
Fully	  differen,al	  MC	  generator	  
and	  Bessel	  weigh,ng	  	  

Mher	  Aghasyan	  
QCD-‐N’12	  Bilbao,	  Spain	  

25	  October	  2012	  



Outline	  

•  SIDIS	  cross	  sec,on	  
•  Fully	  differen,al	  MC	  with	  

 Factorized	  DF	  and	  FF	  
 Non	  factorized	  DF	  and	  FF	  	  

•  Bessel	  weigh,ng	  
•  Summary	  	  

2	  10/25/12	   Mher	  Aghasyan	  	  	  	  	  	  QCDN2012	  



SIDIS	  cross-‐sec,on	  
dσ

dxdydzdp2
⊥dk2

⊥dφsdφhdφk
= ...

dσ

dxdydzdP 2
h,T dφsdφh

= ...

Figure	  from	  PRD	  71,	  074006	  (2005).	  	  

Assuming	  single	  photon	  exchange,	  
aMer	  integra,on,	  the	  lepton-‐hadron	  
cross	  sec,on	  can	  be	  expressed	  in	  a	  
model-‐independent	  way:	  

dσ

dxdP 2
h,T dφsdφh

= ... dσ

dzdP 2
h,T dφsdφh

= ...

While	  usually	  we	  measure	  in	  the	  experiments	  

and/or	  

3	  10/25/12	   Mher	  Aghasyan	  	  	  	  	  	  QCDN2012	  



Model	  for	  fully	  differen,al	  MC	  

PRD	  71,	  074006	  (2005).	  	  

Quark	  intrinsic	  mo,on	  with	  Torino	  model:	  	  

Quark	  inside	  the	  proton	  have	  the	  momentum:	  

xLC =
1
2
x



1 +

�

1 +
4k2
⊥

Q2



 ,Where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  proton	  energy.	  P0

xLC = k−/P−Mp = 0

k =
�

xLCP0 +
k2
⊥

4xLCP0
,k⊥,−xLCP0 +

k2
⊥

4xLCP0

�
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Fragmenta,on	  	  

Pz̃,h = zLCEk� − p2
⊥ + M2

h

4zLCEk�
Pỹ,h = p⊥ sin(φ̃)Px̃,h = p⊥ cos(φ̃)

Final	  hadron	  generated	  with	  the	  momentum:	  

z = zh �= zLCStrictly	  	  

z = zh � zLCAlthough,	  we	  assume	  	  

ScaVered	  quark	  4	  momentum	  calculated:	  	  	   k� = k + q

To	  account	  and	  understand	  all	  the	  assump,ons,	  integra,ons,	  correla,ons	  and	  
more	  fully	  differen,al	  SIDIS	  cross-‐sec,on	  should	  be	  studied.	  
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Kinema,cs	  restric,ons	  

k2
⊥

Q2
≤ xB(1− xB)

(1− 2xB)2
k2
⊥

Q2
≤ (2− xB)(1− xB)

xB < 0.5

PRD	  84,034033	  (2011)	  

PRD	  71,	  074006	  (2005).	  	  

If	  one	  accounts	  for	  the	  non	  zero	  target	  mass,	  then	  one	  will	  obtain	  wider	  phase	  space,	  since	  	  
bigger	  is	  target	  energy	  for	  given	  Q2,	  	  bigger	  is	  quark	  momentum	  inside	  nucleon.	  

k0 ≤ P0kz ≤ 0

Mp = Mq = 0Mp = Mq = 0
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Fully	  differen,al	  MC	  with	  Gaussian	  FF	  
and	  DF	  

Simple	  Gaussian	  DF	  and	  FF.	  

f1(x, k⊥) = f1(x)
e
− k2

⊥
<k2
⊥>f1

< k2
⊥ >f1

g1(x, k⊥) = g1(x)
e
− k2

⊥
<k2
⊥>g1

< k2
⊥ >g1

f1(x) = (1− x3)x−1.313 g1(x) = f1(x)× x0.7

D1(z, p⊥) = D1(z)
e
−p2
⊥

<p2
⊥>

< p2
⊥ > D1(z) = 0.8 ∗ (1− z)2

dσ

dxdydzdp2
⊥dk2

⊥dφl�dφhdφk
= K(x, y)

