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What	
  is	
  QCDNUM?	
  
●  Fortran	
  program	
  

●  Evolves	
  αs	
  and	
  the	
  parton	
  densi*es	
  up	
  to	
  NNLO	
  on	
  a	
  grid	
  in	
  x	
  and	
  Q2	
  

●  Also	
  evolves	
  polarised	
  PDFs	
  and	
  fragmenta*on	
  func*ons	
  up	
  to	
  NLO	
  

●  Supports	
  fixed	
  and	
  variable	
  flavour	
  number	
  schemes	
  

●  Vary	
  renormalisa*on	
  scale	
  with	
  respect	
  to	
  the	
  factorisa*on	
  scale	
  

●  Light	
  (NNLO)	
  and	
  heavy	
  quark	
  (NLO-­‐FFNS)	
  structure	
  func*ons	
  
●  Convolu*on	
  toolbox	
  to	
  write	
  your	
  own	
  add-­‐on	
  package	
  
●  Enter	
  your	
  own	
  spli^ng	
  func*ons	
  for	
  customised	
  evolu*on	
  

●  Fast,	
  accurate	
  and	
  user	
  friendly	
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QCDNUM	
  has	
  a	
  long	
  history	
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1988� Code by Ouraou and Virchaux (BCDMS) � CRAY vectorized Fortran �

1993� NMC adaptation to low x � CRAY vectorized Fortran �

1998� QCDNUM16.12 used by ZEUS� Unix Fortran77�

2007� Start NNLO upgrade QCDNUM17� Unix Fortran77�

2010� Release QCDNUM17-00� Unix Fortran77�



QCDNUM	
  has	
  a	
  manual	
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QCDNUM	
  has	
  a	
  web	
  page	
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http://www.nikhef.nl/~h24/qcdnum 



QCDNUM	
  has	
  presenta*on	
  slides	
  

● QCD	
  evolu*on	
  
● Numerical	
  method	
  

● QCDNUM	
  program	
  

● Structure	
  func*ons	
  
● Convolu*on	
  engine	
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QCD	
  evolu*on	
  of	
  
αs	
  and	
  parton	
  
densi*es	
  1
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das(µ2)

d lnµ2
= �

2X

i=0

�i a
i+2
s (µ2) as ⌘ ↵s/2⇡

�0 = 11
2 � 1

3 nf

�1 = 51
2 � 19

6 nf

�2 = 2857
16 � 5033

144 nf + 325
432 n2

f

The	
  	
  strong	
  coupling	
  constant	
  αs	
  evolves	
  on	
  
the	
  renormalisa*on	
  scale	
  μR

2	
  

● Solved	
  in	
  QCDNUM	
  by	
  
Runge-­‐Kuga	
  integra*on	
  
in	
  standalone	
  rou*ne	
  

●  Input:	
  αs(μ0
2)	
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● Limit	
  αs	
  	
  value	
  in	
  QCDNUM	
  to	
  avoid	
  blow-­‐up	
  at	
  low	
  μ2	
  

● At	
  larger	
  order	
  the	
  limit	
  will	
  correspond	
  to	
  larger	
  μ2
min

	
  

●  If	
  αs	
  exceeded:	
  increase	
  lower	
  edge	
  of	
  μ2	
  grid	
  or	
  set	
  cuts	
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DGLAP	
  evolu*on	
  of	
  PDFs	
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i =

8
<

:

1 , . . . , nf quarks

0 gluon

�1 , . . . ,�nf antiquarks

@fi(x, µ2)

@ lnµ2
=

X

j=q,q̄,g

[Pij ⌦ fj ](x, µ
2)

● These	
  are	
  2nf+1	
  coupled	
  integro-­‐differen*al	
  equa*ons	
  
● Define	
  singlet/non-­‐singlet	
  PDFs	
  to	
  decouple	
  equa*ons	
  
● PDFs	
  evolve	
  on	
  the	
  factorisa*on	
  scale	
  μF

2	
  
● DGLAP	
  can	
  be	
  solved	
  when	
  f(x,μ0

2)	
  is	
  given	
  

[P ⌦ f ](x) =

Z 1

x

dz

z

P

⇣
x

z

⌘
f(z)



● Singlet/gluon	
  evolu*on	
  

● Non-­‐singlet	
  evolu*on	
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q±i = qi ± q̄i
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QCDNUM	
  internally	
  uses	
  a	
  standard	
  set	
  
of	
  singlet/non-­‐singlet	
  basis	
  func*ons	
  

singlet	
  

nonsinglets	
  



Perturba*ve	
  expansion	
  of	
  evolu*on	
  kernels	
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N`LO: Pab(x, µ
2) =

