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Leading o’ corrections

-

® Effective action in the Einstein frame

1 4 A
m/\/—_{n— T (0"6) Dudp + €7 7=a¢Z RWWRWW} d,

A= %, az (bosonic, heterotic).

# Field equations

1
2(d — 2)

_4
RMV + >\e2_d¢ (RMPGTRVPUT - g,U«l/R,OGATRpaAT> = 0;

V2 — %eﬁ‘b (RPMTRW“) —0.
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General perturbation setup

-

# Metric of the type

-

ds® = —f(r)dt* + g~ (r)dr* +1°d Qg _,

(Einstein frame);

® Variation of the metric
h,uu — 5g,LLI/;

® Variation of the Riemann tensor:

1
— (R oo — Ruvg hap

5Rp0‘,ul/ — 2 U p

— V,V,he +V, NVohyy, =V ,Nohy, + Vi Voh,s) .
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Perturbations on the (d — 2)-sphere

- N

# General tensors of rank at least 2 on the (d — 2)-sphere
can be uniquely decomposed in their tensorial, vectorial
and scalar components.

# One can in general consider perturbations to the metric
and any other physical field of the system under
consideration.
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Tensorial perturbations of the metric

-

o

-

We consider only the tensorial part of £,
hij = 2r° Hp(r, t)Ti; (92) , hio =0,hypy =0
with
("' DDy + kr) Tij = 0, D'T;; = 0, g"T;; = 0.

D;: (d — 2)-sphere covariant derivative, associated to
the metric ;.
7:; are the eigentensors of D on Gd—2

—kr =2 —((¢+d — 3) are the eigenvalues of D? on
S4=2 where ¢ = 2.3,4, .. ..
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Tensorial perturbations of fields

- N

6Rijki = [(Bg—1)Hp +rgd-Hr) (9uTik — 9i T — 951 Tik + 955 Ti1)
+ r*Hr (D;D;Tjx — D;DyTji — DjDiTir. + DjDiTii)

1
ORitjt = [—T233HT + Eff’TzarHT + ff/THT} Tij
2 I
ORitjr = | —r°0:0-Hp —rO:Hr + 57 7375HT Tij;
g’ 1 54g 2 02
5Rirpjrp — —’I“—HT — 57“ —87~HT — 27‘(‘9THT - T 87~HT 7;]
g g

All other tensorial perturbations can be set to O:
® ¢(r) has no tensor modes on the sphere;

® A/, 0A," do not matter, since hy, = 0.
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Perturbed graviton field equation

- N

1
2(d — 2)
1

4
— T giib (R RPOAT — R;:i6¢p=0
2(d—2)7" ( paA >}+d— jOP

4
SRi; + Nez-a? [6 (RiporRL7T) - Rporr RP7Th;

results In

f’ g
<1 — L ) + 0 O2Hp — <1 — 2)\—> r2g O*Hp —
T

g(1—g)

[ 1
— | (d—=2)rg + 57“2 (f"+9¢")+4xd—4) —4Xgg’ — A (f” —|—g’2)} OrHr +

+ -€(£+d—3) <1+i—2(1—g)> +2(d—-2)—2(d=3)g—r(f +9') +

+)\<81_g+2(d—3)(1_g>2— r’ [f”+ <f// le)F)]HT:O.

r2 r2 d— 2 g f
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The Master Equation

- N

The perturbation equation is of the form
O?Hp — F*(r) 0°Hp + P(r) 0,Hp + Q(r) Hp =0

and it can be written as a "master equation"”

0°®  0°®
- = V+®
or? Ot '
» ciirr* _ F%T) ("tortoise" coordinate);
® O = k(r)Hr ("master" variable);
® k(r)=

1 (d=2)rg+572(f'+9') 4N (d—4) 22 —Argg'—r ([ +¢") .
exXp (f 2fqg dl,
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The tensor potential

- N

o V7 : potential for tensor-type gravitational perturbations.
In classical EH gravity it is the same as the potential for
scalar fields (Ishibashi, Kodama, 2000-2003);

# it is the potential for tensor—type gravitational
perturbations of any kind of static, spherically symmetric
R? string—corrected black hole in d—dimensions:
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The string-corrected tensor potential

-

Vr[f(r), g(r)]

