flux

[ea, eb] = Fab
c ec

for n-bein ea = ea
i∂i. Q and R are non-geometric fluxes.

• What is the formal description of these fluxes?

• Mutual consistency conditions: independence?, Bianchi
identities?

• Effects for compactifications with these fluxes turned on?
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Superpotential and moduli potential

Via T-duality, it was argued that all these fluxes generate a
4D (type IIA) superpotential (Grimm, Louis, Shelton, Taylor, Wecht,

Aldazabal, Camara, Font, Ibanez, Villadoro, Zwirner,Dibitetto, Guarino, Roest, ...)

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .
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Superpotential and moduli potential

Via T-duality, it was argued that all these fluxes generate a
4D (type IIA) superpotential (Grimm, Louis, Shelton, Taylor, Wecht,

Aldazabal, Camara, Font, Ibanez, Villadoro, Zwirner,Dibitetto, Guarino, Roest, ...)

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

with

HC
ijk = Hijk + 3F

m
[ij (−iJc)k]m + 3Q[i

mn(−iJc)jm (−iJc)k]n

+ R
mnp

(−iJc)im(−iJc)jn(−iJc)kp

• ΩC depends on complex structure moduli

• Jc = J + iB depends on Kähler moduli

SPHENO2013, 17.07.2013 – p.4/25



Superpotential and moduli potential

Via T-duality, it was argued that all these fluxes generate a
4D (type IIA) superpotential (Grimm, Louis, Shelton, Taylor, Wecht,

Aldazabal, Camara, Font, Ibanez, Villadoro, Zwirner,Dibitetto, Guarino, Roest, ...)

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

There are claims that orientifolds with non-geometric fluxes
generically

• stabilize moduli and in particular can lead to de-Sitter
vacua (Carlos, Guarino, Moreno, 0911.2876), (Danielsson, Dibitetto,

1212.4984), (Damian, Loaiza-Brito, 1304.0792)

• Contribute“negatively” to R-R tadpoles. (Aldazabal, Camara,

Font, Ibanez, hep-th/0602089)
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Superpotential and moduli potential

Via T-duality, it was argued that all these fluxes generate a
4D (type IIA) superpotential (Grimm, Louis, Shelton, Taylor, Wecht,

Aldazabal, Camara, Font, Ibanez, Villadoro, Zwirner,Dibitetto, Guarino, Roest, ...)

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

• What is the 10D origin of this 4D scalar potential?

• Perform the dimensional reduction 10d→ 4d a la
Taylor/Vafa (hep-th/9912152)

• String phenomenology/cosmology with generic fluxes?
So far, we might only have considered a small part of the
string landscape.
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Generalized geometry

Formal developments have led to proposals for effective field
theories describing this non-geometric regime of string theory

• Generalized Geometry: manifold M with generalized
bundle E = TM ⊕ T ∗M (Hitchin, Gualtieri, Grana, Minasian, Petrini,

Waldram, Coimbra, Strickland-Constable, ...)

• Double field theory: doubled coordinates XM = (x̃i, x
i)

tree-level O(D,D) covariant action (Siegel, Hull, Zwiebach,

Hohm, Kwak, Aldazabal, Baron, Marques, Nunez, Berman, Blair, Malek, Perry,

Musaev, Thompson, Jeon, Lee, Park, ...)

• Generalization to M-theory: U-duality covariant actions

Doubled differential geometry is non-standard.
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SPHENO2013, 17.07.2013 – p.6/25



Generalized geometry

• Generalized tangent bundle E = TM ⊕ T ∗M over a
D-dimensional manifold M , (X + ξ) ∈ Γ(E)

• The natural bilinear form on the bundle E is

〈X + ξ, Y + ζ〉 = ξ(Y ) + ζ(X) ,

• The transformations Mt ηM = η form the group
O(D,D).