X̀

n=0

↵

n+1
s (µ2) P

(n)
ab (x)

LO NLO NNLO

q+ij P (0)
qq P (1)

+ P (2)
+

q�ij P (0)
qq P (1)

� P (2)
�

qv P (0)
qq P (1)

� P (2)
v

● Factorisa*on	
  in	
  x	
  and	
  μ2	
  

● Nonsinglet	
  evolu*on	
  
proliferates	
  at	
  increasing	
  
order	
  LO,	
  NLO,	
  NNLO	
  



Renormalisa*on	
  scale	
  dependence	
  

●  Can	
  set	
  μR
2	
  =	
  aμF

2	
  +	
  b	
  in	
  QCDNUM	
  

●  Powers	
  of	
  αs(μF
2)	
  calculated	
  by	
  Taylor	
  expansion	
  

●  Truncate	
  expansion	
  to	
  (αs,	
  αs
2,	
  αs

3)	
  at	
  (LO,NLO,NNLO)	
  
and	
  use	
  the	
  truncated	
  αs

n(μF
2)	
  in	
  DGLAP	
  

●  QCDNUM	
  maintains	
  lookup	
  tables	
  of	
  these	
  αs
n	
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Evolu*on	
  schemes	
  in	
  QCDNUM	
  
●  FFNS:	
  number	
  of	
  ac*ve	
  flavours	
  is	
  kept	
  

constant	
  3	
  <	
  nf	
  <	
  6	
  for	
  all	
  μ2	
  	
  

●  VFNS:	
  number	
  of	
  flavours	
  changes	
  from	
  nf	
  to	
  
nf+1	
  at	
  the	
  thresholds	
  μ2

c,b,t	
  

● Input:	
  gluon	
  +	
  6	
  light	
  quark	
  PDFs	
  at	
  μ2
0	
  <	
  μ2

c	
  

● Heavy	
  quarks	
  are	
  generated	
  by	
  DGLAP	
  evolu*on	
  
● The	
  PDFs	
  and	
  αs	
  are	
  con*nuous	
  at	
  the	
  thresholds	
  at	
  
LO	
  and	
  NLO	
  but	
  are	
  discon*nuous	
  at	
  NNLO	
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K.G.	
  Chetyrkin	
  et	
  al..	
  PRL	
  79	
  (1997)	
  2184	
  
M.Buza	
  et	
  al.,	
  EPJ	
  C1	
  (1988)	
  301	
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� µ2 !µ2
0 µ2

c µ2
b

�
x

!

In	
  QCDNUM	
  the	
  star*ng	
  scale	
  must	
  be	
  below	
  μc
2	
  

Evolu*on	
  with	
  3,	
  4,	
  5	
  flavours	
  in	
  the	
  VFNS	
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●  NNLO	
  PDFs	
  are	
  discon*nuous	
  at	
  the	
  thresholds	
  (BMSN)	
  

●  In	
  QCDNUM	
  the	
  value	
  of	
  nf	
  changes	
  at	
  the	
  same	
  moment	
  
in	
  both	
  the	
  αs	
  and	
  the	
  PDF	
  evolu*on	
  	
  

●  This	
  much	
  simplifies	
  	
  the	
  calcula*on	
  of	
  discon*nui*es	
  
●  Also	
  we	
  then	
  have	
  no	
  discon*nui*es	
  at	
  LO	
  or	
  NLO	
  
●  QCDNUM	
  PDFs	
  are	
  bi-­‐valued	
  at	
  the	
  thresholds	
  but	
  you	
  

will	
  get	
  the	
  value	
  corresponding	
  to	
  the	
  largest	
  flavour	
  
●  Thus	
  for	
  you	
  nf	
  =	
  4	
  not	
  3	
  at	
  μ2

c	
  and	
  5	
  not	
  4	
  at	
  μ2
b	
  

�g = a2s [Agq ⌦ qs +Agg ⌦ g]

�q±i = a2s [Aqq ⌦ q±i ]

�h+ = a2s [Ahq ⌦ qs +Ahg ⌦ g]

