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Difference field algorithms for Feynman integrals

Consider a massive 3—loop ladder graph (ablinger, Biiimiein,Hasselhuhn,Kiein, CS,Wigbrock, 2012)
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Difference field algorithms for Feynman integrals

Consider a massive 3—loop ladder graph (ablinger, Biiimiein,Hasselhuhn,Kiein, CS,Wigbrock, 2012)

= F,3(n)5_3 + F,g(n)5_2 + Ffl(n)€_1 + Fo(’I’L)

Simplify [

n—3 J k —j+n—3 —l4+n—q—3 —l+n—q—s—3

>y > i,
j=0k=01=0 ¢=0 s=1 r=0
o GG Gr) 7)) ()il or—s-8)l(s-D)!

(—l+n—q=2)(—jtn—1)(n—q—r—s—2)(g+s+1)
451(—=j +n—1) — 451 (—j +n —2) — 251 (k)

—(Si(-l4+n—qg—-2)+S1(-l+n—qg—r—s—3)—251(r+5s))

+251(s—1) —2S1(r +s)| + 3 further 6—fold sums

RISC, J. Kepler University, Linz Carsten Schneider



Difference field algorithms for Feynman integrals
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Difference field algorithms for Feynman integrals

Simplify
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Telescoping of sequences Difference field algorithms for Feynman integrals

Telescoping

GIVEN f(k) = Sy (k).
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.
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Telescoping of sequences Difference field algorithms for Feynman integrals

Telescoping

GIVEN f(k) = Sy (k).
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.

We compute
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Telescoping of sequences Difference field algorithms for Feynman integrals

Telescoping

GIVEN f(k) = Sy (k).
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.

Summing this equation over k from 1 to n gives

gln+1)—g(1)]

> Sik)|=
k=1

=(S1(n+1)—1)(n+1).
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Telescoping in difference fields
Telescoping in the given difference field

FIND a closed form for

> Si(k).
k=1

A difference field for the summand

Consider the rational function field

F:=Q
with the automorphism o : F — F defined by

o(c)=c VeceQ,
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Telescoping in difference fields
Telescoping in the given difference field

FIND a closed form for

S0
k=1

A difference field for the summand

Consider the rational function field
F:=Q(k)
with the automorphism ¢ : F — F defined by

o(c)=c VeceQ,
o(k)=k+1, Sk=k+1,
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Telescoping in difference fields
Telescoping in the given difference field

FIND a closed form for

S
k=1

A difference field for the summand

Consider the rational function field

F:= Q(k)(h)
with the automorphism ¢ : F — F defined by
o(c)=c VeceQ,
o(k)=Fk+1, Sk=k+1,
1 1
U(h)=h+m, SSl(k)—Sl(k)+m-
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Telescoping in difference fields Difference field algorithms for Feynman integrals

Telescoping in the given difference field

FIND g € F:
olg)—g=h.
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Telescoping in difference fields Difference field algorithms for Feynman integrals

Telescoping in the given difference field

FIND g € F:

We compute
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Telescoping in difference fields Difference field algorithms for Feynman integrals

Telescoping in the given difference field

FIND g € F:

We compute

This gives

with

RISC, J. Kepler University, Linz Carsten Schneider



Telescoping in difference fields Difference field algorithms for Feynman integrals

Telescoping in the given difference field

FIND g € F:

We compute

This gives
(g(k+1) — g(k) = S1(k) |
with
g(k) = (S1(k) — Dk
Hence,
(S1(n+1)—1)(n+1 Z



The basic summation algorithm Difference field algorithms for Feynman integrals

The basic summation algorithm

(a simplified version of Karr's algorithm, 1981)
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The basic summation algorithm Difference field algorithms for Feynman integrals

CONSTRUCT a difference field (F,0):
» a rational function field

F:=K
» with an automorphism

o(c)=c VeceK
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The basic summation algorithm Difference field algorithms for Feynman integrals

