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Hadron correlators

W

m Hadronic correlators establish m Disentangling a hard process into
the diagrammatic link between parts involving hadrons, hard
hadrons and partonic hard scattering amplitude and soft
scattering amplitude part is non-trivial
m Quark, quark + gluon, gluon, ...
(0, (£)| pos) = (p,s) e

(X, (5)|P)e™*

J.C. Collins, Foundations of Perturbative QCD,
Cambridge Univ. Press 2011

(Xlp, )4 | P)err-roswis |



Hadron correlators
o

m At high energies soft parts combine amplitudes into
forward matrix elements of parton fields to

account for distributions and fragmentation pT lp
— ®(p) =
— P | P
@, (p;P)=D,(p|p)= f e (Pl (0)y,(5)|P)

(2)

m Also needed are multi-parton correlators

— ®,(p-P1,P)
P ; P

% (p-pp, | 9= [ d(f; 1 gitr-m&inn (Pl (0)A° (), (5)| P)

m Correlators usually just will be parametrized
(nonperturbative physics)



Hard scale
\ v

In high-energy processes other momenta available, such that P.P’' ~ s
W|th a hard scale s = Q2 >> M?

m Additional scale accessible through non-collinearities, e.g. in SIDIS y*+p
is not aligned with produced hadron, or momenta inside a jet

m Employ light-like vectors P and n, such that P.n = 1 (e.g. n = P//P.P’) to
make a Sudakov expansion of parton momentum
p=xP"+ p; +on”

N o
~Q ~M o~ M2/Q o=pP-xM"~M

x=p =pn-~1

m Enables importance sampling (twist analysis) for integrated correlators,

®(p)=D(x,p,,p.P) = D(x,p,) = Dx) = O



: (Un)integrated correlators
o

5

27) oiPE <P‘7/_J(0) ?/J(S)‘P> m unintegrated

d(E.P)d’E, . m TMD (light-front)
O(x, pysn)= [ o e (P|w(0) w(&)|Py—
m Time-ordering automatic, allowing interpretation as forward
anti-parton — target scattering amplitude

m Involves operators of twists starting at a lowest value (which
is usually called the ‘twist” of a TMD)

—

P) _ . _
d(x) = f d((f_n)) o' PE < P‘w(O) w( fg-)‘ P>§-n=§ﬁo e m collinear (light-cone)

m Involves operators of a definite twist. Evolution via splitting
functions (moments are anomalous dimensions)

=(P|p(0) w(&)|Fp = local

m Local operators with calculable anomalous dimension




\w Y, Large p;

m p-dependence of TMDs
fdm¢um)®uu>

Large w?
dependence
governed by
anomalous dim
(i.e. splitting
functions)

1 a(p,) @ b
B D(x, — d ()
O I - [y ( ) (v;P})

<I>(X pT) Fictitious
measurement

m Consistent matching to collinear situation: CSS formalism

JC Collins, DE Soper and GF Sterman, NP B 250 (1985) 199



Twist analysis
o

m Dimensional analysis to determine importance in
an expansion in inverse hard scale

m Maximize contractions with n dim[y_;(());/z Y(&)]=2
dim[F" (0)F" (£)] =
dim[y(0) A7 (n)yp(5)]=3

m ... or maximize # of P’s in parametrization of ®

V() = (0L e fiw = [ L2

~ e (PO y(An)| P)

(27)

m In addition any number of collinear n.A(€) = A"(x)
fields (dimension zero!), but of course in color

auge invariant combinations . . c~1 en n
J949 dim0: 9" —iD" =id" + g4

dim 1: iy — D} =] + gA{




Color gauge invariance
o

m Gauge invariance in a nonlocal situation requires a gauge link U(0,£)
_ |
POPE) = Y= E".E“P0)d, ...9, Y(0)
p n. N £
U0,5)=2 GXp(—igfdsﬂAﬂ)
0