�h� = 0 M.Buza	
  et	
  al.,	
  EPJ	
  C1	
  (1988)	
  301	
  



Example:	
  NNLO	
  discon*nuity	
  of	
  charm	
  	
  
and	
  bogom	
  at	
  their	
  thresholds	
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● Bogom	
  ~3%	
  of	
  
singlet	
  at	
  low	
  x	
  

● Charm	
  ~10%	
  

● PDFs	
  nega*ve	
  
below	
  x	
  =	
  10-­‐2	
  

● No	
  problem	
  since	
  
PDFs	
  are	
  not	
  
observables	
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There	
  are	
  also	
  NNLO	
  discon*nui*es	
  in	
  the	
  αs	
  
evolu*on	
  but	
  these	
  are	
  small	
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K.G.	
  Chetyrkin	
  et	
  al..	
  PRL	
  79	
  (1997)	
  2184	
  



Numerical	
  method	
  
in	
  a	
  nutshell	
  2
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● QCDNUM	
  works	
  on	
  an	
  equidistant	
  grid	
  in	
  y,	
  t	
  

● Mellin	
  convolu*on	
  then	
  becomes	
  Fourier	
  
convolu*on	
  and	
  the	
  nonsinglet	
  DGLAP	
  reads	
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@h(y, t)

@t
=

Z y

0
dz Q(z, t) h(y � z, t) = [Q⌦ h](y, t)

µ

2 ! t = lnµ2

x ! y = � lnx

xf(x) ! h(y)

xPij(x) ! Qij(y)



B-­‐spline	
  interpola*on	
  

Michiel	
  Botje	
  	
  	
  	
  DESY	
  22-­‐Oct-­‐2012	
   QCD	
  evolu*on	
  with	
  QCDNUM	
   22	
  

●  Boundary	
  condi*on	
  
h(0)	
  =	
  h’(0)	
  =	
  0	
  

●  Remaining	
  B-­‐splines	
  	
  
transla*on	
  invariant	
  

●  Transla*on	
  invariance	
  
much	
  simplifies	
  the	
  
evolu*on	
  algorithm	
  	
  

●  Does	
  not	
  work	
  for	
  
cubic	
  splines	
  because	
  
numerically	
  instable	
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h(y) =
X

i

aiYi(y)



● Very	
  simple	
  rela*on	
  between	
  h(yi)	
  and	
  spline	
  
coefficients	
  ai	
  	
  both	
  for	
  linear	
  and	
  quad	
  

● QCDNUM	
  has	
  very	
  fast	
  and	
  simple	
  rou*nes	
  to	
  
solve	
  triangular	
  bandmatrix	
  equa*ons	
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●  Convolu*on	
  integral	
  becomes	
  weighted	
  sum	
  

●  Lower	
  triangular	
  Toeplitz	
  weight	
  matrices	
  

●  Weights	
  are	
  computed	
  at	
  program	
  ini*alisa*on	
  

●  Vector	
  storage	
  of	
  weight	
  matrices	
  gives	
  very	
  fast	
  summa*on	
  
of	
  the	
  perturba*ve	
  series	
  inside	
  evolu*on	
  rou*ne	
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[Q⌦ h](yi) =
iX

j=1

Wijaj = Wa

Wij =

0

BB@

w1

w2 w1

w3 w2 w1

w4 w3 w2 w1

1

CCA

wi =

Z yi

0
dz Q(yi � z)Y1(z)

W (t) = as(t){ W (0) + as(t)W
(1) + · · · }



●  The	
  DGLAP	
  evolu*on	
  at	
  t0	
  can	
  now	
  be	
  wrigen	
  as	
  

●  DGLAP	
  +	
  quad	
  interpola*on	
  in	
  t	
  gives	
  a	
  rela*on	
  
between	
  known	
  spline	
  coefficients	
  a(t0)	
  and	
  the	
  
unknown	
  coefficients	
  a(t1)	
  	
  

●  This	
  leads	
  to	
  a	
  lower	
  triangular	
  Toeplitz	
  matrix	
  
equa*on	
  that	
  can	
  be	
  solved	
  very	
  fast	
  for	
  a1	
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dh0

dt
=

dSa0

dt
= W0 a0 ! a0

0 = S�1W0a0

a0
0 = S�1W0a0

a0
1 = S�1W1a1

a1 = a0 + 1
2 (a

0
0 + a0

1)�t

9
>>=

>>;
!