-

1
<£(e+ d—3)r*f?g+ =(d—2)(d—4)r’*f*g*
rdfg 4
1 3,2 g 3. 2 p1 L 4,000 3 4 2.9
Z(d_6>7'fgf +rfg°f ‘f‘ET’ff +ET9JC

1
7@’ g’ ~ %r‘*f(g +Hf'e - ir‘lfg(g — f)f”)

(46(£+d—3)(1 - g)gf* +2(d — 4)(d — 5)(1 — 9)g° f?

rtfg
(d—4)rf2gf +2re(f+d—3)f°gf + (d—3)(d—4)rf2g*f

%(d——G)T2f29]”2+—2r2f921”2%-(d-—4)rf299’—-5(d——4)rf292g’

7 1 1 1

1 1
Zr3f29/3+(d—2)7°2f292f,,+57“3f299/f”—27“2f2929”

1
§T3f2gf/g// L TngQQ,g//)
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Study of the stabllity
-

That was the potential for tensor—type gravitational
perturbations of any kind of static, spherically symmetric
R? string—corrected black hole in d—dimensions.

Solutions of the form &(z,t) = et (z):;

The master equation is then written in the Schrodinger
form,
d? 5
o+ V| 6(0) = A0(0) = o)
A solution to the field equation is then stable if the
operator A has no negative eigenvalues (Gibbons,

Hartnoll, 2002; Ishibashi, Kodama, 2003: Dotti, Gleiser,
2005).

|
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"S-deformation” approach

-

following inner product:

+oo_

0.40) = | o)
| do
- %

|

——+V

2

d2
dx?

+V ol

Stability means positivity (for every possible ¢) of the

] 5() da

dx

+00 N
= [ [Ipef 7 jep] s

— 00

with D=L 1 5,V =V 4 /Fgl — 52

o
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"S-deformation” approach (cont.)

- N

® Taking 5 = —¥L94 we are left with

dr
+00 +00
@ Ao = [ Do do [ o

with

CU=B+d+Of (P +ANA—g) + (g = NS
r3 (r — 2\ f7)

(after using equations of motion).



Stability condition
-

The second term of (¢, A¢) can be written as

2k
. Q( )\/E

Forr > Ry, f(r),g(r) > 0.

This condition keeps valid with o’ corrections as long as
the black hole in consideration is large, i.e. Ry > V),
which is true in string perturbation theory.

This way the perturbative stability of a given black hole
solution, with respect to tensor-type gravitational
perturbations, follows if and only if one has Q(r) > 0 for

TZRH.
.
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The Callan-Myers-Perry black hole
-

# Metric of the type
ds® = —f(r)dt*+ g~ (r)dr* +r*dQ5_,;

» f(r) = g(r) = go(r) |1 - AR T Tt |

® o = 0: Schwarzschild-Tangherlini solution;

# the only free parameter is the horizon radius Ry
(secondary hair), which is not changed;

# dilaton vanishes classically and only gets o'-corrections
(1988).

|
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Leading o’-corrected dilaton

- N

o ¢(r) _ (d—2)7 Ry \*%\  (d—3)(d—2)?
elr) = =3 Py (1_(7) >_ 31z @b
Ry\%2 d—1/( r \? Ry \¢3 2
=) s (E) B(<T> dT°>]<O
: @-sa—22 m* 1= ()"
o (r) = 4 d—2 a3 >
1- (%)
with B(z; a,b) = [ t*~ 1 (1 —¢)*~! dt (Moura, 2010).

At the horlzon

- (st (90 (25) ) 5)

with

\_ P(z) = ,(( )) _dn @D(Z) .y = lim (i % — lnn) . J

k=1
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Dilatonic BH and compactified strings
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ds® = —f(r)dt*+g7 ' (r) dr?+1° d Q7 _y+h() gmn(y) dy™ dy";

# Metric in ds; = 10 (or 26) dimensions of the type

® Solution:

2
d3_2

_ (,_(R= d—3 ,_(d=3)(d=4) X\ (Ru d_Sl_(RT)d_l
alr) = <_(7) ) B 2 R%,(r) g )d—3

d—3 _
i) = g<r>+4(l—(R—H) ) b= (6-rel).

r (ds — 2)°

hg) = (1- ¢)?;

(Moura, 2011).
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Stability of the dilatonic BH
- -

The dilatonic black hole is stable under tensor perturbations
In d dimensions.

o |
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From fundamental strings to black holes
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# Consider an excited fundamental string with mass M in
d— dimensional flat spacetime, with momentum number
n and winding w on an internal circle of radius R.