FOUO.HY(E) = 3 E"..5(0)D, .. D, y(0)

m Introduces path dependence for ®(x,p+)

o (x,p,) = B(x) T




\‘ / Which gauge links?

dEP)A"E; iy
(27)

d(&.P _
(& ) o'PE <P|1//j (0) U[[g,]g]l/ji (&) | P>§'n=§T=O collinear

DI (x, psn) =f (P|7,(0)U}, 1//,-(5)|P>5n=0 TMD

D7 (x;n) = f

¢ Gauge I|nks for TMD correlators process-dependent with simplest cases

0' E
o >}W éi/\g '; 4 ;"’—

W2 A
o1 [ | — [ - ¢ Pl+]
£ Time reversal £

AV Belitsky, X Ji and F Yuan, NP B 656 (2003) 165
D Boer, P] Mulders and F Pijilman, NP B 667 (2003) 201 10



Which gauge links?
oV o

d(§.P)d’E, oD
27y

O (x, pysn) = [ (PlUL) F UKL F(5)|P)

E.n=0

€ The TMD gluon correlators contain two links, which can have different
paths. Note that standard field displacement involves C = C

aof of}
FPE) = U, F"(5U,,
# Basic (simplest) gauge links for gluon TMD correlators: gg = H

+,+ ; Il

Dyl * = =— % =
éT-_ . &
(I)g[+,‘] - N e (I)g[—,+] = ! —d
g T €

C Bombhof, PIM, F Pijiman; EPJ C 47 (2006) 147 .
F Dominguez, B-W Xiao, F Yuan, PRL 106 (2011) 022301 in gg = QQbar 11



| Color gauge invariant correlators
o

m Matrix elements including multiple possiblities for gauge links
m Quarks:

EpTST vl

00z prin) = { 7w 52) ~ 1w S+ ol o)

Y5 . P
+ b @, p2) vs 80 + 1l (@, pr) ]\fT +ihy Y (a, p2) %}5

m Gluons:
pT ST

v v €
QCCF’LW[U](CE,]?T) :—géﬁ flg[ ( 7pT)+g'u T flT ( 7]93)

i g1 (g p,) + (prT _ g D ) R (g 2

M?2 T op2
T T v ST
} P {upT} th[U](xp )_ p {ng }+€ {upT} hg[ ]( p2)
2M2 T 4M 7 T)°

m Note [U] dependence

12



Fermionic structure of TMDs

4 fl(m}pg"}

©

unpolarized quark <
distribution

pTXST
M

with p; -

T-0dd ~

CA S

2
helicity or chirality St g1o(z, pr)

distribution -
IIMMIIJ% P @) -
f;9(x) = q(x)

d;4(x) = Aq(x)

h,9(x) = 8g(x
19(x) q( WithpT

transverse spin distr.
or transversity

Se hir(z,pr) =

(%]
z‘%hf

(z,p7)

St %hfl}(m}pg‘) =

5 =
P 22 BT pi(2,7)

+

& ®
SAGY

*® I

¥

Y

5 & O G- ©-




Which gauge links?
o

m With more (initial state) hadrons y(&,) . 9(0,)
color gets entangled, e.g. in pp

w(&) 9O
I Ou_tgping color c_ontributes future @ Can be color-detangled if only p;
pointing gauge link to ®(p,) and of one correlator is relevant
future pointing part of a loop in (using polarization, ...) but

the gauge link for ®(p,) include Wilson loops in final U

T.C. Rogers, PIJM, PR D81 (2010) 094006 MGAB, PIM, JHEP 07 (2011) 065
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\ Y Operator structure in collinear case (reminder)
,

m Collinear functions and x-moments

v (0= [ e (Pl L) P)

d(&.P) eip-§
(27)

-/ % (Pl O UL (D) y(@)|P)

m Moments correspond to local matrix elements with calculable anomalous
dimensions, that can be Mellin transformed to splitting functions

@ = (P|p(0)(D")" y(0)|P)

m All operators have same twist since dim(D") = 0

§.n=5,=0

VD (x) = (Plg(0) (@) UL w(E)| P)