CONSTRUCT a difference field (F,0):
» a rational function field

F:=K(t)
» with an automorphism
o(c)=c VeceK
oti)=arti + fi, a1 €K, fiek
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The basic summation algorithm Difference field algorithms for Feynman integrals

CONSTRUCT a difference field (F,0):
» a rational function field
F:=K(t1)(t2)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
o(t2) = asta + fo, a2 € K(t1)", f2 € K(t1)
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CONSTRUCT a difference field (F,0):

» a rational function field

F:=K(t1)(t2) ... (t)
» with an automorphism

o(c)=c VeceK
oti)=arti + fi, a1 €K, fiek
o(t2) = agta + fa, az € K(t1)", J2 € K(ty)

O’(te) =aete + fe, ae € K(tl, .. ,te_l)*, fe € K(tl, .. 7te—1)
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CONSTRUCT a difference field (F,0):

» a rational function field
F:=K(t1)(t2) ... (t)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
o(ta) = azta + fo, a2 € K(t1)", fa € K(t1)

O'(te) =aete + fe, ae € K(tl, .. ,te_l)*, fe € K(tl, .. 7te—1)

GIVEN f € F;
FIND g € F such that

olg)—g=1




CONSTRUCT a IIS-field (F, 0):

» a rational function field
F:=K(t1)(t2) ... (t)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
o(ta) = azta + fo, a2 € K(t1)", fa € K(t1)

o(te) =aete + fe, ae €K(t1,... te—1)", fe €K(t1,. ., te—1)
such that

const,F = {c € K(t;)(ts) ... (t.)|o(c) = c} = K.

GIVEN f € F;
FIND g € F such that

olg)—g=1




The basic summation algorithm Difference field algorithms for Feynman integrals

Telescoping in the given difference field
FIND a closed form for

> Si(k).
k=1

A IIX*-field for the summand

Consider the rational function field

F = Q(k)(h)
with the automorphism ¢ : F — F defined by
o(c) =c VeeQ,
olk)=Fk+1, Sk=k+1,
1 1
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The basic summation algorithm Difference field algorithms for Feynman integrals

FIND g € Q(k)(h):
a(g) =g =nh
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The basic summation algorithm Difference field algorithms for Feynman integrals

FIND g € Q(k)(h):
a(g) —g=h.

Denominator bound: COMPUTE a polynomial d € Q(k)[h]*:
VgeQk)(h): olg)—g=h = gdeQk)nh]

FIND ¢ € Q(k)[h] with

d=1

g, d
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FIND g € Q(k)(h):

o(g) —g=h
Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: y—
VgeQk)(h): olg)—g=h = gdeQk)h].
FIND ¢’ € Q(k)[h] with
o(g—/) 9 =h.
d d
Degree bound: COMPUTE b > 0: —
Vg€ Qk)[h] o(g)—g=h = deg(g) <b.
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FIND g € Q(k)(h):

o(9) —g=nh.
Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: y—
Vg€ Q(k)(h): o(g)—g=h = gdecQk)[h]
FIND ¢’ € Q(k)[h] with
g, 9 b
Degree bound: COMPUTE b > 0: —

Vg e Q(k)[h] o(g)—g=h = deg(g) <.

Polynomial Solution: FIND

g=g2h*+g1h+go € Q(k)[h].
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h® + g1 h + go € Q(k)[h]

olg) —g=h

AN
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 4+ g1 h + go € Q(k)[h]

[0(g2) (h + £5)° + o (g1h + g0)]
L]

—[g2h® + g1h+go] = h

AN
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 4+ g1 h + go € Q(k)[h]

[0(g2) (h + £5)° + o (g1h + g0)]

_ [92 h? + g1h + 90] =h coeff. comp. D

A
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 4+ g1 h + go € Q(k)[h]

[0(g2) (h + £5)° + o (g1h + g0)]