�
J(x, Q2, k⊥) {f1(x, k⊥)D1(z, p⊥) + λg1(x, k⊥)D1(z, p⊥)}

�

where:	   J(x,Q2, k⊥) =
x

xLC

�
1 +

x2

x2
LC

k2
⊥

Q2

�
K(x, y) =

α2

xyQ2

y2

2(1− ε)

�
1 +

γ2

2x

�

PRD	  71,	  074006	  (2005).	  	  
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Phase	  space	  in	  MC:	  simple	  Gaussian	  
DF	  and	  FF	  

x
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/Q2 k

0

0.2

0.4

0.6

0.8

1

1.2

0

200

400

600

800

1000

12002=1 GeV2Q
2=3 GeV2Q

PRD	  84,034033	  (2011)	  

< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
⊥ >= 0.14GeV 2

and	  	  	  	  	  	  	  are	  not	  factorized	  even	  in	  Gaussian	  approach.	  	  x k⊥

Input	  parameters:	  

Ebeam = 11 GeV
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Phase	  space	  in	  MC:	  simple	  Gaussian	  
DF	  and	  FF	  

x
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< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
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Ebeam = 160 GeVEbeam = 11 GeV

Kinema,c	  cut-‐off	  is	  sharper	  at	  higher	  beam	  energy	  and	  smaller	  	  x
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More	  input	  func,ons	  	  

•  How	  MC	  will	  behave	  with	  different	  func,ons?	  
•  How	  strong	  result	  will	  depend	  on	  input	  func,ons	  
and	  parameters?	  

 Since	  I	  can	  not	  apply	  exact	  kinema,c	  restric,on	  
of	  the	  model	  to	  the	  experimental	  data,	  how	  big	  is	  
the	  effect	  with	  and	  without	  kinema,c	  restric,ons	  
within	  the	  model?	  	  
For	  simple	  Gaussian	  input	  DF	  and	  FF	  MC	  describes	  data	  

only	  with	  kinema:c	  restric:ons!	  (+	  Torino	  fits)	  
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Modified	  Gaussian	  FF	  and	  DF	  

No	  cuts	  with	  red	  lines.	  
Only	  energy	  and	  momentum	  conserva,on.	  

< k2
⊥ >f1= 0.375GeV 2, < k2

⊥ >g1= 0.3GeV 2, < p2
⊥ >= 0.14GeV 2

Stan	  Brodsky,	  "Novel	  Features	  of	  Hadron	  Dynamics	  and	  Light-‐Front	  Holography”	  
Warsaw	  -‐	  July	  3	  -‐	  6,	  2012	  
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Ebeam = 11 GeV

kz ≤ 0 requirement	  is	  sa,sfied	  automa,cally	  for	  95-‐99%	  of	  events.	  	  

f1(x, k⊥) = f1(x)
e
− k2

⊥
2<k2

⊥>f1
x(1−x)

< k2
⊥ >f1

�
x(1− x)

g1(x, k⊥) = g1(x)
e
− k2

⊥
2<k2

⊥>g1x(1−x)

< k2
⊥ >g1

�
x(1− x)

D1(z, p⊥) = D1(z)
e
− p2

⊥
2<p2

⊥>z(1−z)

< p2
⊥ >

�
z(1− z)
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More	  modifica,ons	  

If	  we	  account	  not	  only	  x	  	  but	  also	  y,	  requirement	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  fulfilled	  automa,cally!	  
Like	  posi,vity	  bounds	  from	  PRL	  85,712(2000)	  one	  can	  automa,cally	  fulfill	  with	  	  
proper	  choice	  of	  the	  func,ons.	  	  	  

kz ≤ 0
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dependence	  for	  different	  	  	  	  	  bins	  
simple	  Gaussian	  DF	  and	  FF	  

k2
⊥ x
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< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
⊥ >= 0.14GeV 2

E
be

a
m

=
16

0
G

eV

At	  low	  	  	  	  	  	  	  	  and	  higher	  	  	  	  	  the	  outcome	  is	  close	  to	  implemented	  value	  for	  small	  xk2
⊥ k2