§.n=§,=0

§.n=§,=0

15



Operator structure in TMD case
o

m For TMD functions one can consider transverse moments
d(& P)d gT lp§

x.pyim) = [ S (PlRO U Y|P,
p;‘f(I)[i](x,pT;n) =fd(i;j2;z S lp§<P|I/J(O)UDO‘(+OO)UI/J(§)|P>

m Transverse moments involve collinear twist-3 multi-parton correlators
®, and @ built from non-local combination of three parton fields

D (x-x,3, | ) = [LZLLLL to-mizenen pl i) o i) (&) | P)

§.n=5,=0

27y’

(I)g(x)=fa’x1 O (x=x,,x, | x)

a 1 no
D’ (x) = PVfdxlx—CDF (x—x,x |x)

1

T-invariant definition 16



Operator structure in TMD case
o

m For TMD functions one can consider transverse moments
d(& P)d gT lp§

x.pyim) = [ S (PlRO U Y|P,
p;‘f(I)[i](x,pT;n) =fd(i;j2;z S lp§<P|I/J(O)UDO‘(+OO)UI/J(§)|P>

m Transverse moments involve collinear twist-3 multi-parton correlators
®, and @ built from non-local combination of three parton fields

(- x,,, ) = [LZLLEL go-mznn pl o) D (o) (&) P)

§.n=5,=0

(2m)’

(I)g(x)=fa’x1 O (x=x,,x, | x)

a 1 no
D’ (x) = PVfdxlx—CDF (x—x,x |x)

1

T-invariant definition 17



| Operator structure in TMD case
o

m Transverse moments can be expressed in these particular collinear
multi-parton twist-3 correlators

n d(x) = [d’p, p; @ (x, pin) = D (x)+ CUladl (x)

/ 1

T-even  T-odd (gluonic pole or ETQS m.e.)
D2 () = 5 (x) - 05 (x)| [ L) =D (x,0]) |

m This gives rise to process dependence in PDFs, for unpolarized case
1 .
M(Da W)= .. hl“l)“”(x) = ... Cg” hl“l)(x)

m Weightings defined as

o) n
B @) = [ dsz(— L ) B, p})

18



. Operator structure in TMD case
o

m Transverse moments can be expressed in these particular collinear
multi-parton twist-3 correlators

n d(x)= [d’p, p; @ (x, pin) = P (x)+ CUladl (x)

/ 1

T-even  T-odd (gluonic pole or ETQS m.e.)
B2 () = 5 (x) - 05 ()| [ D) =D (x,0]) |

m For a polarized nucleon:

|
— o (x) = ( g0 (x)+ ...h“”(x)) ... ClU 0 (x)

M 1L T
! !
T-even T-odd

19



m Operators: m Operators:

out state
O (p| p)~(P|1POU (&) |P)  AKIK) /
~ Y (0|w(&) | K,X)(K,X|$(0)]0)

D (x) = i)g (X)£x D (x)

70

T-even  T-odd (gluonic pole)

[(I)g (x) = D77 (x,0]x) = O] T-even operator combination,

but no T-constraints!

[ AL(X) = A (5,0]5)=0

Z

AV (x) = A%(x)

Collins, Metz; Meissner, Metz; Gamberg, M, Mukherjee, PR D 83 (2011) 071503 20



Double transverse weighting
o

m The double transverse weighted distribution function contains multiple
4-parton matrix elements

O (x) = DY (x) + Cholar” @, (x) + C e B () + DL ()

0

l l |

T-even T-even T-odd
(I)g‘f[U}(x) _ ...h#z)[U](x) m Note:"o0=D-4

! ™~

[ hliTu)[U](x) _ hllT@)(A)(x) + CLUIRA@UED (1) }

GG 1T

m Separation in T-even and T-odd parts is no longer enough to isolate
process dependent parts —s also Pretzelocity function is non-universal

m ... although Cltl = Cgl = 1 (so not different in DY and SIDIS)

