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Introduction and motivation

important for F-theory

3d M-theory vacua studied by Becker & Becker in 1996

8d manifolds with SU(4) structure [Martelli & Sparks, Cvetic et al]

does not seem to cover all the type II posibilities of
compactifications on SU(3)× SU(3) structure [McOrist,

Morrison, Sethi]

D3 brane potential – minimum at points of SU(3)
structure [Martucci]

M2 branes in B & B compactifications are N=2
supersymmetric

→ find similar setup to type IIB
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Varying structure group in 8d

All M-theory compactifications on 8-manifolds consider
Majorana–Weyl spinors (for simplicity)

Tsimpis 2007 → only need Majorana spinors ξ

Supersymmetry equation Dη = 0, η – 11d Majorana spinor

Compactification Ansatz M1,10 = M1,2 ×K8

η = ǫ⊗ ξ

ǫ – 3d Majorana spinor

ξ – 8d Majorana spinor

→ no need of MW spinors → fixed chirality in 8d -
unnecessary condition → special case!
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Varying structure group in 8d

Each Majorana spinor has 2 M-W component spinors

ξ = ξ+ + ξ− , ξ± =
1

2
(1± γ9)ξ

||ξ||2 = ||ξ+||
2 + ||ξ−||

2 6= 0

ξ± may vanish at certain points.
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Non-vanishing MW spinors → reduction of structure group

One non-vanishing MW spinor → Spin(7) structure

2 non-vanishing MW spinors of same chirality → SU(4)
structure

2 non-vanishing MW spinors of different chiralities → G2

structure

Non-vanishing Majorana spinor ξ → no reduction of
structure group

in general ||ξ+|| 6= 0 and ||ξ−|| 6= 0 ∼ G2 structure

||ξ±|| = 0 ∼ Spin(7)∓ structure

Same behavior as in manifolds with SU(3) × SU(3)
structure.
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N=2 susy in 3d → need 2 Majorana spinors in 8d ∼ 4 MW
spinors

in general SU(3) structure

2 MW components of the same chirality vanish ∼ SU(4)
structure

2 MW components of different chiralities vanish ∼ G2

structure

there exist a unitary description in 9d (no chirality) → only
Majorana spinors
→ manifolds with G2 structure
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9d manifolds with G2 structure

Characterize the structure with the help of spinor bilinears

(V1)m = ξT1 γmξ1 , (V2)m = ξT2 γmξ2 , (V3)m = ξT1 γmξ2 ,

Kmn = ξT1 γmnξ2 , Ψmnp = ξT1 γmnpξ2

(Φ1)mnpq = ξT1 γmnpqξ1 , (Φ2)mnpq = ξT2 γmnpqξ2 ,

(Φ3)mnpq = ξT1 γmnpqξ2 ,

Obey Fierz identities
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SU(4) structure in 8d

V1 = V2 6= 0 ; V3 = 0

Ψ ∼ K ∧ V1 , K − almost complex structure

Φ+ = K ∧K , Φ− + iΦ3 ∼ holomorphic 4− form

SU(4) structure in 8d times an additional direction V1
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G2 structure in 7d

V1 = −V2 6= 0 , V3 6= 0

K = V1 ∧ V3 , Ψ ∼ associative 3− form

Φ1,2,3 combination of V1 ∧Ψ, V3 ∧Ψ and ∗ (V1 ∧ V3 ∧Ψ)

G2 structure in 7d times two additional directions V1 and V3
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General case

Parametrization in terms of SU(3) structure in 6d
Free parameter α =< V1, V2 > angle between V1 and V2
α varies on the 9d manifold → no fixed structure group in 8d

α = 1 → SU(4) point

α = −1 → G2 point

α 6= ±1 → SU(3) point

V± = V1 ± V2 , < V+, V− >=< V±, V3 >= 0

SU(3) structure orthogonal to V± and V3.
Define SU(3) structure forms J and ϕ as the parts of K and
Ψ orthogonal to V± and V3.

