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Prologue

Mid to late 90s: a sense of unity and optimism



Prologue



Prologue

Post mid 2000s: full of uncertainty!



Motivation

• 10500 vacua or not, need to have control of quantum corrections (in 
gs and α’) to understand the vacuum structure of string theory 

• Some key issues in particle physics and cosmology are sensitive to 
Planck suppressed operators (e.g., gravity mediated SUSY, inflation,..).

• Non-perturbatively generated and higher dim. operators may explain 
small #s in Nature (e.g.,Yukawa/flavor hierarchies, !-masses, µ-term).



Summary of Our Work
• A modest attempt to compute exact results on quantum 

corrected EFT of string compactifications (GHSS):

I. Garcia-Etxebarria, H. Hayashi, R. Savelli, GS, JHEP 1303, 005 (2013).

• Make use of string dualities to compute exact in gs (albeit 
perturbatively exact in α’) Kahler potential in String/F-theory.

• See also Savelli’s parallel talk on Tuesday.

I. Garcia-Etxebarria H. Hayashi R. Savelli



F-theory
• Non-perturbative formulation of IIB string theory [Weigand’s talk]

• SL(2,Z) symmetry on axiodilaton τ=C0 + i e-Φ ➪ geometrize τ as 
complex structure of a two-torus [Vafa];[Morrison,Vafa];...

• Aspects of F-theory EFT obtained so far have not fully exploited 
the geometrical nature of F-theory to describe non-perturbative 
physics; non-perturbative symmetries not manifest.

• GHSS: Geometric interpretation of quantum corrections in 
terms of Gopakumar-Vafa invariants; SL(2,Z) symmetry manifest.

396 Type IIB orientifolds

Name ord(f) ord(g) ord(�) singularity-type

smooth � 0 � 0 0 none

In 0 0 n An�1

II � 1 1 2 none

III 1 � 2 3 A1

IV � 2 2 4 A2

I⇤n 2 � 3 n+ 6 Dn+4

I⇤n � 2 3 n+ 6 Dn+4

IV ⇤ � 3 4 8 E6

III⇤ 3 � 5 9 E7

II⇤ � 4 5 10 E8

Table 11.4 Kodaira classification of singular fibers in elliptic fibrations, with their

mathematical names in the first column. The last column describes the ADE enhanced

gauge symmetry associated to a singularity characterized by the order of vanishing of the

functions f , g, � at the relevant point on the base, shown in the three middle columns.

Figure 11.7 Degeneration of the T2 fiber in F-theory. The T2 fiber is generically smooth,
but degenerates at a point in the base, by e.g. pinching into four 2-spheres. The latter
display the structure of the (extended) Dynkin diagram of an A3 algebra. Correspondingly,
the singular fiber is of type I4 in table 11.4 and leads to an SU(4) gauge symmetry.

top of each O7-plane, canceling the RR charge locally, and leading to an SO(8)4

gauge symmetry. Due to local RR charge cancellation, the RR scalar has trivial
monodromies and ⌧ is constant over the base space. Configurations of this kind
have a tunable string coupling which can be used to define a weak coupling limit;
such limits do not exist in other generic F-theory models.

The F-theory geometry corresponds to a T4/Z2 orbifold limit of K3. This can

404 Type IIB orientifolds

Figure 11.10 The picture shows the local del Pezzo surface and the intersection curves sup-
porting the matter and Higgs multiplets of a SU(5) GUT model, as well as the intersection
points leading to Yukawa couplings.

As explained above, D7-branes on del Pezzo 4-cycles neither have massless ad-
joints nor discrete Wilson lines to break the GUT gauge symmetry. There is however
a possibility to achieve the breaking of SU(5), by turning on a worldvolume mag-
netic field for the hypercharge generator in SU(5),

Y ' diag (2, 2, 2,�3,�3) , (11.131)

supported on the homologically non-trivial 2-cycles of dPn. The magnetized branes
indeed experience a symmetry breaking of SU(5) to the SM group. In the process,
the SU(5) gauginos can potentially produce exotic chiral matter charged under the
SM group; their quantum numbers are given by the branching

SU(5) ! SU(3)⇥ SU(2)L ⇥ U(1)Y ,

24 ! (8,1)0 + (1,3)0 + (1,1)0 + [ (3,2)5 + c.c. ] . (11.132)

where the hypercharge normalization has been chosen to avoid fractional charges
later on. Since the above fields have (hyper)charge 5, the quantization conditions
(B.26) for the hypercharge flux over the basis of 2-cycles H, Er in S are

5

Z
H

FY

2⇡
= nY,H , 5

Z
Er

FY

2⇡
= nY,Er , (11.133)

with integer flux quanta nY,H , nY,Er 2 Z. Equivalently, the homology dual ishFY

2⇡

i
=

1

5
(nY,HH +

X
r

nY,Er Er) . (11.134)

The multiplicity of the above (3,2)5 exotics is given by the index of the relevant
Dirac operator coupled to the hypercharge flux. For del Pezzo surfaces, there exist
certain ‘vanishing theorems’, which ensure that this index vanishes if the class 5

⇥
FY
2⇡

⇤
has self-intersection �2, e.g. 5

⇥
FY
2⇡

⇤
= Er � Es, with r 6= s, as exploited later.

As is familiar from previous brane constructions, achieving the actual SM group
at low energies requires that the hypercharge U(1)Y remains massless. Indeed, a



Moduli Stabilization

• Perturbative α’ corrections to K have played a key role in moduli 
stabilization, e.g, [Balasubramanian, Berglund, Conlon, Quevedo]

• O (α’3 ) correction to K [Becker2, Haack, Louis] was heavily used.

• O (gs2 α’2 ) corrections to K were found for some N=1,2 toroidal 
orientifolds, cancellations in V (“extended no-scale”) [Berg, Haack, 
Kors];[Hebecker, von Gersdorff];[Cicoli, Conlon, Quevedo]

• We found an exact in gs  and all orders in α’ generalization of these 
results. [Garcia-Etxebarria, Hayashi, Savelli, GS]

• Generalization is particularly important for moduli stabilization in 
F-theory GUTs as strong gs coupling effects are invoked. [Cicoli, 
Mayrhofer, Valandro]; [Cicoli, Krippendorf, Mayrhofer, Quevedo, Valandro]



Summary of Strategy

• Consider a particular N=2 model: F-theory on K3 x K3

➡ obtain exact in gs, perturbatively exact in α’ Kahler potential

➡ more constraining than N=1but yet exhibit similar features

➡ pattern of corrections N=4→N=2 as guide for N=1 case.