MGA Buffing, A Mukherjee, PJM, PRD2012 , Arxiv: 1207.3221 [hep-ph] 21



Double transverse weighting
o

m Pretzelocity type of correlations come actually in three matrix elements
and have to be parametrized using three functions

DL (x) = DL (x)+ Cl) WD, (x)+ C (D (x) + DL () |

d 0

Tr (GG yy) Tr(GG) Tr (ynp)
L(2)[U] _ 1,L(2)(4) [U] 7,L(2)(B1) (U] 7,L(2)(B2)
[ th (x) - th (x) + CGG,lth (x) T CGG,2h1T (x) J

U 7] ] U[D] NL TrC(U[D]) [l
olU] H!F] ol Pl +]
c +1 3 1

Coon 1 9 1

Clrra 0 0 4

MGA Buffing, A Mukherjee, PJM, PRD2012 , Arxiv: 1207.3221 [hep-ph] 22



The next step: TMDs of definite rank
o

m Expansion into TMDs of definite rank
CI)[U](x,pT) = ﬁ)(x,p;) + CéU]ini&)i (x, p;) + Cgé],cn2pnj(’f>gac (x,p;) +...
+ pTi(i)g(x,p;) + C([}U]JtpT (I)?GG}(x,p;) +...
+ pTy&)ga(x,p;) +...
+...

m Depending on spin and type of operators, only a finite humber needed
m Example 1: quarks in an unpolarized target

y 4

b(x.p)) = (1, . r))5

Jt(ID“(x pT) = (zh (x, pT)yT )F

M) 2

23



Examples
o '°

m Rank expansion of TMDs

&)(x’plz") ng]ﬂpTi(’IV)i?(x’p;) C([}((]}]cn pTz ?}G,c('x’p;)

p®,(x,p;) | Clwp,, @ (x, p})

Pry ®’ (x,p?)

m Example 1: quarks in an unpolarized target

f1 (xapy%) hf(xap;) —




Examples
Nl '°

m General identification for quarks in a nucleon (spin %2)

(I)(Zﬁ,pi) — {fl('xvpg“) + SL gl(zapi)/yf) + hl(mapi)’}% $T}§?

04 e, 2) = (b 02) 8. 500 — guaenp) PP L

po
Pri % €r D S o .
b i 02) = { = (o) R it o B

. . Q1 J
Prij (I)ga(x 2) _ hJ_(A) (513 2) pngST V5 YT P

M2 1T T M2 27

%@&;,1(%1@) _ %th(Bl)(x’p% pm‘ﬁjﬂ% §7 TrC(GGlp?)
Dot i ol p2) = —5hirt (o, p2) L2950 i L TGOT)
%&D%G} (z,p2) = 0.

25



Examples
Nl '°

m Rank expansion of TMDs

O(x,p;) | CYlap, ®(x,p;)  |CL) aPp, @ (x,p;)
R J s

p®,(x,p;) | Clwp,, @ (x, p})

Pry ®’ (x,p?)

m Example 2: TMD PDFs for a longitudinally (L) polarized spin 2 target

g - -
ht _ -




Examples
Nl '°

m Expansion

O(x,p;) |CYlap, @ (x,p;) (Ch) w’p, ®L. (x,p})

p®,(x,p;) | Clwp,, @ (x, p})

Pry ®’ (x,p?)

m Example 3: TMD PDFs for a transversely (T) polarized spin 2 target

N 1(Bl) 7.1(B2)
h1 flT th ’ th
Eir - -
1(A)
th — —




o)

m Rank expansion

Examples

D(x, p2)

ClYlmp @ (x,p})

C[U]

GG,c

2 =i 2
TP P (X, D7)

p, @ (x,p2)

U] U 2
CG ﬂpTij(I){aG}(xapT)