(2S �W1�t)a1 =

(2S +W0�t)a0



Mul*ple	
  grids	
  
●  Equidistant	
  	
  grid	
  over	
  a	
  large	
  range	
  in	
  y	
  usually	
  is	
  adequate	
  at	
  

large	
  y	
  (small	
  x)	
  but	
  too	
  coarse	
  at	
  low	
  y	
  (large	
  x)	
  

●  QCDNUM	
  uses	
  mul*ple	
  grids	
  with	
  larger	
  density	
  at	
  low	
  y	
  

●  Evolve	
  with	
  grids	
  G1,	
  G2,	
  and	
  G3	
  and	
  copy	
  results	
  to	
  the	
  
regions	
  I,	
  II	
  and	
  III	
  of	
  G0	
  

●  Quad	
  splines	
  +	
  mul*ple	
  grids	
  give	
  huge	
  gains	
  in	
  accuracy	
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QCDNUM	
  caveat:	
  backward	
  evolu*on	
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Backward	
  evolu*on	
  with	
  quadra*c	
  splines	
  may	
  oscillate	
  
(forward	
  evolu*on	
  never	
  oscillates	
  nor	
  do	
  linear	
  splines)	
  	
  

QCDNUM	
  can	
  handle	
  this	
  instability	
  but	
  quad	
  backward	
  
evolu*on	
  over	
  a	
  large	
  range	
  in	
  μ2	
  is	
  not	
  recommended	
  	
  

J	
  QCDNUM	
  detects	
  oscilla*ons	
  



The	
  QCDNUM	
  
program	
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  QCD	
  evolu*on	
  with	
  QCDNUM	
  

3



QCDNUM-­‐17.00/06	
  distribu*on	
  
●  MBUTIL	
  pool	
  of	
  Fortran	
  u*lity	
  rou*nes	
  

●  QCDNUM	
  evolu*on	
  program	
  
● PDF	
  evolu*on	
  fully	
  NNLO	
  
● Polarized	
  PDFs	
  and	
  FFs	
  in	
  NLO	
  
● Convolu*on	
  engine	
  to	
  build	
  your	
  own	
  add-­‐ons	
  

●  ZMSTF	
  zero-­‐mass	
  structure	
  func*on	
  add-­‐on	
  
● F2,	
  FL,	
  xF3,	
  and	
  FL’	
  up	
  to	
  NNLO	
  

●  HQSTF	
  heavy	
  quark	
  sws	
  in	
  3-­‐flavour	
  FFNS	
  
● F2,	
  FL	
  contribu*on	
  from	
  (c,b,t)	
  up	
  to	
  NLO	
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E.	
  Laenen	
  et	
  al.,NP	
  B392	
  (1993)	
  162	
  
S.Riemersma	
  et	
  al.,	
  PL	
  B347	
  (1995)	
  143	
  



Installa*on	
  is	
  really	
  very	
  easy	
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Installing	
  
takes	
  a	
  few	
  
minutes	
  …	
  

	
  
…	
  et	
  voila	
  
your	
  first	
  
QCDNUM	
  
evolu*on	
  



QCDNUM	
  memory	
  space	
  

●  QCDNUM	
  has	
  its	
  own	
  (primi*ve	
  but	
  adequate)	
  
dynamic	
  memory	
  management	
  

●  But	
  Fortran	
  is	
  Fortran,	
  and	
  memory	
  space	
  must	
  be	
  
declared	
  	
  at	
  compila*on	
  *me	
  (in	
  an	
  include	
  file)	
  

●  If	
  you	
  run	
  out	
  of	
  memory	
  (error	
  message)	
  then	
  
increase	
  nwf0	
  in	
  qcdnum.inc and	
  recompile 

●  By	
  default	
  nwf0 = 1.2M	
  	
  should	
  be	
  large	
  enough	
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QCDNUM:	
  compact	
  user	
  interface	
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call QCINIT(6,’ ’) 
call GXMAKE(xmin,1,1,nxin,nx,iosp) 
call GQMAKE(qq,wt,2,nqin,nq) 
call FILLWT(0,id1,id2,nwords) 
call SETORD(3) 
call SETALF(as0,r20) 
call SETCBT(0,iqc,iqb,iqt) 
call EVOLFG(1,func,def,iq0,eps) 
call FPDFXQ(1,x,q,pdf,0) 