• Extensive use of string dualities and the c-map:



F-theory Effective Action



Effective Action
• F-theory is an exact completion (in gs) of IIB but is perturbatively 

defined in α’.  At tree-level in α’:

where 

• In the weakly coupled IIB orientifold limit (Sen’s limit):

• Kc contains all gs corrections sum in an SL(2,Z) invariant way. 

• Physics depends on intrinsic fibration structure! ➩ Labels 
(monodromies) of 7-branes change, not their mutual relations.

• Target space duality in M-theory when CY4 is trivially fibered but 
this symmetry holds generally for elliptically fibered CY4.

decoupled contributions:

K = KK +Kc , (2.1)

where the first is due to moduli of the Kähler structure only and the second to moduli of the

complex structure only of the internal fourfold. Explicitly they look like:

KK = �3 logVCY4 , Kc = � log

Z

CY4

⌦4 ^ ⌦̄4 , (2.2)

where VCY4 is the classical volume of the Calabi-Yau fourfold, while ⌦4 is its unique holomor-

phic (4, 0)-form. The complex structure moduli of the internal fourfold contain three di↵erent

kinds of moduli of the underlying type IIB weak coupling orientifold compactification (Sen

limit): The bulk moduli of the internal Calabi-Yau threefold (closed string moduli), the 7-

brane deformation moduli (open string moduli)2 and the axio-dilaton S = C0+ ie��, thought

of as an actual 4d modulus. Indeed, generically the complex structure of the torus fiber is

not a modulus because it varies over the internal space according to the implicit relation

j(S(z)) =
4(24f)3

27g2 + 4f3
(z) , (2.3)

where j is the modular invariant Klein function while f and g are polynomial functions of

the base coordinates z, defining the Weierstrass representation of the elliptic fibration. The

solution for S of eq. (2.3) encodes the backreaction on the axiodilaton of a given 7-brane

solution of type IIB string theory. However, the Sen parameterization of f and g allows to

isolate from the backreacted solution a constant piece S0, which represents the asymptotic

value of the axiodilaton far away from the 7-brane sources in a given chart, and thus behaves

as a true 4d modulus.

In general the computation of the periods of ⌦4 to evaluate Kc is extremely hard, and

possible only in case one has few moduli. However, to make clear our purposes it is instructive

to consider its weak coupling limit. Taking the Sen limit of an F-theory compactification just

means finding a region in the complex structure moduli space of the fourfold in which the

imaginary part of the axio-dilaton can be sent to infinity in a globally well-defined way. In

doing so one sees that the discriminant of the elliptic fibration gets factorized in two pieces,

whose vanishing locus can be interpreted in a suitable SL(2,Z) frame as a D7-brane and an

O7-plane. Since now the string coupling constant gs can be kept small everywhere on the

base (except on the locus where the O7 sits), one can make a perturbative expansion3 of Kc

in gs:

Kc = � log(ImS0)� log i

Z

CY3

⌦3 ^ ⌦̄3 +
gs

2i
R

CY3
⌦3 ^ ⌦̄3

KD7 +O(g2s) , (2.4)

2The separation between bulk and brane-type moduli is not canonical, but for our illustrative purposes it

is not needed to go into the details of this subtlety.
3One can also obtain in the Sen limit a complete perturbative expression, which is only up to purely

non-perturbative terms going like e�1/gs [9].
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SL(2,Z)

• Strong-weak coupling transformation: Local Lagrangian?

• Gauge couplings of gauge fields from KK reduction of bulk 
SUGRA or 7-branes do not change under SL(2,Z), e.g.,

only Einstein frame volumes are involved, SL(2,Z) inv.

• We shall verify that each α’-tower of corrections displays an 
SL(2,Z) symmetry for F-theory on K3xK3.

• More general than the case in [Collinucci, Soler, Uranga] as 
fibration is non-trivial; yet enjoy the non-renormalization 
theorems for N=2, and admits multiple dual descriptions.

Figure 1. Quantum corrections to the prepotential of F-theory on K3 ⇥ K3. The horizontal axis
labels the degree in ↵0 of the correction, and the vertical one the degree in gs. The circles represent
the non-vanishing perturbative terms in the prepotential. The solid band on top represents the set
of non-perturbative corrections in gs; Notice that there are no such corrections at tree level in ↵0, as
discussed in the text.

where the Vol(4-cycle) stands for the string frame volume of the four-cycle which the D7-

branes wrap. The expression (2.9) becomes in the Einstein frame

1

g2YM

⇠ Vol(4-cycle)

gs
= cVol(4-cycle), (2.10)

where cVol(4-cycle) represents the Einstein frame volume of the four-cycle. Therefore, the

gauge coupling for the gauge fields on the D7-branes does not change under the SL(2,Z)

transformation. To summarize, the gauge couplings for the two types of the gauge fields

remains to be weak after the SL(2,Z) transformation if the original gauge couplings are

weak. Hence, one may safely use the Kähler potentials on both sides and argue the SL(2,Z)

invariance of the corresponding Kähler metrics.

Moreover we expect that this property still holds at higher order in ↵0. Eq. (2.2) is only

the tree-level expression in ↵0. At higher ↵0-orders, in general, Kähler and complex structure

moduli will mix. Nevertheless, since the SL(2,Z) duality of type IIB string theory is believed

to hold at all orders in ↵0, we expect that, at each ↵0-order, there will be a suitable F-theoretic

– 7 –



F/M-theory Picture

➡ Type IIB string theory with varying axio-dilaton.

- IIB metric in Einstein frame and 10d Poincaré                    .

- The finite quantity                    is the 2-cycle size in string units.

• M-theory scale is small compared to string length                       .

➡ Look for higher derivative corrections to 11d sugra which survive 
the F-theory limit  v0 =Vol(T2)→0 .

- Reduce M to IIA along A.

- T-dualize IIA to IIB along B.

- Take the v0 =Vol(T2)→0 limit.

r = (v0)�3/4

v↵s =
p
v0v↵M

lM/ls = (v0)1/4

B

A



Our Model & Its Heterotic Dual



Our Model

• Consider Type IIB orientifold on K3 x T2/Z2

• 4 Fixed points: positions of 4 O7-planes wrapping R1,3 x K3

• N=2, D=4 Compactification:

❖ Vector multiplets: 

‣ 3 bulk:  axio-dilaton (S), K3 volume (T), T2 cplx str. (U).
‣ 16 brane:  transverse positions of D7-branes (Ci).
‣ No D3-moduli (16 rigid, space-time-filling, “half” D3s).