Py @l (%, p7)

m Example 4: TMD PFFs for spin V2 fragment

Dl ? GI’HI

1L°

HY, H-,G

1
DlT

172

1
HIT

28




Summarizing quark TMDs up to spin 1 targets

GLUONIC POLE RANK

(A)
1TT

1(A)
hirr

MGA Buffing, A Mukherjee, PJM, PRD2012 , Arxiv: 1207.3221 [hep-ph]

0 1 2 3
P(z,p7) wc“” w2 Cho  Pace  |T°Coge. Paca.c
?a 7TC' (I){GG} 7T2Cc[;Uc];,c P66y e
Doo 7TC @{aaa}

Dso0

PDFs FOR SPIN 0 HADRONS PDFs FOR SPIN 1/2 HADRONS

Ji hi g1, ha fiT hipt Y, hip?)
qgiT, hf_L
iz

PDFs FOR TENSOR POLARIZED SPIN 1 HADRONS
firr, e hivL, girT, hiTT (5¢) hfﬁc)
Sirr hiLr, 17T

29



\ Y Time reversal constraints

m After all a ‘forbidden” TMD because of time reversal symmetry: h; ¢

PDFs FOR TENSOR POLARIZED SPIN 1 HADRONS
Jior, T hiiL, g1oT, harT 1(5%) hf:r(ﬁc)
Jirr hipr, giTT
(A) hl(A)
17T 17T

m H, ;is allowed, D17 is unique, ...

PFFs FOR TENSOR POLARIZED SPIN 1 HADRONS
Dirr, Hirt
Divr, Hizr, Girr, Hirr
Dirr, Hipr, Girr

L
HlTT

MGA Buffing, A Mukherjee, PJM, PRD2012 , Arxiv: 1207.3221 [hep-ph]
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Gluon TMDs in a nucleon

W

m For gluons one can have rank 0 — 3

GLUONIC POLE RANK
0 1 2 3
T
[(z,p}) ri’ rivd N
T U] U]
I's Ff{a]c;},c F{@GG},C
= =10
588 F{aac;} c
I's00

m Color structure GG,c includes a.o. Tr([G,FI[G,F]) and Tr.({G,FH{G,F})
m PDFs:

PDFs FOR GLUONS
.t A il i i
ng hfg(AC)
1Lg(A 1lg(Ac
hl g(A) hl’lg( )

MGA Buffing, A Mukherjee, PJM, PRD2012 , in preparation




Bessel transforms
o

m The universal TMDs of definite rank are natural objects that can be
studied in impact parameter space

T R N B S O

m Bessel transforms for rank m involve (m/2)-moments

]:/(m/2) (337 ‘pT’) :/ db V |pT|me(|pT|b) f(m/2)(x7b)

0

MGA Buffing, A Mukherjee, PJM, PRD2012 , Arxiv: 1207.3221 [hep-ph] 32



\ Y Process dependent complications (preliminary)
N

m There are remaining process-dependent complications in convolutions

0y (%,,%,.4;) =LConv{@(xl,pf»@(xz,p;)c%}

Conv Dy, (I)“(xl,plT)(I)(xz,pzT)O}
Conv C:p. CI)“(xl,plT)CI)(x2,p2T)(3}

{

{
conv{cp %5 i) Py @5 (3,92, )6 |
Conv{cb x,p2)Cp, d)a(xz,pZT)O}
{C

af a
L Comv{CLlp,1 s @b (x,, P1 )D(x,, 3, )6 |

- 2 \l-] a 2\ A
Conv{Cp,,, @ (x,. P}, )CL ', (%, 13, )5 |

<N2 -1)

+....
.. but these complications are not worse than collinear twist-3 squared
MGA Buffing, PJM, JHEP 07 (2011) 065 33




Conclusions
e«
m (Generalized) universality using definite rank functions

m Rank m is coupled to cos(m¢) and sin(m¢) azimuthal asymmetries

m Multiple distribution functions showing up in azimuthal asymmetries
(depending on color structure of operators), e.g. three pretzelocities.

m In principle distinguishable in different experiments (with different color
flow in tree-level diagrams)

m Factorization is the next step
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