# String correspondence principle (Susskind, 1993)

# When the string interaction is strong enough, such
string forms a black hole with with mass M and two
electric charges that can be parameterized in terms of
left and right-handed momenta (pr,, pr):

- n _wR
pL,R—R:F o

o |
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Construction of the solution

-

ldea: to add momentum and winding charges by “lifting”
the metric to an additional dimension whose coordinate
will be denoted by =.

This means to produce a uniform black string.
Take the additional dimension to be compact.

Add the momentum charge: perform a boost in the «
direction, which after Kaluza-Klein (KK) reduction would
give one U (1) charge.

T-dualize in the z direction: a (d + 1)-dimensional black
string winding around the z circle. (Reducing to d
dimensions would give a black hole with winding
charge.)

A second boost of the (d + 1)-dimensional black string inJ
the z direction gives back momentum char

| perturbations and stability of spherically symmetrig—dimensional black holes in string theory — p. 20



Construction of the solution

- N

# Then a reduction to d dimensions generates the black
hole with generic momentum and winding charges
generated by the boost parameters a,,, ay,.

# One works with the low energy effective action

I,

. 1
ff—167TG /ﬂe 2¢<7€+4(V¢) ——H2>d ,

Hopy = 301 Bsy),
and takes the Tangherlini black hole (other fields
vanish). T-duality will turn on the additional fields.

o |

Tensorial perturbations and stability of spherically symmetric d—dimensional black holes in string theory — p. 21



The solution (Horowitz, Polchinski, 1997

-

o

°

e o o @

B

Metric of the type
s?2 = —fo(r)dt® + go H(r)dr? +r2dQ%_;

go(r) =1 — (Bz)",

folr) = ssatmy A @) =1+ (4

o, 0y = 0 @ Tangherlini black hole.

Dilaton: ¢(r) = ¢g — 1 log A (a) — T log A (ay) -
Two abelian gauge fields

A= ()" e A = ()" e

sinh?

)d—B
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The CMP black hole in the string frame
- -

® o(r) = Ap(r) (same EOM as before to first order in \);
® git=—g0 (1+2Xu(r)), g =95 (1+2Xe(r)),

(d —3)R%° (d—2)(d—3) 2(2d —3)
A (Td—3 _ R%—s) { 2 d-1

b (0 (g25) ) o) o)
2

—e(r) + = (#(r) =7 ¢/ (1))

e(r) =

p(r)

® This is the solution we will boost and T-dualize.
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Transformations to the CMP solution

- N

# Boost in the additional direction = with parameter « :

g% = cosh?(a)gi + sinh?(a),
g5 = sinh(a)cosh(a) (g +1),
Oy = sinh? (a)get + cosh? (o),

® o/-corrected Buscher rules (Kaloper, Meissner (1997)):

2 1 \ 2 Natt a2 (6. V)2
gg; = gyt — &, ggx _ (1 + (29:18:3,7“) + 9" 9z (O0r V) 7
Jdxx Jxx 9%y 9rr Jrr
By = It _ A@rng,T7 ol = o+ 1 In (i) 7
Jxx grr gxx 4 oz
vV = gzt ,
gxx

L.o The rest of the metric components and other fields do J
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First boost and T—duality
-

We first perform a boost on the CMP solution with «,, as a
boost parameter which can be interpreted as related to the
winding modes after a subsequent T-duality:

-

T o 9o 2 11(r) cosh? ay,
9 w — _ 1
it A(cw) { + INE™ },

JTow — i 2 u(r) go sinh® ay A (d—3)2Ry"* sinh? agu]
TT A(aw) A(Oéw) r2 (d_Q)A(Oéw) )
BT,aw _ 1 (R_H)d_3 sinh 200 [1 B 2 'UJ(T)RdH_BgO - A (Cl . 3)2 90 RdH3i|
xt 2 T A(aw) Td_BA(Oéw> ,r,d_]_ A(Oéw>2 )

