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Introduc<on 
Heavy quark pair produc<on @ lepton colliders: 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e+e−→ t t̄ e+e−→ b b̄

        in the threshold region (qualita<ve): σtot
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heavy quark velocity (CMS):  v =

√√
s− 2m

m
∼ αs $ 1

(neglect nonperturba<ve effects for the moment) 
 



•                              (threshold produc<on @ ILC) 

•                               (     sum rules) 

•                                (ILC phase 1) 

•                              (BSM @ ILC ?) 

•  Heavy Quarkonium: spectrum, decays 

Υ

Introduc<on 

Mo<va<on to study heavy quark threshold/resonances: 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e+e−→ b b̄

e+e−→ t t̄H

e+e−→ t̃ ¯̃t

mt, yt,αs, Γt

mb

yt

? 

e+e−→ t t̄



Υ

•                              (threshold produc<on @ ILC) 

•                               (     sum rules) 

•                                (ILC phase 1) 

•                              (BSM @ ILC ?) 

•  Heavy Quarkonium: spectrum, decays 

Introduc<on 

Mo<va<on to study heavy quark threshold/resonances: 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e+e−→ t t̄

e+e−→ b b̄

e+e−→ t t̄H

e+e−→ t̃ ¯̃t

mt, yt,αs, Γt

mb

yt

? 



Heavy quark threshold:                             “nonrela<vis<c bound state” 

m ! !p∼mv ! Ekin∼mv2

Theory 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v ∼ αs " 1

hard  soa  ultrasoa 

(! ΛQCD )

mul<scale problem: 

•  “Coulomb singulari<es” 

•  Large logarithms 

∼ (αs/v)n

∼
[
αs ln(v)

]n

⇒ Resumma<on using Effec<ve Field Theory 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Problem of Coulomb singulari<es: 

@Threshold:              ⇒  breakdown of perturba<on theory 

q̄

q

q̄

q

q̄

q

q̄

q

v ∼ αs " 1
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Problem of Coulomb singulari<es: 

@Threshold:              ⇒  breakdown of perturba<on theory 

Solu<on: 

Nonrela<vis<c EFT:  vNRQCD 

Use Schrödinger Equa<on to resum                    terms ! (αs/v)n

q̄

q

q̄

q

q̄

q

q̄

q

v ∼ αs " 1
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QCD  vNRQCD 

+ + . . .
Vc  V2 

O(v2)O(1)

“Expansion in        “ 

•  Integrate out nonresonant degrees of freedom, e.g.: 

Construc<ng vNRQCD:  v! 1

LNR = Lkin +
[ Vc

k2 + Vkπ
2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . .
]
ψ†ψ χ†χ + . . .

“poten<al gluon” 
kµ∼(mv2,mv)

⇒ 

q̄

q
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QCD  vNRQCD 

+ + . . .
Vc  V2 

O(v2)O(1)

“Expansion in        “ 

•  Integrate out nonresonant degrees of freedom, e.g.: 

Construc<ng vNRQCD:  v! 1

LNR = Lkin +
[ Vc

k2 + Vkπ
2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . .
]
ψ†ψ χ†χ + . . .

“poten<al gluon” 
kµ∼(mv2,mv)

•  Separate center‐of‐mass mo<on 
 
      ⇒  Schrödinger equa<on:  E Ψ =

[
k2

m + V + ...
]
Ψ

⇒ 

q̄

q



Theory 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q̄

q

q̄

q

q̄

q

q̄

q

QCD 

vNRQCD (leading order) 

+ + + + . . .

Vc  Vc  Vc  Vc  Vc  Vc 

effec<ve produc<on current 



Theory 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Green func<on: 
[
− ∇2

!r
m + V(r)− E

]
G(!r,!r ′,E) = δ(3)(!r −!r ′)

G(0, 0,E) ∼

+ + + . . .

∣∣∣∣
2

∼ Im
[
G(0, 0,E)

]
σtot ∼

∫
dPS

∣∣∣∣

Unstable quark: 

s
Σ
to
t

G(0, 0,E + iΓq) ∼
∑

n

|Ψn(0)|2

En − E− iΓq
+ continuum

Cross sec<on: 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Leading order: 

Analy<c solu<on: 

Higher orders: 

O(αs , v)

Renormaliza<on:  ⇒ V ≡ V(µ) ⇒ G(0, 0,E) ≡ G(0, 0,E, µ)

GLL(0, 0,E, ν) =
m2

4π

{
iv − CFαs

[
ln

(−iv

ν

)
− 1

2
+ ln 2 + γE + Ψ

(
1− iCFαs

2v

)]}
+

m2CFαs

16πε

[
− ∇2

!r
m + Vc(r)− E

]
GLO(!r,!r ′,E) = δ(3)(!r −!r ′)

δGNLO(0, 0,E) = −
∫

d3"r GLO(0,"r,E) δVNLO("r) GLO("r, 0,E)

~  +  +  + ... 