⊥
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dependence	  for	  different	  	  	  	  	  bins	  
simple	  Gaussian	  DF	  and	  FF	  

k2
⊥ x

< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
⊥ >= 0.14GeV 2

 / ndf 2!    155 / 108
p0        0.000± 0.183 
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EBeam = 6 GeV

Output	  of	  MC	  is	  close	  to	  the	  implemented	  values	  for	  wider	  range!	  
Is	  it	  connected	  to	  the	  cut	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  kz ≤ 0
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dependence	  for	  different	  	  	  	  	  bins	  k2
⊥ x

< k2
⊥ >f1= 0.375GeV 2, < k2

⊥ >g1= 0.3GeV 2, < p2
⊥ >= 0.14GeV 2

< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
⊥ >= 0.14GeV 2

kz ≤ 0

kz ≤ 0

In	  modified	  Gaussian	  MC	  we	  recover	  implemented	  value	  even	  at	  small	  x!	  
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�
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⊥
�k2
⊥�

�
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dependence	  for	  different	  	  	  	  	  bins	  k2
⊥ x
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EBeam = 6 GeV
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⊥ >f1= 0.375GeV 2, < k2

⊥ >g1= 0.3GeV 2, < p2
⊥ >= 0.14GeV 2

< k2
⊥ >f1= 0.2GeV 2, < k2

⊥ >g1= 0.16GeV 2, < p2
⊥ >= 0.14GeV 2

kz ≤ 0

kz ≤ 0

Varia,on	  of	  the	  implemented	  and	  observed	  widths	  is	  due	  to	  the	  energy	  
	  and	  momentum	  conserva,on!	  

exp
�
− k2

⊥
2�k2

⊥�x(1 − x)

�

exp
�
− k2

⊥
�k2
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�
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dependence	  vs	   x�k2
⊥�

x
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Red:	  	  parameter	  for	  the	  MC,	  Black:	  actual	  
Blue:	  simple	  Gaussian	  DF	  with	  restric,ons	  

Modified	  Gaussian	  DF	  and	  FF	  allows	  to	  use	  one	  fixed	  parameter	  for	  different	  x!	  

kz ≤ 0

exp
�
− k2

⊥
2�k2

⊥�x(1 − x)

�

exp
�
− k2

⊥
�k2
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�
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vs	  z	  �p2
⊥�
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Red:	  	  parameter	  for	  the	  MC,	  Black:	  actual	  
Blue:	  simple	  Gaussian	  DF	  with	  restric,ons	  

Modified	  Gaussian	  DF	  and	  FF	  allows	  to	  use	  one	  fixed	  parameter	  for	  different	  z!	  

exp
�
− p2

⊥
�p2
⊥�

�

exp
�
− p2

⊥
2�p2

⊥�z(1 − z)

�

Ph,z̃ ≥ 0
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Bessel-‐weighted	  extrac,on	  of	  the	  
double	  spin	  asymmetry	  ALL	  

A
J0(bT Ph,T )
LL (bT ) =

σ̃+(bT )− σ̃−(bT )
σ̃+(bT ) + σ̃−(bT )

=
σ̃LL(bT )
σ̃UU (bT )

=
�

1− ε2

�
q g̃q

1(x, z2b2
T )D̃q

1(z, b2
T )

�
q f̃q

1 (x, z2b2
T )D̃q

1(z, b2
T )

JHEP10(2011)021	  

σ̃±(bT ) =
�

dσ±

dPh,T
J0(bT Ph,T )Ph,T dPh,T

σ̃±(bT ) � S± =
N±�

i=1

J0(bT Ph,T,i)

where	  

Or	  for	  MC	  events	  

In	  Fourier	  space	  convolu,on	  of	  transverse	  momentum	  dependent	  parton	  
	  DF	  and	  FF	  become	  simple	  products!	  
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In	  simple	  words	  /	  equa,ons	  

dσXY

dPh,T
= CXY e

−
P2

h,T

<P2
h,T

>XY

Let	  assume	  we	  can	  present:	  