M =

(
a b

c d

)
,

Briefly review formal framework for string actions in O(D,D)
redefined fields (Andriot, Hohm, Larfors, Lüst, arXiv:1202.3060+1204.1979),

(Bhg, Deser, Plauschinn, Rennecke , arXiv:1210.1591+1211.0030+1304.2784)

(more details in talks by E. Plauschinn & F. Rennecke and by D. Andriot & A. Betz)
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Generalized metric

SPHENO2013, 17.07.2013 – p.7/25



Generalized metric

Combine the metric Gab and Kalb-Ramond field Bab into the
generalized metric
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Generalized metric

Combine the metric Gab and Kalb-Ramond field Bab into the
generalized metric

H =

(
G−BG−1B BG−1

−G−1B G−1

)
.

Mass formula of toroidal compactification

M2 = PM HMN PN + oscil.

with PM = (wi, p
i).
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Generalized metric

Combine the metric Gab and Kalb-Ramond field Bab into the
generalized metric

H =

(
G−BG−1B BG−1

−G−1B G−1

)
.

O(D,D) act on H as

Ĥ = MtHM .

Main examples(
A 0

0 (At)−1

)
,

(
1 0

−dξ 1

)
,

(
1 β

0 1

)

Ggeom =(diffeomorphisms, B-field gauge trafos) β-transforms
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Field redefinition

Action invariant under Ggeom:

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

String action for O(D,D) transformed fields (G,B)?
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Field redefinition

Action invariant under Ggeom:

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

String action for O(D,D) transformed fields (G,B)?

Mt

(
G− BG−1B BG−1

−G−1B G−1

)
M = H′(G,B)
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Field redefinition

Action invariant under Ggeom:

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

String action for O(D,D) transformed fields (G,B)?

H′(G,B) = MtH(G,B)M !
=

(
g − bg−1b bg−1

−g−1b g−1

)
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Field redefinition

Action invariant under Ggeom:

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

String action for O(D,D) transformed fields (G,B)?

H′(G,B) = MtH(G,B)M = H(g, b)

One gets

g = γ−1G (γ−1)t with γ = d+ (G−B) b .
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Field redefinition

Action invariant under Ggeom:

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

String action for O(D,D) transformed fields (G,B)?

H′(G,B) = MtH(G,B)M = H(g, b)

One gets

g = γ−1G (γ−1)t with γ = d+ (G−B) b .

and similarly

b = γ−1
[
γ (c+ (G−B) a)t −G

]
(γ−1)t .
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Quest for non-geometric actions

S(G,B) =
1

2κ2

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

| g(G,B)
|
↓ b(G,B)

S(g, b)?

• Due to γ = d+ (G−B) b, the computation is very
cumbersome and the geometric symmetries mix in a
complicated manner

• Need an order principle!

• Observation: The differential geometry of Lie-algebroids
provides precisely that (more details in talk by E. Plauschinn)
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Non-geometric string action
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Non-geometric string action
Thus we found:

S(G,B) =

∫
dnx

√
|G|e−2φ

(
R− 1

12 H
2 + 4∂aφ ∂

aφ
)

| g(G,B)
|
↓ b(G,B)

S(g, b) =

∫
dnx
√

|g| | det ρ∗| e−2φ
(
R̂− 1

12 ΘαβγΘ
αβγ

+4DαφD
αφ
)
.

By construction, this action

• for β-transf. makes visible non-geometric fields

• is invariant under diffeos, 2-form gauge transf.

• but lacks the symmetries needed for a global description
of non-geometric backgrounds(more details in talk by F. Rennecke)
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Double field theory

(Bhg, Gao, Herschmann, Shukla, arXiv:1306.2761)

Doubled coordinates XM = (x̃i, x
i) → DFT action

SDFT = − 1

2κ2

∫
dDx dDx̃ e−2d

(
1
8H

MN (∂MHKL)(∂NHKL)

− 1
2H

MN (∂NHKL)(∂LHMK)− 2(∂Md)(∂NHMN )

+ 4HMN (∂Md)(∂Nd)

)
.
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Double field theory

(Bhg, Gao, Herschmann, Shukla, arXiv:1306.2761)

Doubled coordinates XM = (x̃i, x
i) → DFT action

SDFT = − 1

2κ2

∫
dDx dDx̃ e−2d

(
1
8H

MN (∂MHKL)(∂NHKL)

− 1
2H

MN (∂NHKL)(∂LHMK)− 2(∂Md)(∂NHMN )

+ 4HMN (∂Md)(∂Nd)

)
.