~[g2* + g1+ go] = h \lewm-[:::]

g2 =

?QV
.
-
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + k+1)2 +a(gih + g0)]

a(glh—i-go) (1h+go)—h—c

[92 h2 + gih + go] =h &ftcomp I:'

9220‘

)
—~
Q
l\')

g2 =

y/
'S
-
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + k+1)2 +a(gih + g0)]

[92 h2 + gih + go] =h &ftcomp I:'

— g2 = 0‘
g2 —y/
fo comp.
2

) g1=1—-c ka1

~

)
—~
Q
l\')

a(glh—i-go) (1h+go)—h—c

)
~
Q
=
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + k+1)2 +a(gih + g0)]

a(glh—i-go) (1h+go)—h—c

[92 h2 + gih + go] =h &ftcomp I:'

9220‘

)
—~
Q
l\')

g2 —y/
fo comp.

o(g1) —g1 = Ck%l
/ Lo @ =ktd

deQ
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + k+1)2 +a(gih + g0)]
—[921* + g1h + go] = h

a(glh—i-go) (1h+go)—h—c

— g2 = 0‘
g2 —y/
fo comp.

)
—~
Q
l\')

o= -1 —d——
a(g0) — 90 dk+1

o(g1) —g1 = Ck%l
/ Lo @ =ktd
deQ
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The basic summation algorithm Difference field algorithms for Feynman integrals

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + k+1)2 +a(gih + g0)]

(g2 + gih + go] = h &ffmmp

— g2 = 0‘
g2 —y/
fo comp.

)
—~
Q
l\')

a(glh—i-go) (1h+go)—h—c

U(gl) g1 = ck—%—l
— —gp=-1—d—— g1 +
d=0 o (g0) = 90 k+ 1 =0 deoq
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The basic summation algorithm Difference field algorithms for Feynman integrals

Difference equations in difference fields
Let (F,o0) be a IIX-field with constant field K
Telescoping

>Given f € F.

»>Find g € F: o(g)—g=7
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The basic summation algorithm Difference field algorithms for Feynman integrals

Difference equations in difference fields
Let (F,o0) be a IIX-field with constant field K

Telescoping
>Given f € F.
»>Find g € F: o(g)—g=7
A T

Parameterized Telescoping
»Given fy,..., fa € F.
»Find all ¢g,...,cq €K, g € F:

‘U(g)—gzcof0+"'+cdfd-‘
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The basic summation algorithm Difference field algorithms for Feynman integrals

Difference equations in difference fields
Let (F,o0) be a IIX-field with constant field K

Telescoping
>Given f € F.
»Find g € I: R —
1 T

Parameterized Telescoping
»Given fy,..., fa € F.
»Find all ¢g,...,cq €K, g € F:

‘U(g)_gzcof0+"‘+cdfd-

3 T
Parameterized first order difference equation
»Given fy,..., fqa €F, ap,a; € F.
»Find all cg,...,cq €K, g €F:

‘a10(g)+aog=c0f0—|—-~-—|—cdfd.‘
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Constructing I1X-fields Difference field algorithms for Feynman integrals

Constructing 1> -fields
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Constructing I1X-fields Difference field algorithms for Feynman integrals

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K
» with an automorphism

o(lc)=c VYeeK

such that

const,F = {c e K lo(c) =c} =K.
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Constructing I1X-fields Difference field algorithms for Feynman integrals

CONSTRUCT a I1X-field (F,0):
» a rational function field

F:=K(t)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
such that
const,F = {c € K(t;) lo(c) =c} =K.
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Constructing I1X-fields Difference field algorithms for Feynman integrals

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K(t1)(t2)
» with an automorphism

o(c)=c VeceK

O'(tl):altl—i-fl, a1 € K*, fiekK

U(tg) =asty + f2, ay € K(tl)*, f2 € K(tl)
such that
const,F = {c € K(t1)(t2) lo(c) =c} =K.
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Constructing I1X-fields Difference field algorithms for Feynman integrals