Assuming:	   �P 2
h,T � = �k2

⊥�z2 + �p2
⊥� σ̃LL(bT ) = C

1
2
g̃1(x, zbT )× D̃1(z, bT )

g̃1(bT ) = 2
� ∞

0
J0(bk⊥)e

− k2
⊥

<k2
⊥>g1 k⊥dk⊥ = e

−<k2
⊥>g1 b2T

4

Where:	  

D̃1(z, bT ) =
� ∞

0
J0(bp⊥)e

− p2
⊥

<p2
⊥> p⊥dp⊥ = e

−<p2
⊥>b2T
4

This	  is	  just	  very	  simple	  presenta,on	  based	  on	  chain	  of	  assump,on…	  	  
Bessel-‐weighSng	  strategy	  does	  not	  depend	  on	  a	  Gaussian	  approach	  at	  all!	  	  	  

σ̃XY (bT ) = CXY

� ∞

0
e
−

P2
h,T

<P2
h,T

>XY J0(bT Ph,T )Ph,T dPh,T = CXY
1
2
e−

<P2
h,T >XY b2T

4
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Bessel-‐weighted	  ALL	  

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.34

0.36

0.38

0.4

0.42

0.44
z)

T
(b1 f~z)/

T
(b

1
 g~

)-+S+)/(S--S+(S

 =  0.224, z= 0.510B x

points =
1√

1− ε2

S+ − S−

S+ + S−
S± =

N±�

i=1

J0(Ph,T bT )

f̃1(x, bT ) = f1(x)e
−<k2

⊥>f1
b2T

4 g̃1(x, bT ) = g1(x)e
−<k2

⊥>g1 b2T
4

where	  

Curve	  calculated:	  

	  were	  obtained	  using	  fits	  on	  	  	  	  	  	  	  	  	  distribu,ons	  for	  given	  bin	  of	  the	  MC	  sample!	  �k2
⊥� k2

⊥
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Systema,c	  discrepancy	  

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.97

0.98

0.99

1

1.01

1.02

1.03

1.04

2All k
2<0.55 GeV2k

2<0.5 GeV2k

The	  ra,o	  of	  the	  extrac,on	  to	  the	  curve	  has	  systema,c	  shiM,	  which	  is	  increasing	  
with	  decrease	  of	  	  	  	  	  	  	  	  	  	  	  	  range	  (similar	  behavior	  is	  observed	  also	  cukng	  	  	  	  	  	  	  	  	  	  	  	  ).	  k2

⊥
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The	  reason	  of	  the	  systema,c	  few	  
percent	  discrepancy	  

T̃ (bT ) = 2
� ∞

0
J0(bT t)

e−t2/a2

a2
tdt = e−

a2b2T
4 > 0

2
� tmax

tmin

J0(bT t)
e−t2/a2

a2
tdt � 0

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.34

0.36

0.38

0.4

0.42

0.44
z)

T
(b1 f~z)/

T
(b

1
 g~

)-+S+)/(S--S+(S

 =  0.224, z= 0.510B x

Red	  points	  are	  integrated	  for	  the	  range	  from	  0	  to	  maximum	  value!	  
While	  curve	  is	  integrated	  from	  0	  to	  infinity!	  

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.97

0.98

0.99

1

1.01

1.02

1.03

1.04

2All k
2<0.55 GeV2k

2<0.5 GeV2k
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Correc,on	  	  

� tmax

0
J0(bT t)

e−t2/a2

a2
tdt =

� ∞

0
J0(bT t)

e−t2/a2

a2
tdt−

� ∞

tmax

J0(bT t)
e−t2/a2

a2
tdt =

1
2
e−

a2b2T
4 × (1− �)

� =

�∞
tmax

J0(bT t) e−t2/a2

a2 tdt
�∞
0 J0(bT t) e−t2/a2

a2 tdt
= 2e

a2b2T
4

� ∞

tmax

J0(bT t)
e−t2/a2

a2
tdt

where	  

A
J0(bT Ph,T )
LL,measured(bT ) =

�
1− ε2

g̃1(x, z2b2
T )

f̃1(x, z2b2
T )
× 1− �g1

1− �f1

= A
J0(bT Ph,T )
LL (bT )× 1− �g1

1− �f1

One	  can	  use	  for	  example	  Gaussian	  approach	  to	  correct	  extracted	  points!	  