❖ Hypermultiplets: complex structure of K3 and Kahler 
modulus of T2.

• Focus on quantum corrections to the metric of the vector 
multiplet moduli space (a Special Kahler manifold).



Duality Dictionary
• We computed such corrections by following the duality

• Heterotic & Type I are a strong-weak coupling dual-pair in 10d:

• Upon further T-duality, the vector moduli space gets mapped to:

• 5-brane instantons & worldsheet instantons in heterotic become 
D3 instantons and D(-1) instantons in Type I’.

cancel the 7-brane tadpole are all scalar components of 19 vector multiplets.7 The complex

structure moduli of K3 plus the Kähler modulus of T 2 will instead constitute the scalar fields

of a number of hypermultiplets. Note that this is di↵erent from the compactifications of Type

IIB string theory on Calabi-Yau threefolds where the dilaton is a scalar component of the

universal hypermultiplet. This is because [41] there the vector fields come from the reduction

of RR fields in the usual Calabi-Yau threefold compactifications. Hence, the gauge kinetic

terms do not have the dilaton dependence. On the other hand, in the present case, there are

gauge fields coming from the reduction of B2. Therefore, there exists a gauge kinetic term of

the form [42]

e�2�I0
10

p

G4

p

GT 2

p

GK3G
µ1⌫1Gµ2⌫2Gij

T 2Hµ1µ2iH⌫1⌫2j . (3.1)

where i, j are directions of the torus.8 Then the kinetic term of the gauge fields contain the

dilaton e�2�I0
10 , the volume of K3,

p
GK3, and the complex structure of T 2,

p
GT 2Gij . Since

the gauge kinetic term in N = 2 supersymmetric field theory is written in terms of N = 2

vector multiplets, we conclude that SI0 , TI0 , UI0 are scalar components of vector multiplets.

Our main interest here is to study corrections to the metric of the vector multiplet moduli

space, which is a Special Kähler manifold. Hence all we need is the prepotential as a function

of our 19 moduli. Due to its holomorphicity property, quantum corrections to the prepotential

are very well under control and this constitutes an enormous simplification in carrying out

our analysis.

This type IIB model has also the advantage of admitting a chain of dualities to other

type of string theories. Indeed, type I0 string theory can be obtained via T-duality from type

I compactified on K3⇥T 2 which in turn is S-dual to heterotic string theory again on K3⇥T 2.

In the next subsection we define the fields we are going to deal with and provide a complete,

clear dictionary of this chain of dualities acting on them.

3.2 Duality dictionary

In this subsection we determine how the classical moduli fields of N = 2, 4d vector multiplets

coming form heterotic string theory compactified on K3⇥ T 2 are related with the ones from

type I and type I0 string theories under the following chain of dualities:

S-duality T-duality

Heterotic  ! Type I  ! Type I0

7When we do not write a subscript on the moduli fields we will always mean quantities in the type I0 theory.
8Although B2 itself is odd under the Z2 action, B2 with one leg on T 2 is Z2 even.
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3.2.1 10d duality

Let us first consider the duality between SO(32) heterotic string theory and type I string

theory in ten dimensions. We have the following relations [43]

�H
10 = ��I

10, (3.2)

GH = e��I
10GI , (3.3)

where �H,(I)
10 is the ten dimensional dilaton and GH,(I) is the metric in heterotic string theory

(type I string theory). The relations (3.2), (3.3) can be derived from the low-energy e↵ective

actions of heterotic string theory and type I string theory. The heterotic string e↵ective action

in ten dimensions scales with the dilaton �H
10 like

Z

d10x
p

GHe�2�H
10(RH + |r�H

10|2 + F 2 + |dB|2). (3.4)

If we transform (3.4) using (3.2), (3.3), the scaling becomes

Z

d10x
p

GI(e
�2�I

10(RI + |r�I
10|2) + e��I

10F 2 + |dC|2). (3.5)

Then, (3.5) has the correct scaling behavior for the type I string e↵ective action.

3.2.2 4d duality

Now we consider the compactification on T 2 ⇥ K3 and see how the S-duality relates the

moduli on both sides [23]. Since the moduli spaces of vector multiplets and hypermultiplets

are factorized under N = 2 supersymmetry, the Kähler metric on the full moduli spaces will

also appear as a direct product. Then, the Kähler potentials are factorized up to Kähler

transformations. Furthermore, the dilaton is a scalar component of a vector multiplet also

in heterotic string theory on T 2 ⇥K3. As anticipated, we concentrate on the moduli coming

from the vector multiplets. To begin with, we ignore the Wilson line moduli, which dualize

in type I0 to D7 positions. Then, there are only three vector multiplets and their scalar

components are

SH = Bd + ie�2�H
10Vol(T 2 ⇥K3)H , (3.6)

TH =

Z

T 2

B45 + iVol(T 2)H , (3.7)

UH =
GH

45 + i
q

GH
T 2

GH
44

, (3.8)

where Bd is the axion dual in 4d to Bµ⌫ and 4, 5 are the T 2 directions. (3.6) and (3.7)

can be interpreted respectively as the classical action for a 5-brane instanton wrapping the

whole internal manifold and a worldsheet instanton wrapping T 2. By applying the relations

(3.2), (3.3) to (3.6 – 3.8), we can obtain the corresponding moduli fields in type I string
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SI = Cd
+ ie��I

10
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I

S 0
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Threshold Corrections

• Special Kahler geometry (N=2 prepotential):

• Use CFT techniques to compute all α’ corrections in heterotic dual 
by going to orbifold limit (2-cycle volumes in hypers.)

➡  Kahler potential for Type IIB orientifold, exact in gs

• First, ignore the Wilson Lines: [Harvey, Moore];[Henningson, Moore]

exact in α’, perturbatively exact in gs.