GNNLL known ! [Hoang, Manohar, Stewart, Teubner; 2002] 
[Pineda, Signer; 2006] 
[Beneke, Kiyo, Schuller; 2007] GN3LO known !



Theory 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Problem of large logarithms: 

m ! !p∼mv ! Ekin∼mv2

hard  soa  ultrasoa 

αs ln(E2/m2), αs ln(p2/m2), αs ln(E2/p2) ∼ αs ln v ∼ 1



Theory 

22.10.2012  Maximilian Stahlhofen  DESY Theory Seminar‐  16 

Problem of large logarithms: 

Solu<on: 

Two renormaliza<on scales:  µs = mν, µu = mν2 “v”NRQCD 

ν “subtrac<on velocity” 

RGE’s resum  [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n ...  terms 

LL  NLL  NNLL 

m ! !p∼mv ! Ekin∼mv2

hard  soa  ultrasoa 

αs ln(E2/m2), αs ln(p2/m2), αs ln(E2/p2) ∼ αs ln v ∼ 1



Theory 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LvNRQCD = Lusoft + Lpot + Lsoft Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 

Lsoft :

[Luke, Manohar, Rothstein, ‘00] 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Produc<on/annihila<on current (3S1): 

(CMS) ∼ c1(ν) · "j eff
1 (x)︸ ︷︷ ︸

ψ†
p"σ(iσ2)χ∗−p

+ . . .

LvNRQCD = Lusoft + Lpot + Lsoft

[Luke, Manohar, Rothstein, ‘00] 

Dµ = ∂µ + igAµ(x)

Lusoft : ψ†
p(x)

[
iD0 − (p−iD)2

2m + . . .
]
ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ†

−p′χ−p + . . .

V ∼ Vc
k2 + Vkπ

2

mk + Vr(p
2+p′2)

2m2k2 + V2
m2 + Vs

m2 S2 + . . . Vc,k,... 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GNNLL known ! [Hoang, Manohar, Stewart, Teubner, ‘02] 

GNNNLO known! [Beneke, Kiyo, Schuller, ‘07] 

[Pineda, Signer, ‘06] 

]
σtot ∼ Im

[
+  +  + ... 

+  +  + ... 

V V V

V V V V

c1 c1 c1 c1 c1 c1

c1 c1 c1 c1

∼ Im
[
c1(ν)2 · G(0, 0,E, ν)

]
+  ... 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current 
renormaliza<on  NLLLL

V V

[Hoang, ‘03] 
[Luke, Manohar, Rothstein, ‘00] 
[Pineda, ‘02]   
[Hoang, Stewart, ‘03] 

ln
[

c1(ν)
c1(1)

]
= ξ LL

︸︷︷︸
0

+ ξ NLL + ξ NNLL
mix + ξ NNLL

nonmix

NEW 

σtot ∼ Im
[
c1(ν)2 · G(0, 0,E, ν)

]

[Hoang, MS, ‘11] 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ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

soa  ultrasoa 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ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

soa  ultrasoa 

correc<ons 

•  dominant: 

•  large contribu<on to 

αs(mv2)>αs(mv)

ξ NNLL
nonmix

[Hoang, ‘03] 

•  known soa 
   correc<ons small 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ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

renormalize 

⇒ δV2 loop
r,2

RGE−−→ VNLL
r,2 (ν)

[Hoang, MS, ‘06] 

•  Feynman gauge 

•          , dim. reg. 

•  O(103) diagrams 

MS

[Pineda, ‘11] 



Theory 

22.10.2012  Maximilian Stahlhofen  DESY Theory Seminar‐  25 

ν
∂

∂ν
ln[c1(ν)] = −Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν) + Vr(ν) + S2 Vs(ν)

]
+

1

2
Vk(ν)NLL: 

renormalize 

⇒ δV2 loop
k

RGE−−→ VNLL
k (ν)

[Hoang, MS, ‘11] 

•  3 loops:  
      2 x usoa  
      1 x poten<al (finite)  
 
•  Feynman gauge 
•          , dim. reg. 
 
•         O(104) 2‐loop 
diagrams 

 
•  Genera<on: 
      own Mathema*ca 
      code 
 
•  IntegraIs: 
      IBP & par<al frac. 