✓	
  Full	
  NNLO	
  evolu*on	
  in	
  9	
  lines	
  



QCDNUM:	
  grids	
  and	
  weights	
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call QCINIT(6,’ ’) 
call GXMAKE(xmin,1,1,nxin,nx,iosp) 
call GQMAKE(qq,wt,2,nqin,nq) 
call FILLWT(0,id1,id2,nwords) 
call SETORD(3) 
call SETALF(as0,r20) 
call SETCBT(0,iqc,iqb,iqt) 
call EVOLFG(1,func,def,iq0,eps) 
call FPDFXQ(1,x,q,pdf,0) ü  Ini*alise	
  QCDNUM	
  

ü  Define	
  x-­‐μ2	
  grid	
  and	
  
lin/quad	
  interpola*on	
  

ü  Calculate	
  weight	
  tables	
  	
  



QCDNUM:	
  evolu*on	
  parameters	
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call QCINIT(6,’ ’) 
call GXMAKE(xmin,1,1,nxin,nx,iosp) 
call GQMAKE(qq,wt,2,nqin,nq) 
call FILLWT(0,id1,id2,nwords) 
call SETORD(3) 
call SETALF(as0,r20) 
call SETCBT(0,iqc,iqb,iqt) 
call EVOLFG(1,func,def,iq0,eps) 
call FPDFXQ(1,x,q,pdf,0) 

ü  Set	
  LO,	
  NLO,	
  NNLO	
  
ü  Input	
  strong	
  coupling	
  constant	
  
ü  FFNS,	
  VFNS,	
  and	
  thresholds	
  μ2

c,b,t	
  	
  



QCDNUM:	
  evolu*on	
  of	
  all	
  PDFs	
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call QCINIT(6,’ ’) 
call GXMAKE(xmin,1,1,nxin,nx,iosp) 
call GQMAKE(qq,wt,2,nqin,nq) 
call FILLWT(0,id1,id2,nwords) 
call SETORD(3) 
call SETALF(as0,r20) 
call SETCBT(0,iqc,iqb,iqt) 
call EVOLFG(1,func,def,iq0,eps) 
call FPDFXQ(1,x,q,pdf,0) 

ü  User	
  func*on	
  func	
  provides	
  input	
  PDFs	
  at	
  μ2
0	
  

ü  Array	
  def	
  describes	
  flavour	
  composi*on	
  
ü  Several	
  rou*nes	
  to	
  return	
  PDFs	
  at	
  x,	
  μ2	
  	
  



●  The	
  example	
  needs	
  only	
  6	
  light	
  quark	
  input	
  PDFs	
  in	
  the	
  VFNS	
  
●  The	
  array	
  def	
  gives	
  the	
  flavour	
  composi*on	
  of	
  these	
  PDFs	
  

●  User	
  func*on	
  func	
  is	
  a	
  switchyard	
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●  QCDNUM	
  cannot	
  impose	
  the	
  sum	
  rules	
  

●  You	
  should	
  build	
  them	
  into	
  the	
  input	
  PDFs	
  

●  Once	
  imposed	
  at	
  μ2
0	
  then	
  DGLAP	
  guarantees	
  that	
  

they	
  remain	
  valid	
  at	
  all	
  μ2	
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R 1
0 xg(x)dx+

R 1
0 xqs(x)dx = 1

R 1
0 [d(x)� d̄(x)]dx = 1

R 1
0 [u(x)� ū(x)]dx = 2



Weight	
  tables	
  

●  QCDNUM	
  has	
  rou*nes	
  to	
  create	
  weight	
  tables	
  (takes	
  a	
  few	
  
minutes),	
  dump	
  these	
  on	
  disk	
  and	
  read	
  them	
  back	
  

●  Tables	
  depend	
  on	
  the	
  grid	
  defini*on	
  but	
  otherwise	
  can	
  
handle	
  all	
  number	
  of	
  flavours	
  and	
  all	
  orders	
  LO,	
  NLO,	
  NNLO	
  

●  Different	
  sets	
  for	
  unpolarised	
  PDFs,	
  polarised	
  PDFs,	
  FF 
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QCDNUM	
  can	
  have	
  different	
  PDF	
  sets	
  in	
  memory	
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call FILLWT ( iset, idmin, idmax, nwds ) 
call FILLWC ( subr, idmin, idmax, nwds ) 
call PDFINP ( subr, iset, offset, epsi, nwds ) 