CONSTRUCT a I1X-field (F,0):
» a rational function field

F:=K(t1)(t2) ... (t)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
o(te) = agte + fa, as € K(t1)", fo € K(t)

o(te) =aete + fe, ae €K(t1,... te—1)", fe €K(t1,. ., te—1)
such that

const,F = {c € K(t;)(ts) ... (t.)|o(c) = c} = K.
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CONSTRUCT a IIS-field (F, 0):

» a rational function field
F:=K(t1)(t2) ... (t)
» with an automorphism
o(c)=c VeceK
o(ti) =art1 + f1, a1 € K, fh1eK
o(ta) = azta + fo, a2 € K(t1)", fa € K(t1)

o(te) =aete + fe, ae €K(t1,... te—1)", fe €K(t1,. ., te—1)
such that

const,F = {c € K(t;)(ts) ... (t.)|o(c) = c} = K.

GIVEN f € F;
FIND g € F such that

olg)—g=1




Constructing I1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.
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Constructing I1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
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Constructing I1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

olt)=t+ f for some f € .
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

ot)y=t+f for some f € .
(Karr 1981) Then const,F(t) = const,F iff

BgeF: |a(g)=g+/f
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

ot)y=t+f for some f € .
(Karr 1981) Then const,F(t) = const,F iff

BgeF: |olg=g+/f

Such a difference field extension (F(t), o) of (IF, o) is called ¥*-extension

RISC, J. Kepler University, Linz Carsten Schneider



Constructing IT1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

ot)y=t+f for some f € .
(Karr 1981) Then const,F(t) = const,F iff

BgeF: |olg=g+/f

There are 2 cases:
1. ‘iﬂg eF: o(g) =9+ f‘ (F(t),0) is a X*-extension of (F, o)
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

ot)y=t+f for some f € .
(Karr 1981) Then const,F(t) = const,F iff

BgeF: |olg=g+/f

There are 2 cases:
1. ‘iﬂg eF: o(g) =9+ f‘ (F(t),0) is a X*-extension of (F, o)

2. ‘Elg eF:o(g)=9g+ f‘ No need for a ¥*-extension!




Constructing I1X-fields Difference field algorithms for Feynman integrals

Symbolic summation in II>-fields
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Constructing I1X-fields Difference field algorithms for Feynman integrals

A difference field approach (M. Karr, 1981)

GIVEN a IIS-field (F, o) with f € F

FIND g € F:
o(g)—g=Ff

RISC, J. Kepler University, Linz Carsten Schneider



Constructing IT1X-fields Difference field algorithms for Feynman integrals

A symbolic summation approach (see, e.g., J. Symb. Comput
2008; arXiv:0808.2543)

‘ 1. FIND an appropriate I1X-field (IF, o) with f € F. ‘

2. FIND g € F:
o(g)—g=Ff
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

A symbolic summation approach (see, e.g., J. Symb. Comput
2008; arXiv:0808.2543)

‘ 1. FIND an appropriate I1X-field (IF, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

o(g)—g=1.

RISC, J. Kepler University, Linz Carsten Schneider



Constructing IT1X-fields Difference field algorithms for Feynman integrals

A symbolic summation approach (see, e.g., J. Symb. Comput
2008; arXiv:0808.2543)

‘ 1. FIND an appropriate I1¥X-field (IF, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € [E:

o(g)—g=1F.

appropriate = sum representations with optimal nesting depth

Example:

depth 3 depth 1
RISC, J. Kepler University, Linz Carsten Schneider



Constructing I1X-fields Difference field algorithms for Feynman integrals
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Constructing I1X-fields Difference field algorithms for Feynman integrals
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Constructing I1X-fields