• SH→SH + λ is an exact symmetry in perturbation theory. FH (and SH) 
has no perturbative corrections beyond one loop in gs =1/Im SH. 

interested in: The first is the standard complexified Kähler modulus for K3, whose imaginary

part is of order g�1
s ↵0�2; the second is the usual axio-dilaton, whose imaginary part is g�1

s ;

the third is the complex structure modulus of T 2.
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defined as

Ai
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4 �Ai
5 i = 1, . . . , 16 , (3.19)

where Ai
4,5 are the components of the i-th vector in the Cartan torus of the heterotic gauge
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Ci
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i
4 � pi5 . (3.20)

4 Threshold corrections and SL(2,Z) invariance

Let us now systematically analyze the threshold corrections to the Kähler metric of the vector
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allows us to extract all these corrections from the ones of the prepotential. The Kähler
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K = � log i

"

2F � 2F̄ �
X

↵

(�↵ � �̄↵)
�

@�↵F + @�̄↵F̄
�

#

, (4.1)

where �a are all the scalars of the vector multiplets. We will therefore use known results for
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4.1 Ignoring Wilson lines

We begin by analyzing the easier case in which we consider the region of the moduli space

where all the Wilson line moduli of heterotic string theory are vanishing. We will consider
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a type I0 string theory dual to a particular type of the Bianchi-Sagnotti-Gimon-Polchinski

model [45, 46]. We may maximally have an SU(16) gauge group in a special region we have

chosen of the hypermultiplet moduli space.10 The Ci moduli introduced above will locally

parameterize the directions normal to the SU(16) region in the moduli space of type I0

theory. In our model, the tadpole cancellation condition is satisfied without including mobile

D3-branes. Therefore, we do not have D3-brane moduli in our type I0 string theory simply

because all D3-branes needed for tadpole cancellation are stuck at the 16 orbifold points of

T 4/Z2 and have no deformation moduli along the T 2 either (see appendix A).11

In the heterotic model at hand, the prepotential F has been computed to all orders in ↵0

using CFT techniques in [49, 50]. Due to the holomorphicity of the prepotential and to the

fact that the real axionic shift SH ! SH +� is an exact symmetry of the perturbative theory,

F is exact already at one-loop order in perturbation theory for the heterotic string coupling

constant contained in 1/ImSH . Thus, up to non-perturbative corrections in 1/ImSH , the

result is:

FH(SH , TH , UH) = ŜHTHUH + h(TH , UH) ,

ŜH = SH +
1

2
@TH

@UH
h(TH , UH) ,

(4.2)

where ŜH is the corrected SH modulus, at all orders in ↵0 [51] (see also [52]).12 Like for the

prepotential, SH is corrected only at one-loop in string perturbation theory.

Before giving the definition of the function h, we can directly write the prepotential in

type I0 string theory using the dictionary given in subsection 3.2. Thus we have:

F(S, T̂ , U) = ST̂U + h(S,U) ,

T̂ = T +
1

2
@S@Uh(S,U) .

(4.3)

Notice that, as a consequence of the exactness (both perturbatively and non-perturbatively)

of (4.2) in 1/ImTH (i.e. in ↵0), the corresponding type IIB expression above is exact in

gs = 1/ImS. Namely it contains all perturbative and non-perturbative corrections in the

type IIB string coupling constant. However, since ↵0 is only contained in T , (4.3) does not

contain non-perturbative ↵0 corrections, because (4.2) is up to non-perturbative corrections

in 1/ImSH . T̂ is analogously the corrected type IIB Kähler modulus at all order in gs, but

only perturbatively in ↵0 (one-loop is again the only non-trivial contribution).

10This is due to the lack of vector structure arising from the particular embedding in the gauge degrees of

freedom of the orbifold action which describes the K3 (see appendix A).
11In the dual heterotic string theory, we have 16 small instantons [47, 48]. They dualize to 16 rigid, space-

filling half-D3-branes with total charge of 8.
12Actually, as explained in [51], one has to further require the di↵erence SH � ŜH to be finite throughout the

(TH , UH) moduli space, in order that the value of SH still plays the role of the universal string-loop counting

parameter. This condition leads to the addition of a counterterm in the definition of ŜH , which, being modular

invariant, will not be important for our analysis.
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Threshold Corrections

• Prepotential for Type IIB Orientifold:

exact in gs=1/Im S, perturbatively exact in α’2 = 1/Im T.

• In the region Im S > Im U 

where

S, U interchanged when Im U > Im S.
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In the orbifold limit of K3, the function h has a very explicit expression in terms of

tri-logarithmic functions. The one valid in the region ImS > ImU is (see appendix A.2 for

the computation):

h(S,U) = � i

(2⇡)4

2

6

6

4

Li3
⇣

e2⇡i(S�U)
⌘

+
X

k,l�0
(k,l) 6=(0,0)

c(kl)Li3
⇣

e2⇡i(kS+lU)
⌘

3

7

7

5

+
15i

2⇡4
⇣(3) +

U3

12⇡
,

(4.4)

where

Lim(z) =
1
X

n=1

zn

nm
,

1
X

n=�1

c(n)zn =
E6E4

⌘24
(z) , (4.5)

E6,4 and ⌘ being the usual Eisenstein series and Dedekind function respectively. In order

to extend h to the complement of the S,U moduli space, one performs an analytic contin-

uation. This leads simply to the expression h(U, S) (i.e. (4.4) with S and U exchanged)

valid in the region ImU > ImS. The two expressions clearly connect at the branch locus

S = U . Let us remark that the expression (4.1) for the Kähler potential in terms of the

prepotential is invariant under shift of F by any polynomial at most quadratic in the �a,

with real coe�cients. As a consequence, the functions h(S,U) and h(U, S) are defined up to

a polynomial at most quadratic in S,U with real coe�cients. This ambiguity is related to

non-trivial quantum monodromies. In special regions of the (S,U) moduli space the function

h develops logarithmic singularities. This is due to the fact that some massive vector mul-

tiplets which have been integrated out become massless on these loci and thus have to be

included among the low energy excitations. Correspondingly, the gauge group gets enhanced.

In particular, from U(1) ⇥ U(1) corresponding to the S,U moduli, one has SU(2) ⇥ U(1)

along the codimension one locus S = U and SO(4) , SU(3) on the codimension two loci

S = U = i , S = U = ⇢ (= e2⇡i/3) modulo SL(2,Z) respectively. This phenomenon results

in a modification of the classical duality group due to non-trivial monodromies around the

singular loci [52]. The duality group must not change the physical metric. This means that

the prepotential will generically transform covariantly under the duality group up to a shift

by polynomials at most quadratic in S,U with real coe�cients. The specific form of these

monodromies will not be of interests to us and thus in the sequel we will focus only on the

modular properties of the prepotential.