●  Standard	
  weights	
  with	
  FILLWT	
  
1	
  =	
  Unpolarised	
  PDFs	
  
2	
  =	
  Polarised	
  PDFs	
  
3	
  =	
  Fragmenta*on	
  func*ons	
  

●  Custom	
  evolu*on	
  weights	
  with	
  FILLWC	
  
4	
  =	
  Custom	
  PDFs	
  

●  External	
  PDFs	
  with	
  PDFINP	
  
5-­‐9	
  =	
  PDFs	
  from	
  external	
  PDF	
  set	
  

 



Mixed	
  Flavour	
  Number	
  Scheme	
  

●  QCDNUM	
  supports	
  a	
  scheme	
  with	
  flavour	
  thresholds	
  
in	
  the	
  αs	
  evolu*on	
  but	
  without	
  flavour	
  thresholds	
  in	
  
the	
  PDF	
  evolu*on	
  

●  Thus,	
  αs	
  evolves	
  in	
  the	
  VFNS	
  and	
  the	
  PDFs	
  in	
  the	
  FFNS	
  	
  

●  MFNS	
  is	
  rarely	
  used	
  but	
  there	
  exist	
  structure	
  func*on	
  
calcula*ons	
  that	
  need	
  MFNS	
  PDFs	
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call MIXFNS ( nfix, r2c, r2b, r2t ) 



Cuts	
  on	
  the	
  evolu*on	
  grid	
  

●  Evolve	
  only	
  on	
  part	
  of	
  the	
  grid	
  
●  Allows	
  to	
  restrict	
  the	
  evolu*on	
  range	
  to	
  that	
  of	
  the	
  

data	
  in	
  the	
  χ2	
  loop	
  of	
  a	
  QCD	
  fit	
  

●  Once	
  the	
  fit	
  has	
  converged	
  you	
  can	
  open	
  the	
  cuts	
  
and	
  evolve	
  (only	
  once)	
  over	
  the	
  full	
  grid	
  

●  Can	
  be	
  quite	
  a	
  CPU	
  *me	
  saver!	
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Call SETCUT ( xmi, q2mi, q2ma, dummy ) 



Access	
  to	
  PDFs	
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●  QCDNUM	
  offers	
  many	
  rou*nes	
  to	
  interpolate	
  the	
  PDFs	
  that	
  
reside	
  in	
  the	
  internal	
  tables	
  

●  SPLCHK	
  and	
  FSPLNE	
  can	
  be	
  used	
  to	
  inves*gate	
  spline	
  
oscilla*ons	
  (which	
  QCDNUM	
  will	
  autodetect	
  if	
  there	
  are	
  any)	
  

●  	
  PDFLST	
  and	
  PDFTAB	
  are	
  for	
  the	
  fast	
  crea*on	
  of	
  PDF	
  tables	
  



QCDNUM-­‐PEGASUS	
  comparison	
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✓	
  Comparison	
  QCDNUM	
  –	
  PEGASUS	
  O(10-­‐4)	
  

NLO	
  gluon	
  evolu*on	
  
from	
  μ2	
  =	
  2	
  to	
  104	
  GeV2	
  

x0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

g/
g 

 [%
]

Δ

0

1

2

3
Graph

Linear Interpolation

x0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-0.04

-0.02

0

0.02

0.04

0.06
Graph

Quadratic Interpolation

Single	
  200	
  
point	
  grid	
  

Single	
  100	
  
point	
  grid	
   5-­‐fold	
  100	
  

point	
  grid	
  

5-­‐fold	
  200	
  
point	
  grid	
  

A.Vogt,	
  CPC	
  170	
  (2005)	
  65	
  

Quadra*c	
  

Linear	
  
Linear	
  

Quadra*c	
  



Recommended	
  mul*ple	
  grid	
  

●  The	
  choice	
  of	
  grid	
  is	
  very	
  important	
  because	
  it	
  
determines	
  speed	
  and	
  accuracy	
  

●  For	
  a	
  grid	
  down	
  to	
  x	
  =	
  10-­‐5	
  and	
  up	
  to	
  μ2	
  =	
  104	
  GeV2	
  
use	
  a	
  5-­‐fold	
  grid	
  with	
  quad	
  interpola*on	
  

●  You	
  can	
  add	
  (subtract)	
  12	
  points	
  for	
  each	
  decade	
  
lower	
  (higher)	
  in	
  x	
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Fast?	
  