Difference field algorithms for Feynman integrals

1
o) =ht7
o(h)
o) = st T
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

No simplification

RISC, J. Kepler University, Linz Carsten Schneider



Constructing IT1X-fields Difference field algorithms for Feynman integrals

J
>
1=
=

j=1 -

S|

h

2
TIS-field (QUk)(h)(s)(t), o) with | TI=-field (Q(k)(h), o) with
ok)=k+1 (k) =k+1
a(h)=h+ki1 a(h)—h+k}r1
e
(t) =t + Zf)l
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Constructing IT1X-fields Difference field algorithms for Feynman integrals

— J 1
j=1 - §(h2 + h2)
k=1
I3-field (Q(k)(h)(s)(t),o) with |IIX-field (Q(k)(h)(h2), o) with
ok)=k+1 olk)=k+1
1 1
a(h) _ 1
a(s)—s+k+1 U(hZ)—h2+(k+1)2
N C)
=1+ 541

RISC, J. Kepler University, Linz Carsten Schneider



Constructing IT1X-fields Difference field algorithms for Feynman integrals

£ 25
27 1

;lk i+ %h%h n %hg
TIS-field (QUk)(A)(s)(£), o) with | TI-field (QUk)(h)(2) (h3), o) with
o(k) = k+1 (k) = k+1
a(h):h+ki1 a(h)—h+k}r1
o(s) = s+ ,:f)l olhe) =h2 + 7 Ji g
a(t):t+]:f)1 o(hs) = hs + (k—:l)?’
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1
n;j 1
> k :6<

o(k) =k +1
a(h)—h+kil
a(s)_s+]j(f)1
01

n

2.

1=

3 n n
TI5-field (Q(k)(h)(ha)(hs), o) with
o(k) =k+1
o(h) = h+ 1<41r1
ot =+
olhs) = s+ 1 +1 o
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Outlook for next talk Difference field algorithms for Feynman integrals

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

b(n)zkzzo(”’;k) ()( +i2 ( iﬂ)l(m))

m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.
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Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

=32 (") (1) (5600 32 g

k=0 m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

Van der Poorten (1979) points out that Henri Cohen and Don Zagier
showed this fact by

“some rather complicated but ingenious explanations”

based on the creative telescoping method.
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Outlook for next talk Difference field algorithms for Feynman integrals

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

-5 () () (o0 S

m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

a(n)-case: trivial exercise by Zeilberger's algorithm (1991)
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Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

-5 () () (o0 S

m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

b(n)-case: skilful application of computer algebra

1. Generalization of the Cohen/Zagier method in the WZ-setting
(Zeilberger, 1993)

2. Multi-summation + holonomic closure properties (Chyzak/Salvy, 1998)



Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

-5 () () (o0 S

m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

b(n)-case: plain sailing (and not plane sailing) by

RISC, J. Kepler University, Linz Carsten Schneider
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» Let (IF, o) be a difference field.
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Appendix Difference field algorithms for Feynman integrals

Construction of II-extensions
» Let (IF, o) be a difference field.

» Adjoin a new variable ¢ to F (i.e., F(¢) is a rational function field)
» Extend the shift operator s.t.

o(t)=at for some a € F*.
(Karr 1981) Then const,F(t) = const,F iff

In>0PgcF*: |o(g)=a"g

Such a difference field extension (F(t), o) of (IF, o) is called II-extension
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» Let (IF, o) be a difference field.
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Appendix Difference field algorithms for Feynman integrals

Construction of II-extensions
» Let (IF, o) be a difference field.

» Adjoin a new variable ¢ to F (i.e., F(¢) is a rational function field)
» Extend the shift operator s.t.

o(t)=at for some a € F*.
(Karr 1981) Then const,F(t) = const,F iff

In>0PgcF*: |o(g)=a"g

There are 3 cases:
1. ‘iﬂn >0fgeF*: o(g) = a”g‘ (F(t), o) is a I-extension of (F, o)

2. ‘Elg celF*:0(g) = ag‘ No need for a II-extension!

3. ‘EIgEIF*: o(g) =a"g forn > 1, but notfornzl‘
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