1
¢T,Oéw = —5 IH(A(Oéw)>
r sinh? au, d — 3)2R%™) sinh? ay,
+ A[1+<p(r)+“()go _ =3 Ry |
Aowy) 472 (d=2) A (o)

LThe rest of the components remain unchanged. J
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Second boost and dimensional reductiol

. N

We perform the second boost in the x direction with a boost
parameter «,,, and then we reduce to d dimensions (Giveon,
Gorbonos (2006); Giveon, Gorbonos, Stern (2010)):

sinh(aw,) cosh(an) (g?vz,’;aw + gz;’aw)

AP =
! cosh? (o) gff‘w + sinh? (o) gg’aw
1 (R_H) 4=3 sinh 2an, {1 2Ap(r)r? =3 g9 A (d—3)? RdH_3 go sinh? aw]
92 r A (o) R?{_BA(an) rd=1A(an) Alow) 7
w T,y
A/ = B, Y,
inh? « sinh? «
“2¢  —  \/Alan) Alaw) [1—2Xe(r) — A (Sm n ’“’)
: VAT Ao [1=230(r) = (o (= + T

A (d—3)? Ril(d_m go sinh? o, sinh? oy,
R?, 272 (d=2) A (qpp ) A ()

o |
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-

gtt

grr

_|_

Final metric (string frame)

Taaw Taaw

-

9z 9t
cosh?(an) gas™™ + sinh?(au,) gg’aw
B 9o 2 pu(r) ~ 2Apu(r) r2(d=3) sinh?(ay,) sinh? (ay)
Alan) Alaw) A(an) Alaw) R A(an) Alow)
() (sinh2 an  sinh? ag ) (d—3)2\ R?{(d_g)gg sinh? (o, ) sinh? (o)
r
PN\ Alan)  Alaw) r2(d=2) A (an) A () !

gO_1 (14+2Xe(r)).

The other metric components remain unchanged.

o
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9ec

(r)

Final metric (Einstein frame)

f5 (r) (1 +

i

A
Ry

VA(an)Aaw)

1

2A (o) A(aw)

(-

(d—3)%fg ( -

1

(2

-

10 o) = i) (14 ot
H

(2 13) (A(an) sinh® (o) + A(ow) sinh?(an)) u(r)

2(d—3)
) sinh? (v, ) sinh? (Om)) p(r)

Ry

INCHINED,

(d=3)°fg ( ;

Ry

2(d—2)
) sinh? (o ) sinh? (an) — 4A(an)A(Oéw)90(7“)> 3

(2 (A(an) sinh? (o) + A (o) sinh? (an)) p(r) fo

2(d—2)
) sinh? (auw) sinh? (a ) 4+ 4A (o) Ao ) (p(r) — e(r))) :

|
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Stability of the doubly charged BH
B o | -

# Long calculation with simple final result:

4

g—f == o) [(d=3)e(r) +7r¢(r)].

» We just have to analyze (( —3) o(r) —|—7“gp( ))’ =
2P (-0 D) +2(%
(1—( ")
#® ¢ — fIs a positive function which decreases to zero
asymptotically.

" <o

# The doubly charged black hole is stable under tensor
perturbations in d dimensions.

o |
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-

#® These results are to be compared with the

Some comments

-

corresponding ones in Lovelock theory, where several
Instablilities have been found (Dotti, Gleiser, 2005;
Takahashi, Soda, 2010), depending on d.

In Lovelock theories instabilities manifest themselves
mainly on shorter scales, and there are domains of the
parameters in which linear perturbation theory breaks
down and is not applicable.

Reason: Lovelock theories are seen as exact and not
effective theories; the dependence of the solutions on
the coupling constants goes beyond perturbation
theory. The order at which they appear in the lagrangian
does not matter for such dependence (often nonlinear).

|
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Some comments (concl.)

-

String—theoretical solutions are perturbative in o’: their
dependence on «' is of the same order in which o’
appears on the lagrangian.

This is why linear perturbation theory is fully applicable
to these solutions we have studied.

One must keep in mind that the stability we have shown
IS just perturbative.

General gquestion concerning perturbative
string—theoretical black holes: do string o’ corrections
preserve the stability properties of the corresponding
classical solutions?

|
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