Using the quantum corrected N = 2 Kähler variables S, T̂ , U , we can now insert (4.3) in

(4.1) and expand the logarithm. We thus obtain the full quantum Kähler potential of type I0
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Threshold Corrections

• Kahler potential is invariant under shift of F (also h) by a polynomial 
at most quadratic in Φa with real coefficients.

• Ambiguity in h is related to non-trivial monodromies at special 
regions of moduli space. 

• h develops co-dim. 1,2 singularities due to enhanced gauge symmetry. 

• Classical duality group is modified, but K should be unaffected.



Perturbative α’ Corrections

• Expand the log to get perturbative α’ corrections to K:

• Only (gs α’)2n terms survive since 

• α’ 3 term of BBHL is absent since ! (K3 x T2 )=0.

• Odd powers of gs are absent as open string moduli are frozen.

theory, up to non-perturbative ↵0 corrections:

K(S, T, U) = K(0)(S, T, U) +
1
X

n=1

1

n
K(n)(S, T, U) ,

K(0)(S, T, U) = � log
⇥�i(S � S̄)(T � T̄ )(U � Ū)

⇤

,

K(n)(S, T, U) = � (�1)n

(T � T̄ )n



2h� 2h̄

(S � S̄)(U � Ū)
� @Sh+ @S̄ h̄

U � Ū
� @Uh+ @Ū h̄

S � S̄

�1

2
(@S@Uh� @S̄@Ū h̄)

#n

. (4.6)

For reasons that will be clear shortly, in this expression we kept the dependence on T , even

though at the quantum level (n > 0) the latter is not anymore a good Kähler variable and

it must be replaced by T̂ . Of course in (4.6) one has to pick the right convergent expression

for the function h, depending on which region of the (S,U) moduli space one is looking at.

We can appreciate the easy structure of such corrections. First of all, the ↵0 parameter is

only appearing in the classical T modulus in front, and only even powers of ↵0 are present

(because 1/ImT is of order ↵0 2). Hence the famous ↵0 3 correction computed in [21] is not

included in (4.6).13 This is explained by the fact that this ↵0 3 correction is proportional to

the Euler characteristic of the type IIB Calabi-Yau threefold, which in our case is vanishing,

because the threefold is K3⇥T 2. Another important feature is that, at the perturbative level

for the string coupling constant, only even powers of gs appear in (4.6). This is due to the

fact that the function @Sh goes to zero in the perturbative limit for 1/ImS:

@Sh �! 0 exponentially for S �! i1 , (4.7)

where we used the following property of logarithmic functions:

d

dz
Lim(z) =

1

z
Lim�1(z) . (4.8)

Therefore in K(n) only terms which have an overall factor
�

1
ImT ImS

�n
in front survive, which

means, recalling definitions (3.16) and (3.17), two powers of gs. This is explained by the fact

that we are freezing open string moduli, thus neglecting the e↵ect of 7-branes on the bulk

low energy fields. The latter indeed induces also odd powers of gs and we will take them into

account in the next subsection (see (2.4) for the F-theory picture at tree level in ↵0).

As one immediately sees the Kähler modulus and the axio-dilaton, while decoupled at

tree level in ↵0, already mix at the first non-trivial ↵0 order. In particular, one can recognize

in (4.6) the threshold correction of [22] at ↵0 2 order (n = 1) (see also [26]):

K(1) = � E(U, Ū)

(T � T̄ )(S � S̄)
E := lim

S!i1

2h� 2h̄

U � Ū
� @Uh� @Ū h̄ . (4.9)

13To form odd powers of ↵0 one would need to use the Kähler modulus for the torus T 2, which in our case

belongs to the hypermultiplet moduli space.
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� @Sh+ @S̄ h̄

U � Ū
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Perturbative α’ Corrections
• Kahler modulus and axio-dilaton mix at α’ 2 order (n=1):

agrees with 1-loop open string computation [Berg, Haack, Kors] 

• Such corrections come from (i) KK exchange between D7s and 
non-mobile D3s, or (ii) Mobius amplitude between parallel D7s.

• (1/Im T)2 (1/Im S)0 correction which comes from exchange of 
strings wound around the intersection of D7s is absent as two D7s 
either do not intersect or coincide, and K3 has no 1-cycle.

• At each perturbative α’ order, the Kahler potential is inv. under

• Generalized to include Wilson lines & checked SL(2,Z) invariance.
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coe�cients, which, as said, is immaterial for the Kähler potential). Under S-transformations,

h transforms as follows [49]:

h
S�! h

S2
, (4.11)

where on both sides one has to use the right definition of h (for instance, if one begins in the

region ImS > ImU and the S-transformation sends to the other region, one has h(U,�1/S) =

h(S,U)/S2). On the other hand, the classical T modulus is invariant under SL(2,Z). Indeed,

ImT is e�� times the volume of K3 in the string frame, that means that it is simply the

volume of K3 in the Einstein frame, which is SL(2,Z) invariant (as the Einstein frame metric

is SL(2,Z) invariant). It is then easy to check, using (4.11), that K(0) and each of the K(n) in

(4.6) are separately SL(2,Z) invariant. In summary at each perturbative ↵0 order the Kähler

potential of type I0 string theory is invariant under the following group:

O(2, 2,Z) = SL(2,Z)S ⇥ SL(2,Z)U o Z2 . (4.12)

4.2 Inclusion of Wilson lines

Let us now include the 16 Wilson line moduli Ci defined in (3.20). This will generically break

the gauge group to U(1)15 ⇢ SU(16). In total, the vector multiplet moduli space will have

19 complex dimensions. Before introducing the Kähler potential, we must say that in the

presence of Wilson line moduli the axiodilaton S is no longer a good N = 2 Kähler coordinate,

but it has to be replaced by [22]

Ŝ = S +
1

2

s
X

i=1

CiC
i � C̄i

U � Ū
, (4.13)

where s = 0, . . . , 16 indicates the number of Wilson lines we have turned on. The exact

prepotential up to non-perturbative ↵0 corrections looks like

F = ŜT̂U � T̂

2

s
X

i=1

(Ci)2 + h̃(Ŝ, U, Ci) , (4.14)

where the h̃ function is given by (A.9) with a particular embedding of the orbifold action,

with the arguments (ȳ, y+, y�) transformed into (Ci, Ŝ, U) respectively and also with an

appropriate normalization (see appendix A.3 for explicit formulae). Moreover, the quantum

corrected T -modulus has the following general expression [49]

T̂ = T +
1

s+ 4

"

2@Ŝ@U h̃(Ŝ, U, C
i)�

s
X

i=1

@Ci@Ci h̃(Ŝ, U, Ci)

#

, (4.15)

Equation (4.15) reduces, as it should, to the second equation of (4.3) for s = 0 (absence of

Wilson line moduli), and has to be used with s = 16 in the most generic case.