24	  10/25/12	   Mher	  Aghasyan	  	  	  	  	  	  QCDN2012	  



Correc,on	  and	  calcula,on	  

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.34

0.36

0.38

0.4

0.42

0.44 z)
T

(b1 f~z)/
T

(b
1

 g~

h,T
) from P-+S+)/(S--S+(S

 corr!) -+S+)/(S--S+(S

maxline integrated up to k

 =  0.224, z= 0.510B x

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.34

0.36

0.38

0.4

0.42

0.44 z)
T

(b1 f~z)/
T

(b
1

 g~

)-+S+)/(S--S+(S

 corr!)  -+S+)/(S--S+(S

maxline integrated up to k

 =  0.224, z= 0.510B x

Gaussian	  MC	   Modified	  Gaussian	  MC	  

One	  can	  correct	  red	  points	  using	  series	  of	  assump,ons,	  which	  is	  
presented	  with	  blue	  points.	  

Or,	  more	  precise,	  one	  can	  do	  calcula,ons	  for	  the	  exact	  bin	  using	  
integra,on	  (from	  minimum)	  up	  to	  the	  maximum	  value,	  which	  is	  
presented	  with	  black	  open	  squares	  !	  
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Ra,o	  or	  accuracy	  

)-1(GeVTb
0 1 2 3 4 5 6 7 8 9 100.97

0.98

0.99

1

1.01

1.02

1.03

 =  0.224, z= 0.510B x

)/ curve
h,T

BW (P

 corr/ curve! BW 

)-1(GeVTb
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0.98

0.99

1

1.01

1.02

1.03

 =  0.224, z= 0.510B x

)/ curveh,TBW (P

 corr/ curve!BW 

Gaussian	  MC	   Modified	  Gaussian	  MC	  

If	  we	  consider	  bT	  range	  up	  to	  6-‐7	  GeV-‐1,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Bessel	  weighted	  extrac,on	  provides	  accuracy	  bellow	  1%	  

bT < 1.2 fm
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Summary	  

•  Mul,-‐dimensional	  MC	  developed	  to	  study	  TMD	  extrac,on	  
from	  SIDIS	  data.	  

•  Target	  mass	  correc,ons	  has	  been	  studied	  and	  found	  to	  be	  
important	  at	  intermediate	  x.	  

•  Realis,c	  DF	  with	  x	  and	  	  k⊥	  (also	  y)	  similar	  way	  z	  and	  p⊥	  in	  FF	  
helps	  to	  automa,cally	  fulfill	  with	  tree	  level	  parton	  model	  
kinema,c	  restric,ons.	  

•  We	  present,	  model	  independent	  Bessel-‐weigh,ng	  strategy	  on	  
our	  MC	  sample.	  	  

•  The	  procedure	  was	  checked	  with	  different	  input	  func,ons	  
(simple	  Gaussian	  k⊥	  and	  x	  distribu,ons	  factorized,	  modified	  
not	  factorized	  Gaussian	  case).	  
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Support	  
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Generaliza,on	  to	  non	  zero	  proton	  mass	  

Assume	  that	  quark	  inside	  the	  proton	  have	  the	  momentum:	  

Where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  proton	  energy	  with	  non	  	  
zero	  proton	  mass.	  

P0

k =
�

x�LCP0 +
k2
⊥

4x�LCP0
,k⊥,−x�LCP0 +

k2
⊥

4x�LCP0

�

x�LC =
1
2
x



1 +

�

1 +
4k2

⊥
Q2



 ,

xLC = k−/P− = x�LC × (1 + ...)

1)  Genera,ng	  	  	  	  	  	  and	  	  	  	  	  	  I	  construct	  	  	  	  	  .	  
2)  Do	  the	  boost	  to	  the	  CM	  frame	  of	  virtual	  photon	  and	  target.	  	  

x y q

x =
1

(1 +
�

1 + 4M2x2
B/Q2)

xB

2
(1 +

�
1 + 4k2

⊥/Q2)
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FDSIDIS	  MC	  vs	  CLAS-‐DIS	  
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