J2 ∼ −1 , J ∧ J ∧ J ∼ ϕ ∧ ρ , ρmnp = Jqmϕ
q
np

Ω = φ+ iρ , Ω̄ = φ− iρ = J · Ω
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Supersymmetry equations

Fluxes F̂4 = F4 + f ∧ Vol3
Spinorial susy equations

D(F, f)ξi = 0

can be translated into tensorial equations for the spinor
bilinears

∇mVi n = 2λθnVi m−2λ(θ·Vi)δmn−
1

12
FmpqrΦi n

pqr+
1

2
Φi mnpqf

pθq

∇mKnp = −4λKm[nθp]+4λδm[nKp]qθ
q+

1

2
Fm[n

qrΨp]qr+Ψm[n
qθp]fq
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Supersymmetry equations

∇mΨnpr = 6λΨm[npθr] − 6λδm[nΨpr]qθ
q +

1

72
Fm

stuǫnprstuvwzΨ
vwz

+
3

2
Fm[np

qKr]q −
1

12
ǫmnprklqstΨ

klqf sθt − 3Km[nfpθr]

+ 3δm[nfpKr]qθ
q − 3δm[nθpKr]qf

q

∇m(Φi)npqr = −8λΦi m[npqθr] + 8λδm[nΦi pqr]sθ
s + Fm[n

st(∗Φi)pqr]st

− 2Fm[npqVi r] + 2(∗Φi)m[npq
sθr]fs − 2(∗Φi)m[npq

sfr]θs

+ 2δm[n(∗Φi)pqr]stf
sθt − 12δm[nVi pfqθr] ,

All spinor bilinears on the 9d manifold can be expressed in
terms of V±, V3 and the SU(3) structure forms J and ϕ.
Express susy equations in terms of these
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Varying α

Key point: α allowed to vary ↔ varying structure group.

||V+||
2 = 2(1+α) , → ∂mα =

1

2
∂m||V+||

2 = (V+)
n∇m(V+)n

dα = ρyF

Flux responsible for varying α:
F = h ∧ ρ+ g ∧ ϕ – (3, 0) + (0, 3) wrt SU(3) structure

SU(4) limit – (3, 1) + (4, 0)+ c.c. – no (2, 2) → different from
B & B

dα =2(1− α)(
1 + α

2
h+ gyJ) + 2(1 + α)

[

(h · V3)V3 +
1

4
(h · V−)V−

]

+
1

2
(1− α)(h · V+)V+
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Susy Equations for particular flux

F = h ∧ ρ+ g ∧ ϕ , f = 0

Solution to external gravitino equation:

λ =0 , h · V+ = g · V+ = d∆ · V+ = 0

g · V− =2h · V3 , g · V3 = −
1

2
h · V− ,

d∆ · V− =
1− α

3
h · V− , d∆ · V3 =

1− α

3
h · V3

g − hyJ =
2

1− α
hy(V− ∧ V3)

dα = 4(1 + α)(h · V3)V3 + (1 + α)(h · V−)V−
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dV+ =0 , dK = 0

dV− =−
2 + α

1− α
(h · V3)V− ∧ V3

dV3 =
2 + α

4(1− α)
(h · V−)V− ∧ V3

dΨ ∼ϕ ∧ V− + ϕ ∧ V3 + ρ ∧ V− + ρ ∧ V3

+ J ∧ V+ ∧ V− + J ∧ V+ ∧ V3
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M2 brane potential

In the varying structure group background M2 branes
are not automatically supersymmetric

M2 brane supersymmetry controlled by the M2 brane
chirality operator ΓM2 = γ9

ǫ1 ⊗ ξ1 + ǫ2 ⊗ ξ2 = ǫ1 ⊗ γ9ξ1 + ǫ2 ⊗ γ9ξ2

N=1 → one + chirality and one - chirality spinor
→ α = −1 → G2 point

N=2 → two + chirality spinors → α = +1 → SU(4)
point

α - cos of the angle between V1 and V2 → α = ±1 - extrema
Potential must vanish at susy points
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Conclusions

M-theory on 8-manifold – MW spinors – particular case

Majorana spinors – varying structure group SU(3),
SU(4) and G2 – analog of SU(3) × SU(3) structure in
type II compactifications

flux responsible for varying structure – (3,0) + (0,3) in
the SU(3) language

M2 brane potential has extrema at α = ±1 – SU(4) or
G2 points
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