●  Use	
  100x50	
  point	
  5-­‐fold	
  grid	
  x	
  >	
  10-­‐5	
  and	
  μ2	
  <	
  104	
  GeV2	
  

●  Do	
  1000	
  NNLO	
  evolu*ons	
  of	
  11	
  PDFs	
  (no	
  top)	
  in	
  the	
  VFNS	
  
●  For	
  each	
  evolu*on	
  do	
  1000	
  NNLO	
  F2	
  and	
  FL	
  in	
  HERA	
  kin	
  range	
  
●  Code	
  compiled	
  with	
  gfortran	
  (w/o	
  array	
  boundary	
  check)	
  
●  MacBook	
  2GHz	
  Intel	
  core	
  2	
  Duo	
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Routine� Calls� CPU sec� CPU/call�
Evolution � 1000� 8.5� 0.009�

F2, FL � 2.10 6� 10.0� 5.10-6�

✓	
  Takes	
  18.5	
  sec	
  which	
  is	
  pregy	
  fast!	
  



Structure	
  Func*ons	
  	
  

Michiel	
  Botje	
   47	
  Introduc*on	
  to	
  Bayesian	
  Inference	
  (4)	
  

4



The	
  ZMSTF	
  and	
  HQSTF	
  add-­‐ons	
  
●  The	
  calcula*on	
  of	
  structure	
  func*ons	
  and	
  cross-­‐sec*ons	
  is	
  

not	
  a	
  part	
  of	
  QCDNUM	
  

●  Structure	
  func*ons	
  are	
  Mellin	
  convolu*ons	
  of	
  the	
  PDFs	
  with	
  
coefficient	
  func*ons	
  so	
  they	
  can	
  be	
  calculated	
  very	
  fast	
  with	
  
the	
  QCDNUM	
  convolu*on	
  engine	
  

●  You	
  can	
  wrap	
  your	
  calcula*ons	
  in	
  an	
  add-­‐on	
  package	
  with	
  a	
  
nicely	
  documented	
  user	
  interface	
  

●  The	
  QCDNUM	
  release	
  comes	
  with	
  two	
  add-­‐on	
  packages	
  
ZMSTF	
  (zero	
  mass	
  sws)	
  and	
  HQSTF	
  (heavy	
  quark	
  sws)	
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Zero	
  mass	
  structure	
  func*ons	
  

● Convolu*on	
  of	
  PDFs	
  and	
  Wilson	
  coefficients	
  

● Perturba*ve	
  expansion	
  in	
  αs	
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1
x

F (s)
i

(x,Q2) = [C
i,s ⌦ qs](x, µ2) + [C

i,g ⌦ g](x, µ2) i = 2,L

1
x

F (ns)
i

(x,Q2) = [C
i,ns ⌦ qns](x, µ2) i = 2,L, 3

CN`LO
i,j =

X̀

k=0

aks C(k)
i,j i = 2,L, 3 j = g, s,+,�, v



Remark	
  about	
  scales	
  

●  We	
  now	
  have	
  two	
  scales	
  to	
  vary	
  

●  But	
  in	
  QCDNUM	
  you	
  cannot	
  vary	
  both	
  simultaneously!	
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✗	
  ✓

✓


µ2
R

µ2
F

Q2

µ2
R = aµ2

F + b Q2 = c µ2
F + d



Renormalisa*on	
  scale	
  dependence	
  
●  Taylor	
  expand	
  αs	
  but	
  truncate	
  one	
  order	
  less	
  than	
  

for	
  the	
  DGLAP	
  spli^ng	
  func*ons	
  	
  

Factorisa*on	
  scale	
  dependence	
  

●  Complicated	
  but	
  convolu*on	
  engine	
  can	
  handle	
  this	
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µ2
R 6= µ2

F

Q2 6= µ2
F

C(1,1)
i = C(0)

i ⌦ P (0)

C(2,1)
i = C(0)

i ⌦ P (1) +C(1)
i ⌦

h

P (0) � �0 I
i

C(2,2)
i = 1

2 C(1,1)
i ⌦

h

P (0) � �0 I
i

C(3,1)
i = C(0)

i ⌦ P (2) +C(1)
i ⌦

h

P (1) � �1 I
i

+C(2)
i ⌦

h

P (0) � 2�0 I
i

C(3,2)
i = 1

2

n

C(1,1)
i ⌦

h

P (1) � �1 I
i

+C(2,1)
i ⌦

h

P (0) � 2�0 I
io

C(3,3)
i = 1

3C
(2,2)
i ⌦

h

P (0) � 2�0 I
i

C(0)
i,j ! C(0)

i,j C(k)
i,j ! C(k)

i,j +
kX

m=1

C(k,m)
i,j Lm

F k � 1



The	
  ZMSTF	
  add-­‐on	
  package	
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1:	
  Calculate	
  weight	
  tables	
  