String world-sheet: doubled zero modes

Xa
L(z) =

xa + x̃a

2
+ (pa − 1

2
wa)(τ − σ) + osc.

Xa
R(z) =

xa − x̃a

2
+ (pa +

1

2
wa)(τ + σ) + osc.
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Double field theory

(Bhg, Gao, Herschmann, Shukla, arXiv:1306.2761)

Doubled coordinates XM = (x̃i, x
i) → DFT action

SDFT = − 1

2κ2

∫
dDx dDx̃ e−2d

(
1
8H

MN (∂MHKL)(∂NHKL)

− 1
2H

MN (∂NHKL)(∂LHMK)− 2(∂Md)(∂NHMN )

+ 4HMN (∂Md)(∂Nd)

)
.

Strong constraint

∂iA ∂̃iB + ∂̃iA∂iB = 0 .
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Double field theory

Symmetries:

• Doubled diffeomorphisms, i.e.

(x̃i, x
i) → (x̃i + ξ̃i(X), xi + ξi(X))

xi dependence: standard diffeomorphisms and B-field
gauge transformations
x̃i dependence: β-field gauge transformations.

• Global O(D,D) symmetry:

H′ = htHh , d′ = d ,

X ′ = hX , ∂′ = (ht)−1 ∂ ,
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DFT Fluxes

Introduce non-holonomic basis

∂a = ea
i∂i ∂̃a = ei

a∂̃i

The ea
i depend on (x̃i, x

i).
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DFT Fluxes

Introduce non-holonomic basis

∂a = ea
i∂i ∂̃a = ei

a∂̃i

The ea
i depend on (x̃i, x

i).

For the commutator of two partial derivatives one gets

[∂a, ∂b] = f cab ∂c

with

f cab = ei
c
(
∂aeb

i − ∂bea
i
)
.
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DFT Fluxes

Introduce non-holonomic basis

∂a = ea
i∂i ∂̃a = ei

a∂̃i

The ea
i depend on (x̃i, x

i).

Analogously, for the partial winding derivatives one finds

[∂̃a, ∂̃b] = f̃c
ab ∂̃c

with

f̃a
bc = ea

i
(
∂̃bei

c − ∂̃cei
b
)
.
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DFT Fluxes

Introduce non-holonomic basis

∂a = ea
i∂i ∂̃a = ei

a∂̃i

The ea
i depend on (x̃i, x

i).

Consider the two DFT vector fields

Da = ∂a +Bam∂̃m , D̃a = ∂̃a + βamDm

and compute

[Da,Db] = F c
abDc +Habc D̃c

[Da, D̃b] = Qa
bcDc − F b

ac D̃c

[D̃a, D̃b] = RabcDc +Qc
ab D̃c

see also (Geissbuhler, Marquez, Nunez, Penaz, arXiv:1304.1472)
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DFT Fluxes
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DFT Fluxes

with the DFT flux
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DFT Fluxes

with the DFT flux

Habc = 3
(
∂[aBbc] + fm[abBc]m +B[am∂̃mBbc] +B[amBbnf̃c]

mn
)
,
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DFT Fluxes

with the DFT flux

F c
ab = f cab + ∂̃cBab + f̃a

cmBmb + f̃b
cmBam + βcmHmab ,
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DFT Fluxes

with the DFT flux

Qc
ab =f̃c

ab + ∂cβ
ab + facmβmb + f bcmβam

+Bcm∂̃mβab + 2βm[a∂̃b]Bmc

+ 2Bcmf̃n
m[aβb]n + 2βm[af̃c

b]nBmn + βamβbnHmnc
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DFT Fluxes

with the DFT flux

Rabc =3
(
∂̃[aβbc] + f̃m

[ab βc]m
)
+ 3
(
β[am∂mβ

bc] + β[amβbnf c]mn

)

+ 3
(
Bmnβ

[am∂̃nβbc] + β[amβbn∂̃c]Bmn+

2β[amβbnf̃[m
c]kBkn]

)
+ βamβbnβcpHmnp .
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DFT Fluxes

with the DFT flux

Rabc =3
(
∂̃[aβbc] + f̃m

[ab βc]m
)
+ 3
(
β[am∂mβ

bc] + β[amβbnf c]mn

)

+ 3
(
Bmnβ

[am∂̃nβbc] + β[amβbn∂̃c]Bmn+

2β[amβbnf̃[m
c]kBkn]

)
+ βamβbnβcpHmnp .