Note that the obtained prepotential (4.14) is the generalization of [22] including the non-

perturbative terms in gs if one uses the orbifold action (A.18) for T 4/Z2 embedded in a sixteen
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Summary of Corrections

Non-perturbative in α’ corrections are not included in this analysis:

•WS & D1 instantons are absent due to orientifold projection.

•ED3 wrapping T2 x (2-cycle of K3) correct hyper. moduli sp. metric.

• SL(2,Z) invariant ED3 branes wrapping K3 (more later) not included here.

✓ Terms non-perturbative in gs from D(-1) instantons.

✓ Only (gs α’)2n  terms survive at perturbative level

✓ α’ 3 term of BBHL is absent since  χ (K3 x T2) = 0.

✓ No odd powers of gs, as open string moduli are frozen.



Non-perturbative α’ Corrections

• ED3 wrapping K3 are non-perturbative in both α’ and gs.

• Their contribution is trivially SL(2,Z) invariant.

• The exact prepotential:

• The A-factor can be computed from the Type IIA dual on a 
CY3 which admits a K3 fibration over S2.

• D3 instantons→worldsheet instantons wrapping S2 on the IIA 
side. Partial results were obtained in [Berglund, Mayr].

modular properties of the function h̃(Ŝ, U, Ci) under the SL(2,Z) duality (4.18). Luckily, a

quick argument allows us to avoid any hard computation. As mentioned, in the presence of

Wilson lines the target space duality of the dual heterotic string theory enhances to O(2, 2+

s,Z). This is an exact symmetry of the e↵ective action at all orders in perturbation theory

[53]. This means that the full Kähler potential is invariant under this group (and in particular

under its SL(2,Z) subgroup (4.18)) up to Kähler transformations. To see that the invariance

actually holds separately for each ↵0 tower, we just have to remember that the various towers

are labeled by di↵erent powers of the T -modulus. The latter, in turn, is left invariant by

O(2, 2 + s,Z), being the dual to the heterotic axiodilaton SH . In other words, target space

dualities do not mix SH with the other moduli. This concludes the argument and shows

SL(2,Z) invariance for each ↵0 tower independently, even in the presence of Wilson line

moduli.

4.3 Non-perturbative ↵0
corrections

The last set of corrections to the vector multiplet metric of type I0 string theory which we

have not yet discussed are the ones coming from euclidean D3-brane wrapping K3. They are

non-perturbative in both ↵0 and gs as they involve the exponential of the T modulus and

they must be trivially SL(2,Z)-invariant, as their sources are singlets.

The exact prepotential for the type I0 model is [54]

F = ŜT̂U � T̂

2

16
X

i=1

(Ci)2 + h̃(Ŝ, U, Ci) +
X

m

Am(Ŝ, U, Ci)e2⇡imT , (4.23)

where m is the instanton charge. The A factors may for example be computed using the

duality of type I0 theory with type IIA on a Calabi-Yau threefold which admits a K3 fibration

over a two-sphere. A partial computation of these terms from this perspective was provided

in [54]. This duality originates from the six-dimensional one between heterotic on T 4 and

type IIA on K3 [55–57], just by fiberwise iteration on an S2. Under this duality, D3-branes

wrapping K3 on the type I0 side are mapped to world-sheet instantons wrapping the base S2

on the type IIA side.

5 F-theory picture

5.1 Preliminaries

In this section we will describe the F-theory counterpart of the type IIB picture given in

section 4, by making use of the F/M-theory duality. Before we begin, a comment concerning

the F-theory limit of M-theory compactification on elliptically fibered Calabi-Yau manifolds

is in order. To obtain F-theory from M-theory [9] one has to send the volume of the elliptic

fiber to zero, which will therefore not be a modulus of the e↵ective theory of F-theory (see

below). Now M2-branes wrapping on the T 2 fiber have tension proportional to RMRT /l3M ,

where lM is the 11d Planck length, RM is the radius of the M-theory circle and RT is the
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Lift to F-theory



Heterotic Picture

• Type IIB orientifold on K3 x T2/Z2 is related by two T-dualities to 
the BSGP model [Bianchi,Sagnotti];[Gimon,Polchinski]

• The BSGP model is S-dual to heterotic SO(32) theory w/o vector 
structure [Bianchi];[Witten], though its maximal gauge group is U(16). 

• Heterotic SO(32) without vector structure is dual to heterotic E8 x 
E8 with instanton embedding (12,12).
❖ At generic points of the hypermultiplet moduli space, only U(1)4 is 

left, corresponding to SH, TH, UH, and the graviphoton.

• Heterotic SO(32) with vector structure is dual to heterotic E8 x E8 

with different instanton embedding.
❖ Not enough instantons for complete Higgsing to U(1)s. Need to turn 

on WLs, e.g., (24,0) instanton embedding requires 8 WLs.



Heterotic Picture

• We focus on the vector multiplet moduli space.

• When WLs are turned off, prepotential of the theory w/o vector 
structure matches that w/ vector structure.

• This insensitivity to instanton embedding (and hence 4D gauge 
groups) can be explained using the relation to SUSY index [Lopes 
Cardoso, Curio, Lust]. We also showed this by explicit computation.

• Expressions for heterotic SO(32) and E8xE8 with general instanton 
embeddings & WLs can be found in [Henningson, Moore].



F-theory Picture
• 8D duality: Heterotic on T2 = F-theory on K3

• Heterotic on K3 x T2 = F-theory on K3 x K3

• Our model actually admits more F-theory duals.

• If the heterotic K3 admits an elliptical fibration over P1, we get an 
F-theory dual on X3 x T2 where X3=K3 fibration over P1:

➡ Same X3 on which the dual IIA theory compactified [Louis, 
Sonnenschein, Theisen, Yakielowicz].

➡ Base of X3 as an elliptical fibration is an Hirzebruch surface Fn, 

with n related to the instanton embedding of the dual heterotic 
E8xE8 theory [Morrison, Vafa].