2:	
  Define	
  Q2	
  scale	
  

3:	
  Calculate	
  structure	
  func*on	
  



Alterna*ve	
  for	
  FL	
  
●  Unlike	
  F2	
  we	
  have	
  that	
  FL	
  is	
  zero	
  at	
  LO	
  

●  The	
  expansion	
  below	
  makes	
  FL’	
  nonzero	
  at	
  LO	
  

●  Implemented	
  in	
  ZMSTF	
  with	
  the	
  NNNLO	
  coefficient	
  
func*ons	
  from	
  Moch	
  et	
  al	
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C 0
L = ↵s C

(1)
L + ↵2

s C
(2)
L + ↵3

s C
(3)
L

C2 = C(0)
2 + ↵s C

(1)
2 + ↵2

s C
(2)
2

CL = 0 + ↵s C
(1)
L + ↵2

s C
(2)
L

S.	
  Moch	
  et	
  al.,	
  PL	
  B606	
  	
  (2005)	
  123	
  



FFNS	
  heavy	
  quark	
  structure	
  func*ons	
  
●  Idea:	
  proton	
  consists	
  of	
  

light	
  quarks	
  only	
  and	
  
heavy	
  quark	
  is	
  produced	
  
in	
  hard	
  scagering	
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F2 =

8
>>><

>>>:

F2( uds|{z}
nf=3

) + F c
2

F2(udsc|{z}
nf=4

) + F b
2

●  Only	
  one	
  heavy	
  quark	
  

●  Only	
  F2	
  and	
  FL	
  
●  Only	
  up	
  to	
  NLO	
  

●  Only	
  EM	
  contribu*on	
  
thus	
  no	
  Z,	
  W	
  exchange	
  

●  Needs	
  FFNS	
  PDFs	
  

●  F2,L(light)	
  from	
  the	
  
ZMSTF	
  package	
  

E.	
  Laenen	
  et	
  al.,NP	
  B392	
  (1993)	
  162	
  
S.Riemersma	
  et	
  al.,	
  PL	
  B347	
  (1995)	
  143	
  



The	
  HQSTF	
  add-­‐on	
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1:	
  Calculate	
  weight	
  tables	
  

2:	
  Define	
  hq	
  masses	
  and	
  Q2	
  scale	
  

3:	
  Calculate	
  structure	
  func*on	
  



Convolu*on	
  Engine	
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●  Uses	
  rescaling	
  variable	
  like	
  
●  C(…)	
  and	
  a(…)	
  must	
  be	
  supplied	
  as	
  Fortran	
  func*ons	
  

●  You	
  can	
  generate	
  weight	
  tables	
  at	
  ini*alisa*on	
  and	
  
then	
  enjoy	
  very	
  fast	
  convolu*on	
  as	
  weighted	
  sum	
  

Convolu*on	
  Engine	
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● Weight	
  rou*nes	
  can	
  handle	
  singulari*es	
  

● Each	
  term	
  has	
  its	
  own	
  Makewt	
  rou*ne	
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C = A+ [B]+ +R[S]+ +D�(1� x)

call MAKEWTA(w,id,afun,achi) 
call MAKEWTB(w,id,bfun,achi,0) 
call MAKEWRS(w,id,rfun,sfun,achi,0) 
call MAKEWTD(w,id,dfun,achi) 

Store	
   Coefficient	
  func*on	
  

Table	
  iden*fier	
   Defines	
  rescaling	
  variable	
  



How	
  to	
  get	
  your	
  Structure	
  Func*on	
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● Generate	
  weight	
  tables	
  at	
  ini*alisa*on	
  
● Write	
  a	
  structure	
  func*on	
  func*on	
  like	
  

function stf(ix,iq) 
fcc = FCROSSK(w,idw,iset,idf,ix,iq) 
stf = GETALFN(iq,n,ierr)*fcc 
return 

● Pass	
  this	
  func*on	
  to	
  an	
  interpola*on	
  rou*ne	
  
call STFUNXQ(stf,x,Q2,result,1,0) 
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The	
  convolu*on	
  engine	
  is	
  a	
  pregy	
  big	
  beast	
  …	
  

…	
  cannot	
  fully	
  describe	
  all	
  its	
  features	
  here	
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We’re	
  done!	
  