In a given patch with geometric frame, one can turn on com-

ponents of H,F and also Q.
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Bianchi identies

The Jacobi identities for the brackets generate the 5 Bianchi
identities for the fluxes.

D[aHbcd] − 3
2Hm[abF

m
cd] = 0

−1
3D̃

dHabc +D[aF
d
bc] + Fm

[bcF
d
a]m +Hm[abQc]

md = 0

2D̃[cF d]
[ab] + 2D[aQb]

[cd]

−Fm
[ab]Qm

[cd] + 4F [c
m[aQb]

d]m −HabmRmcd = 0

−1
3DdRabc + D̃[aQd

bc] +Qm
[bcQd

a]m +Rm[abF c]
md = 0

D̃[aRbcd] − 3
2R

m[abQm
cd] = 0.
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Orientifold projection
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Orientifold projection

Under world-sheet parity Ω : (σ, τ) → (−σ, τ)

Ω :





∂a → ∂a , ∂̃a → −∂̃a

Bab → −Bab , βab → −βab

fabc → fabc , f̃a
bc → −f̃a

bc

so that the fluxes transform as

Ω :





Habc → −Habc

F a
bc → F a

bc

Qa
bc → −Qa

bc

Rabc → Rabc

Half of the components are Ω-invariant.
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Superpotential

For toroidal type IIA background, oxidize the scalar potential
induced by the superpotential to 10D

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

with R-R flux G = e−BG.
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Superpotential

For toroidal type IIA background, oxidize the scalar potential
induced by the superpotential to 10D

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

with R-R flux G = e−BG.

• Compute the induced scalar potential

• Inspection of appearing terms → ansatz for terms
quadratic in fluxes with indices contracted via
B,G(T, U)

• Invoke Bianchi identities
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Superpotential

For toroidal type IIA background, oxidize the scalar potential
induced by the superpotential to 10D

W = −i

∫

X

HC ∧ ΩC +

∫

X

eiJc ∧G .

with R-R flux G = e−BG.
The following combinations of fluxes appear

Hijk = Hijk + 3F
m
[ij Bmk] + 3Q[i

mnBmj Bnk]

+ R
mnp

Bm[iBnjBpk]

Fi
jk = F

i
jk + 2Q[j

miBmk] +R
mni

Bm[jBnk]

Qk
ij = Qk

ij +R
mij

Bmk

Rijk = R
ijk

.
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Oxidized 10D action: NS-NS
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Oxidized 10D action: NS-NS

The oxidized action can be written as

S =
1

2

∫
d10x

√
−g
(
LNS
1 + LNS

2 + LR
)
.

with

LNS
1 = −e−2φ

12

(
Hijk Hi′j′k′ gii

′

gjj
′

gkk
′

+ 3Fi
jk F

i′

j′k′ gii′g
jj′gkk

′

+ 3Qk
ij Qk′

i′j′ gii′gjj′g
kk′

+Rijk Ri′j′k′

gii′gjj′gkk′

)

and a term containing a single metric factor

LNS
2 = −e−2φ

2

(
Fm

ni F
n
mi′ g

ii′ +Qm
niQn

mi′ gii′

− HmniQi′
mn gii

′ − Fi
mnR

mni′ gii′
)
.
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Oxidized 10D action: NS-NS
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Oxidized 10D action: NS-NS

The contribution from the RR-sector is

LR = −1

2

∑

p=0,2,4,6

|G(p)|2 ,

with the components

G(0) = G
(0)

+
1

6
RmnpC

(3)
mnp

G
(2)
ij = G

(2)
ij −BijG

(0)
+Q[i

mnC
(3)
mnj]