๏ X3 = WP1,1,2,8,12 (24) for (12,12) instanton embedding 
[Klemm, Lerche, Mayr];[Hosono,Klemm,Theisen,Yau]



Quantum Corrections

• We checked that the classical vector multiplet moduli space 
matches the classical moduli space of K3’.

• Quantum corrections → Quantum moduli space of K3’.

‣ Factorization destroyed but SK-geometry preserved.

• Identify BPS objects in M-theory which generate the corrections 
found. Recall the M-theory definition of F-theory:

T-duality circle ST

M-theory circle SM



Quantum Corrections

❖ Non-perturbative gs corrections: D(-1) instantons in IIB → D0-brane 
in IIA looping along ST → KK particle in 11D with non-trivial pM & wT.

‣ For trivial fibration: higher derivative corrections to 11D SUGRA 
[Green,Gutperle];[Green,Vanhove];[Green,Gutperle,Vanhove];[Green,Sethi] 

→ Contribute to R4 coupling → α’3 correction of BBHL 

‣Non-trivial fibration: contributions already at order α’2

‣ For these lM corrections to stay finite in the F-theory limit, they should 
appear as powers of                because of the relation:

‣A subset of higher derivative corrections to 11D SUGRA (F-theory limit)

l2M/
p
v0

lM/ls = (v0)
1/4



Quantum Corrections

❖ Perturbative gs corrections when combined with the non-
perturbative ones lead to SL(2,Z) invariant sets of gs corrections for 
each α’ tower. This suggest:

‣ 11D supergravitons with non-trivial wT but no pM

‣ 11D supergravitons with non-trivial wM, and possibly pT

(c.f. [Green,Vanhove])

Being loops of 1-cycle of the fiber, these sources should generate 
corrections proportional to             , thus survive the F-theory limit.l2M/

p
v0



Explicit Computation



Explicit Computation

• We have identified the BPS objects in M-theory responsible for 
the corrections to the vector multiplet moduli space metric for 
F-theory on K3xK3’.

• Direct Schwinger-loop calculation on K3’ along the lines of 
[Collinucci, Soler, Uranga] is hard, due to non-trivial fibration.

• We make use of other F-theory duals to bypass this difficulty. 



Chain of Dualities

• Swapping the role of elliptic fiber of X3 and F-theory fiber

➡ Hypermultiplet moduli space of a braneless F-theory 
➡ M-theory method [Collinucci, Soler, Uranga] to compute corrections.

• However, this procedure gives more corrections than needed!
✦ IIA vector multiplet moduli space metric has only α’ corrections.
✦ IIB hypermultiplet moduli space receives both α’ & gs corrections.

➡ Extract tree-level in gs part of Schwinger-loop computation 

(Note gs here is neither gs nor α’ of the original F-theory on K3xK3!)



M-theory Computation

• Hypermultiplet moduli space of F-theory on X3 x T2

• D-instantons ↔ D-particles via c-map [Seiberg,Shenker];[Ooguri,Vafa]

• Compute corrections to the hypermultiplet moduli space (equiv. 
Einstein term (~R) in 3d effective action)

D1/D(-1) instantons in IIB on a CY

✤ Lift to M-theory:

D1/D(-1) instantons in IIB on CY

D2/D0 particles in IIA on CY x S

M2 particles (and gravitons) in M-th on CY x T

✤ Same computation as in the Gopakumar-Vafa interpretation of the 
topological A-model. Multiplicities and quantum numbers counted by 
(genus 0) GV-invariants.

M2

R

*
2

AM2 =
1

� V2

X

[C]

n(0)
C

Z
d3p

Z
ds

X

{�i}

e�s((p+A)2+GIJ (�I+AI)(�J+AJ )+m2
C)

[C] 2 H2(X,Z), A =

Z

C
C(3), GIJ ! Torusmetric

m c-map



M-theory Computation

• Compute Schwinger-loops for X3 =WP1,1,2,8,12 (24)

‣ καβγ = classical intersection # of X3

‣ ndα = genus-zero Gopakumar-Vafa invariants of X3

‣ cα, bα, jα = zero modes of the RR 2-form, the B-field, & the Kahler 
form expanded in a basis of H1,1(X3,Z)

• Displays SL(2,Z) for each perturbative α’ tower; also contains 
non-perturbative α’ corrections again in SL(2,Z) inv. manner.

Figure 2. Atlas of dualities used to compute directly in M-theory the quantum corrections to the
vector multiplet moduli space of F-theory on K3⇥K3. In particular, the c-map is used to get a trivial
F-theory fibration (top right corner) from a non trivial one (top left corner). The information of the
non-trivial fibration is all encoded in the geometry of X3.

↵0 corrections; those turn via the c-map into ↵0 corrections to the hypermultiplet metric of

the ensuing type IIB, which also admits gs corrections. Therefore, after the Schwinger-loop

computations, we need to extract the tree level part in gs, and that is going to give us all the

↵0 corrections of the original F-theory we are aiming for.

Let us describe in detail this computation in the three moduli example, namely the

vector multiplet metric of F-theory on K3⇥K3 in the absence of Wilson lines. As said, the

relevant type IIA Calabi-Yau threefold for this model is X3 = WP1,1,2,8,12(24) (see appendix

B for more details on this duality). Now we are ready to apply the c-map to this type IIA

theory and look for quantum corrections to the hypermultiplet metric of the ensuing type

IIB on X3. We then compute the latter using the same method as in [31] and we obtain

the following prepotential (see also [68], where these corrections are computed summing-up

SL(2,Z) images)

Fclass =
1

6
↵�� t↵t�t� , (5.14)

Fpert = � i

4(2⇡)3(⌧2)3/2
�(X3)

X

(m,n) 6=(0,0)

⌧3/22

|m⌧ + n|3 , (5.15)

Fnon�pert =
i

2(2⇡)3(⌧2)3/2

X

d

nd↵

X

(m,n) 6=(0,0)

⌧3/22

|m⌧ + n|3 e
2⇡id↵(mc↵+nb↵+i|m⌧+n|j↵) .

(5.16)

Here, ↵�� are the classical intersection numbers of X3, ⌧ denotes the type IIB axiodilaton

(complex structure of the factorized torus of the F-theory fourfold), nd↵ are the genus-zero

Gopakumar-Vafa invariants of X3, and c↵, b↵, j↵ are the zero-modes of the RR 2-form, the

B-field and the Kähler form respectively, expanded along a basis of H1,1(X3,Z). In (5.14), we

have the tree-level prepotential, in both ↵0 and gs, of the hypermultiplet sector of type IIB

on X3. Formula (5.15) gives all the perturbative ↵0 towers of corrections to the prepotential:

Each ↵0 tower includes the tree level in gs, a single contribution perturbative in gs and all

non-perturbative gs corrections, in a completely SL(2,Z)-invariant fashion, much like what
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Final Result
• To derive corrections to the vector multiplet moduli space metric 

of the original F-theory on K3xK3, consider the limit:

• Matches with the heterotic computation. Identify:

• Counting rational curves via modular forms [Henningson, Moore].

• c(lk) agree with GV invariants in [Hosono, Klemm,Theisen, Yau].

• Given GV invariant for the 0-class is the Euler number:

• GV invariants ≃ non-perturbative (in gs) generalization of the 
BBHL term (albeit here the α’ corrections are of order α‘2).

gs ! 0, i.e., ⌧2 ! 1

becomes just the constant addition in the Kähler potential. Then, the constant term vanishes

in the Kähler metric. Note that some one-loop corrections to the prepotential of the heterotic

string compactification are captured just by the tree-level computation of the type IIA string

compactification. This result is indeed expected since the classical vector multiplet moduli

space of the type IIA string compactification should capture string loop e↵ects in the vector

multiplet moduli space of heterotic string compactification.

Moreover, note that the rational instanton numbers in the infinite sum of (B.3) are noth-

ing but the genus-zero Gopakumar-Vafa invariants of the Calabi-Yau X3. Indeed, nd1,d2,··· ,dn
counts rational representatives of the class d↵e↵, which world-sheet instantons can supersym-

metrically be wrapped on. This sum is supposed to reproduce the infinite series of corrections

in (A.45) which depend exponentially on the moduli. However, since the sum is over all pos-

sible curve classes, there will be a term corresponding to the 0-class, i.e. d↵ = 0. This term

will be proportional to the Euler number of the manifold, as n0,··· ,0 is just enumerating points.

In fact, the precise relation is [71]

n0,··· ,0 = ��(X3)

2
. (B.13)

The tri-logarithmic function for d↵ = 0 gives rise to the Riemann zeta-function, i.e. Li3(1) =

⇣(3). Therefore the constant term of the infinite sum in (B.3) can be written as

F IIA
pert =

i ⇠

(2⇡)3
, ⇠ ⌘ ��(X3)

2
⇣(3) . (B.14)

Being constant, this is the only perturbative ↵0 correction to the type IIA vector multiplet

prepotential, which is compatible with the axion shift symmetry. It is the famous ↵0 3

correction, which the authors of [21] revisited in the N = 1 context of type II orientifold

compactifications. In the case at hand, i.e. X3 = WP1,1,2,8,12(24), we have �(X3) = �480.

Dividing by 4⇡ to get the correct normalization, we can see that (B.14) reproduces the

constant term of (A.45).

Not only the constant term of the prepotential but also the terms of nd1,··· ,dn with non-

zero d↵ should match with the tri-logarithmic terms in the prepotential of heterotic string

compactifications. In other words, one may count the number of holomorphic curves by

utilizing modular forms [93]. Let us see this matching by comparing (B.3) in the case of X3 =

WP1,1,2,8,12(24) with (A.45). Some of the rational instanton numbers forX3 = WP1,1,2,8,12(24)

can be found in [64]. The labels appearing in [64] are the coe�cients of the expansion in terms

of J,D,E. Hence we denote them by dJ , dD, dE . By using the relation between the integral

basis and the Mori basis as well as the type IIA - heterotic maps (B.6)–(B.8), one can find

dJ = l + k, dD = �k, dE = l � k, (B.15)

where we set d2 = 0 since the duality holds only in the limit e2⇡it2 ! 0. Hence, we should

have

� 1

2
nl+k,�k,l�k = c(lk), (B.16)
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Generalizations

• To generalize this result to include 7-brane moduli Ci, one 
considers X3 with the right number of vector multiplet.

• For example, with 8 Ci switched on, use X3 = WP1,1,12,28,42 (84) as 
Fvector multiplet. should be insensitive to instanton embedding.

• Repeat the Schwinger-loop computation with a different set of 
topological invariants.



Summary

• Computed the exact in gs, perturbatively exact in α’, vector multiplet 
moduli Kahler potential K of an N=2 F-theory model.

• Provided an M/F-theory interpretation of corrections to the Kahler 
potential and identified the contributing BPS states.

• Shown explicitly that quantum corrections to the Kahler potential 
are SL(2,Z) invariant at each α’ level.

• Shown that Kahler moduli & complex structure moduli start to mix 
when perturbative α’ corrections are taken into account.

• Provided a genuine (albeit indirect) M-theory computation.



Outlook

• A modest step towards the ambitious goal of computing exact results 
for realistic compactifications.

• Even within the realm of N=2 compactifications, we have focussed on 
the easiest half of the problem, i.e., vector multiplet moduli.

• It’d be interesting to apply the remarkable work on understanding 
quantum corrections to the hypermultiplet moduli space, see e.g.,:        
[Robles-llana,Rocek,Saueressig,Theis,Vandoren];[Alexandrov,Saueressig,Vandoren];
[P io l ine ,Persson] ; [Bao,Kle inschmidt ,Ni l sson ,Persson ,P io l ine] ; [A lexandrov] ;
[Alexandrov,Saueressig];[Alexandrov,Manschot,Pioline]; ...

in F-theory as we have done for the vector multiplet moduli.



Outlook

• The Holy Grail is to find non-pert. results for N≤1 compactifications.

• The pattern of corrections from N=4→N=2 that we found may serve 
as a guide for further breaking to N=1. More concretely:

★ Compute directly D-particle loops for non-trivial elliptic fibration

★ Spontaneously breaking N=2→N=1 (e.g, by fluxes); sometimes inherit 
structure of N=2 effective action. See, e.g., [Ferrara, Girardello,Porrati];
[Fre,Girardello,Pesando,Trigiante][Louis,Symth,Triendl], ...

• More α’ corrections arise in N=1 String/F-theory vacua (albeit only 
tree-level gs result in [Grimm, Savelli, Weißenbacher];[Pedro, Rummel, Westphal])

• Any such progress would undoubtedly shed light on the vacuum 
structure of string theory and its low energy descriptions.
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