MS

[Pineda, ‘11] 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0.1 0.2 0.3 0.4 0.5
1.00

1.02

1.04

1.06

1.08

1.10

1.12

1.14

NLL 

NLL+NNLLnonmix 

c1(ν)
c1(1)

ν

m=mt 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0.1 0.2 0.3 0.4 0.5
1.00

1.02

1.04

1.06

1.08

1.10

1.12

1.14

NLL+NNLLnonmix+NNLLmix,usoa 

•  large ultrasoa NNLL contribu<ons compensate each other  

•  known soa NNLL contribu<ons are small 

[Hoang, MS, ‘11] 

c1(ν)
c1(1)

ν

NLL 

NLL+NNLLnonmix 

m=mt 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Applica<ons 

Top‐an<top threshold @ ILC 
e+e−→ t t̄



s

Σ
to
t

Applica<ons 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[Fadin, Khoze, ‘87] 

Γt ≈ 1.5 GeV" ΛQCD

[Hoang, Reisser, Ruiz‐Femenia, ‘10] 
[Beneke, Jantzen Ruiz‐Femenia, ‘10] 

veff ≡
√√

s−2mt

mt
→

√√
s−2mt+iΓt

mt

|veff | ! 0.1 “IR cutoff” 

Nonpert. effects suppressed! 

•  EW effects known up to NNLL  

      threshold scan @ ILC: t̄t

Experiment (simula<on): 

∆mt ∼ 20MeV, ∆Γt ∼ 30MeV, ∆αs ∼ 0.0012, ∆yt/yt ∼ 35%
[Mar<nez, Miquel, ‘02] 

∆σtot/σtot ! 3%Theory goal: 



Applica<ons 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340 342 344 346 348
0.0

0.5

1.0

1.5
0.1 < ν < 0.4

LL 
NNLL (old) 

NLL 

√
s (GeV)

σ
(p

b)

Theory status 
un<l 2011: 

    < 3% needed for precise  Γt, yt, αs

∆mt ∼ 100MeV !

∆σtot/σtot ∼ 6%
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340 342 344 346 348
0.0

0.5

1.0

1.5
0.1 < ν < 0.4

LL 

NNLL (new) 

NLL 

√
s (GeV)

σ
(p

b)

•  LO EW effects included by                                                                         

•  Combina<on with NNLL EW effects and detailed error analysis     W.I.P 

GLL(0, 0,E, ν)→ GLL(0, 0,E + iΓ, ν) [Fadin, Khoze, ‘87] 

decreases to 2‐3%           

[Hoang, MS, ‘11] 

(preliminary) 
∆σtot/σtot
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e+e−→ b b̄

BoJom mass from nonrela<vis<c 
sum rules 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R‐ra<o: 

mb from       produc<on near threshold:  bb̄

Moments: 

large n (nonrela<vis<c):  small n (rela<vis<c): 

[Melnikov,Yelkhovsky, ‘98] 
[Beneke, Signer, ‘99] 
[Pineda, Signer, ‘06] 

[Chetyrkin et al., ’09/’10] 
[Bodenstein et al., ‘11] 

[Kühn et al., ‘07] NNLO 

NNLO + NLL 

Rbb̄(s) =
σ(e+e− → γ∗ → “bb̄”)

σpt

Pn =
∫ ∞

0

ds

sn+1
Rbb̄(s)

Sum rule:  Pexp
n = Pth

n(hadronic)  (partonic) 

n ! 3n ! 4

[Novikov, Okun, Shifman, 
 Vainshtein, Voloshin,  
 Zakharov; 1977] 

[Hoang, ’98/’99] 

}

σpt = 4πα2
em/(3s)



R‐Ra<o in the        threshold region: bb̄

NONPERTURBATIVE 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[BABAR 2009] 

pQCD 

Υ(1S) Υ(2S) Υ(3S) Υ(4S)
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“smearing” over 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[BABAR 2009] 

pQCD 

Υ(1S) Υ(2S) Υ(3S) Υ(4S)

4 ≤ n ≤ 10

∆E∼m/n

Large n sum rule: 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Pn =
∫ ∞

0

ds

sn+1
Rbb̄(s)



•  Nonperturba<ve effects suppressed for                                                              ∆E∼mv2∼m/n"ΛQCD

•  Average (rela<ve) b‐quark velocity                                 v ∼ 1/
√

n# 1

“smearing” over 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[BABAR 2009] 

pQCD 

Υ(1S) Υ(2S) Υ(3S) Υ(4S)

4 ≤ n ≤ 10

∆E∼m/n

Large n sum rule: 

vNRQCD 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Pn =
∫ ∞

0

ds

sn+1
Rbb̄(s)



GNNLL known ! [Hoang, Manohar, Stewart, Teubner, ