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Outline	  

•  Mo;va;on	  
	  
•  O(d,d)’s	  &	  field	  redefini;ons	  
	  
•  Symmetries	  
	  
•  Patching	  of	  non-‐geometric	  backgrounds	  

•  Simplify	  backgrounds	  
	  
•  Conclusion	  &	  outlook	  

see	  talks	  by	  Blumenhagen	  &	  Plauschinn	  
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S(G,B) =
1
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⌃
d2z (Gab +Bab) @X
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•  The	  String	  sigma-‐model	  is	  

•  T-‐duality:	  space;me	  Td
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S(G,B) =
1

2⇡↵0
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⌃
d2z (Gab +Bab) @X

a@̄Xb

S(G,B) S( eG, eB)
Buscher	  rules	  

(Buscher,	  Roček,	  Verlinde...)	  

•  The	  String	  sigma-‐model	  is	  

•  T-‐duality:	  space;me	  Td
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Buscher	  rules	  phrased	  nicely	  in	  generalized	  geometry:	  

H(G,B) =

✓
G�BG�1G BG�1

�G�1B G�1

◆

Buscher	  rules	  

T 2 O(d, d;Z),	  

Td
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Buscher	  rules	  phrased	  nicely	  in	  generalized	  geometry:	  

Buscher	  rules	  

H( eG, eB) = eH(G,B) = T tH(G,B)T=) T 2 O(d, d;Z),	  

Td
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Buscher	  rules	  phrased	  nicely	  in	  generalized	  geometry:	  

Buscher	  rules	  

=) T 2 O(d, d;Z),	  

Td

field	  redefini;on	  
H( eG, eB) = eH(G,B) = T tH(G,B)T
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(Kachru,	  Schulz,	  Tripathy,	  Trivedi;	  Dabholkar,	  Hull;	  Hellermann,	  McGreevy,	  Williams;...)	  
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⌃
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a@̄Xb

diffeomorphism-‐invariance	  
gauge	  invariance	  B ! B + d⇠
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•  The	  String	  sigma-‐model	  is	  

	  
	  
	  
	  
•  non-‐geometric	  backgrounds:	  	  ?	  
	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  geometries	  which	  require	  transforma;ons	  beyond	  
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Aim:	  clarify	  the	  structure	  of	  non-‐geometric	  backgrounds	  in	  	  
	  	  	  	  	  	  	  	  	  effec;ve	  string	  theory	  
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✓
t11 t12
t21 t22

◆
2 O(d, d)
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H(g, b) = H0(G,B) = T tH(G,B)T
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T =

✓
t11 t12
t21 t22

◆
2 O(d, d)

H(g, b) = H0(G,B) = T tH(G,B)T
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=) G = � g �t , ��1 = tt11 + (g � b)tt12
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�
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�
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H(g, b) = H0(G,B) = T tH(G,B)T
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provides	  transpose	  of	  anchor	  of	  the	  Lie	  algebroid	  �
TM, J·, ·K, ⇢ = (��1)t

�

=) G = � g �t , ��1 = tt11 + (g � b)tt12

B = � b �t , b = ��1
�
t21 + t22(g + b)

�
� g

H(g, b) = H0(G,B) = T tH(G,B)T
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“gauge	  field”	  in	  the	  Lie	  algebroid:	  analogue	  of	  B	  

=) G = � g �t , ��1 = tt11 + (g � b)tt12

B = � b �t , b = ��1
�
t21 + t22(g + b)

�
� g

H(g, b) = H0(G,B) = T tH(G,B)T
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To	  every	  O(d,d)	  there	  is	  an	  associated	  Lie	  algebroid;	  
the	  corresponding	  fields	  on	  the	  bundles	  are	  associated	  by	  the	  anchor	  

T 2 O(d, d) =) E =
�
TM, J·, ·K, ⇢

�

G = ⌦2⇢⇤g , B = ⌦2⇢⇤b

H(g, b) = H0(G,B) = T tH(G,B)T
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�
b g↵�(

)
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•  The	  geometric	  construc;on	  above	  is	  very	  general:	  
	  	  	  	  	  anchor	  of	  Lie	  algebroid	  ⇢ : E ! TM

Symmetries:	  gauge	  transforma>ons	  
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E, J·, ·K, ⇢
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g 2 �(S2E⇤)
b 2 �(⇤2E⇤)

⇢ : E ! TM

G = ⌦2⇢⇤g

B = ⌦2⇢⇤b
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Symmetries:	  gauge	  transforma>ons	  
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Riemannian	  geometry	  
+	  de	  Rahm	  cohomology	  

Symmetries:	  gauge	  transforma>ons	  
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Lie	  algebroid	  geometry	  
+	  Lie	  algebroid	  cohomology	  

Symmetries:	  gauge	  transforma>ons	  
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Riemannian	  geometry	  
+	  de	  Rahm	  cohomology	  

Lie	  algebroid	  geometry	  
+	  Lie	  algebroid	  cohomology	  

d⇠(X,Y ) = Xa @a⇠(Y )� Y a@a⇠(X)

� [X,Y ]

dEa(s, t) = s↵D↵a(t)� t↵D↵a(s)

� Js, tK

Symmetries:	  gauge	  transforma>ons	  
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•  The	  geometric	  construc;on	  above	  is	  very	  general:	  
	  	  	  	  	  anchor	  of	  Lie	  algebroid	  

�
TM, [·, ·], id

�

G 2 �(S2T ⇤M)
B 2 �(⇤2T ⇤M)

�
E, J·, ·K, ⇢

�

g 2 �(S2E⇤)
b 2 �(⇤2E⇤)

⇢ : E ! TM

G = ⌦2⇢⇤g

B = ⌦2⇢⇤b

⇢(Js, tK) = [⇢(s), ⇢(t)]

Riemannian	  geometry	  
+	  de	  Rahm	  cohomology	  

Lie	  algebroid	  geometry	  
+	  Lie	  algebroid	  cohomology	  

d⇠(X,Y ) = Xa @a⇠(Y )� Y a@a⇠(X)

� [X,Y ]

dEa(s, t) = s↵D↵a(t)� t↵D↵a(s)

� Js, tK

differen;als	  are	  related	  via:	  
(⌦2⇢⇤ dEa)(X,Y ) = d(⇢⇤a)(X,Y )

Symmetries:	  gauge	  transforma>ons	  
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•  The	  geometric	  construc;on	  above	  is	  very	  general:	  
	  	  	  	  	  anchor	  of	  Lie	  algebroid	  
	  	  	  	  	  	  	  	  	  	  	  geometry	  on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  translate	  via	  “anchoring”	  

�
TM, [·, ·], id

� �
E, J·, ·K, ⇢

�⇢ : E ! TM

Symmetries:	  gauge	  transforma>ons	  
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•  In	  par;cular	  

�
TM, [·, ·], id

� �
E, J·, ·K, ⇢

�⇢ : E ! TM

⌦2⇢⇤(b+ dEa) = B + d⇠

Symmetries:	  gauge	  transforma>ons	  
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	  	  	  	  	  	  	  	  	  	  	  translate	  via	  “anchoring”	  
	  
•  In	  par;cular	  
	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  the	  “gauge	  invariant”	  analogue	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  
	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  they	  are	  related	  as	  all	  other	  geometric	  objects:	  

�
TM, [·, ·], id

� �
E, J·, ·K, ⇢

�⇢ : E ! TM

⌦2⇢⇤(b+ dEa) = B + d⇠

H = dB

⇥ = dEb

⇥↵�� = ⇢a↵⇢
b
�⇢

c
� Habc

Symmetries:	  gauge	  transforma>ons	  
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Symmetries	  

•  effec;ve	  ac;ons:	  

Sd
e↵(G,B) =

1

22

Z
ddx

p
|G|e�2�

�
R� 1

12Habc H
abc + 4 @a�@a�

�

S

d
e↵(g, b) =

1

22

Z
d

d
x

p
|g||⇢⇤|e�2�

⇣
b
R� 1

12⇥↵�� ⇥
↵�� + 4D↵�D

↵
�

⌘

G = ⌦2⇢⇤g

B = ⌦2⇢⇤b
T

talks	  of	  Blumenhagen	  &	  Plauschinn	  
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↵�� + 4D↵�D

↵
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⌘

G = ⌦2⇢⇤g

B = ⌦2⇢⇤b

G
geom

B ! B + d⇠
:	  diffeomorphisms	  
	  	  gauge	  transforma;ons	  

:	  diffeomorphisms	  
	  	  gauge	  transforma;ons	   b ! b+ dEa

G0
geom

T
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Symmetries	  

•  transla;on	  of	  symmetries:	  
	  	  	  	  	  	  	  	  	  	  	  	  diffeomorphisms	  by	  construc;on	  
	  	  	  	  	  	  	  	  	  	  	  	  gauge	  transforma;ons	  via	  algebroid-‐differen;al	  

⌦2⇢⇤(b+ dEa) = B + d⇠
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	  	  	  	  	  	  	  	  	  	  	  	  gauge	  transforma;ons	  via	  algebroid-‐differen;al	  
	  
	  
•  in	  terms	  of	  geometric	  group	  

⌦2⇢⇤(b+ dEa) = B + d⇠

G0
geom

= T �1 G
geom

T , T 2 O(d, d)
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⌦2⇢⇤(b+ dEa) = B + d⇠
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geom

T , T 2 O(d, d)

Field	  redefini;ons	  mix	  gauge	  fields	  and	  tensors!	  
	  	  	  	  	  	  	  geometric	  group	  changes	  
	  	  	  	  	  	  	  Lie	  algebroids	  provide	  geometric	  interpreta;on	  
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So	  what?	  

Immediate	  ques;on:	  what	  is	  this	  good	  for?	  	  	  	  	  	  	  	  	  
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So	  what?	  

Immediate	  ques;on:	  what	  is	  this	  good	  for?	  
	  
	  	  	  	  	  	  	  control	  about	  patching	  of	  non-‐geometric	  backgrounds	  

	  	  	  	  	  	  	  easy	  representa;on	  for	  complicated	  backgrounds	  
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Patching	  of	  non-‐geometric	  backgrounds	  

so	  far:	  	  	  
•  to	  every	  O(d,d)-‐induced	  field	  redefini;on	  there	  is	  an	  ac;on	  
	  	  	  	  	  with	  geometry	  described	  by	  a	  Lie	  algebroid	  



	  	  Felix	  Rennecke	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  StringPheno,	  DESY	  2013	  

Patching	  of	  non-‐geometric	  backgrounds	  

so	  far:	  	  	  
•  to	  every	  O(d,d)-‐induced	  field	  redefini;on	  there	  is	  an	  ac;on	  
	  	  	  	  	  with	  geometry	  described	  by	  a	  Lie	  algebroid	  
	  
•  for	  non-‐geometric	  transforma;ons	  (ß-‐transforma;ons,	  
	  	  	  	  	  T-‐duali;es)	  the	  ac;ons	  are	  different	  
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Patching	  of	  non-‐geometric	  backgrounds	  

so	  far:	  	  	  
•  to	  every	  O(d,d)-‐induced	  field	  redefini;on	  there	  is	  an	  ac;on	  
	  	  	  	  	  with	  geometry	  described	  by	  a	  Lie	  algebroid	  
	  
•  for	  non-‐geometric	  transforma;ons	  (ß-‐transforma;ons,	  
	  	  	  	  	  T-‐duali;es)	  the	  ac;ons	  are	  different	  
	  
•  non-‐geometric	  backgrounds	  require	  non-‐geometric	  
	  	  	  	  	  transforma;ons	  to	  be	  patched-‐up	  
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Patching	  of	  non-‐geometric	  backgrounds	  

Resul;ng	  in	  the	  following	  picture:	  

�
TM, [·, ·]Lie, id

� �
TM, J·, ·K, ⇢

�

Sd
e↵(G,B) Sd

e↵(g, b)
G = ⌦2⇢⇤g

B = ⌦2⇢⇤b
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Simplify	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy
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Patching	  of	  non-‐geometric	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy

with	  T =

✓
1 �
0 1

◆
, � =

0

@
0 2⇡N 0

�2⇡N 0 0
0 0 0

1

A

z ! z + 2⇡ =) H(G,B) ! T tH(G,B)T
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Patching	  of	  non-‐geometric	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy

with	  	  	  	  	  	  	  a	  ß-‐transfroma;on	   /2 G
geom

z ! z + 2⇡ =) H(G,B) ! T tH(G,B)T

T
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Patching	  of	  non-‐geometric	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy

G
geom

:	  diffeo	  +	  gauge	  trafo	  	  ;	  	  	  	  	  patching:	  	  ß-‐trafo	  
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Patching	  of	  non-‐geometric	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy

g = dx

2 + dy

2 + dz

2 b = Nz dx ^ dy

T =

✓
0 (G�BG�1B)�1

G�BG�1B 0

◆

G
geom

:	  diffeo	  +	  gauge	  trafo	  	  ;	  	  	  	  	  patching:	  	  ß-‐trafo	  

G
geom

:	  diffeo	  +	  ß-‐trafo	  	  ;	  	  	  	  	  patching:	  b ! b+ da
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Patching	  of	  non-‐geometric	  backgrounds	  

Example:	  the	  Q-‐flux	  –	  again	  

G =
1

1 +N

2
z

2

�
dx

2 + dy

2
�
+ dz

2
B =

Nz

1 +N

2
z

2
dx ^ dy

g = dx

2 + dy

2 + dz

2 b = Nz dx ^ dy

T =

✓
0 (G�BG�1B)�1

G�BG�1B 0

◆

G
geom

:	  diffeo	  +	  gauge	  trafo	  	  ;	  	  	  	  	  patching:	  	  ß-‐trafo	  

G
geom

:	  diffeo	  +	  ß-‐trafo	  	  ;	  	  	  	  	  patching:	  b ! b+ da

not	  algebroid	  
gauge	  trafo!	  
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Conclusion	  &	  outlook	  

•  Geometry	  of	  Lie	  algebroids	  suitable	  for	  describing	  
	  	  	  	  	  non-‐geometric	  backgrounds	  locally	  
	  
•  Quest	  for	  global	  descrip;on:	  
	  	  	  	  	  	  	  	  	  	  	  	  generalized	  geometry	  suitable	  for	  diffeos	  +	  gauge	  trafos	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  or	  diffeos	  +	  ß-‐trafos	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  not	  both:	  DFT	  ?	  
	  
•  Deforma;on	  quan;za;on:	  
	  	  	  	  	  	  	  	  	  	  	  suitable	  redefini;on	  introduces	  (quasi-‐)	  Poisson	  structure	  

(Blumenhagen,	  Deser,	  Plauschinn,	  FR:	  1205.1522)	  

(Hull,	  Hohm,	  Zwiebach,...)	  

(Blumenhagen,	  Deser,	  Plauschinn,	  FR:	  1211.0030)	  
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Thank	  you	  