G
(4)
ijkl = G

(4)
ijkl − 6B[ijG

(2)
kl] + 3B[ijBkl]G

(0) − 6Fm
[ijC

(3)
mkl]

G
(6)
ijklmn = G

(6)
ijklmn − 15B[ijG

(4)
klmn] + 45B[ijBkl G

(2)
mn]

− 15B[ijBklBmn]G
(0) − 20H[ijkC

(3)
lmn]

.
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D-terms
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D-terms

Defining a three-form

τijk = Hijk G
(0)

+ 3F
m
[ijG

(2)
mk] −

3

2
Q[i

mnG
(4)
mnjk]

− 1

6
R

mnp
G

(6)
mnpijk .

the dimensional reduction of 10D action also gives a D-term

VD = −1

2
eKt1t2t3

[
s τ135 − u1 τ146 − u2 τ236 − u3 τ245

]

where s, ui complex stucture moduli.
Invoking R-R tadpole cancellation, this term cancels against
tensions of the D6-branes and O6-planes.
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DFT NS-NS action

SPHENO2013, 17.07.2013 – p.21/25



DFT NS-NS action

The NS-NS part can be related to terms appearing the flux
formulation of the DFT action (Aldazabel, Marques, Nunez, Rosabal,

1101.5954), (Geissbuhler, 1109.4280), (Grana, Marques, 1201.2924)

SDFT =
1

2

∫
d20X e−2d

[
FABCFA′B′C ′

(1
4
SAA′

ηBB′

ηCC ′

− 1

12
SAA′

SBB′

SCC ′ − 1

6
ηAA′

ηBB′

ηCC ′

)

+ FAFA′

(
ηAA′ − SAA′

)]
.

with Fabc = Habc , Fa
bc = F a

bc , Fab
c = Qc

ab , Fabc = Rabc.
Using e.g. Fabc = ea

i eb
j ec

k Hijk ,

the“blue” terms give precisely LNS
1 + LNS

2 .
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DFT R-R action
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DFT R-R action

One can put all R-R fields into the spinor representation of
O(D,D) as (Hohm, Kwak, Zwiebach, 1106.5452)

G =
∑

n

1

n!
G

(n)
i1...in

ea1

i1 . . . ean

in Γa1...an |0〉 ,

Then, one can compactly define the R-R field strengths as

G = /∇C

with the generalized fluxed Dirac operator defined as

/∇ = ΓADA − 1

3
ΓAFA−

1

6
ΓABCFABC .

Consistent with the oxidized R-R action.
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Summary and outlook

• Briefly reviewed some recent formal developments in the
description of non-geometric fluxes.

• Further future studies of de Sitter vacua and
non-geometric model building should be performed (no
runaway directions and no flux/anti-brane,
anti-flux/brane config.)

• Work in progress: Generalization of oxidation procedure
to Calabi-Yau manifolds with non-geometric fluxes.
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Lie-algebroids

Differential geometry is usually based on the tangent bundle.
This can be generalized by introducing the notion of a
Lie-algebroid:

Definition: Let M be a manifold, E → M a vector
bundle together with a bracket
[·, ·]E : Γ(E)× Γ(E) → Γ(E) satisfying the Jacobi
identity, and a homomorphism ρ : E → TM called the
anchor-map. Then (E, [·, ·]E , ρ) is called Lie algebroid if
the following Leibniz rule is satisfied

[s1, fs2]E = f [s1, s2]E + ρ(s1)(f)s2 ,

for f ∈ C∞(M) and sections si of E.
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Lie-algebroids

SPHENO2013, 17.07.2013 – p.25/25



Lie-algebroids

• In a Lie algebroid vector fields and their Lie bracket [·, ·]L
are replaced by sections in E and the corresponding
bracket.

• The relation between the different brackets is established
by the anchor preserving the algebraic structure

ρ
(
[s1, s2]E

)
=
[
ρ(s2), ρ(s2)

]
L
,

ρ

M M

(TM, [·, ·]L)(E, [·, ·]E)
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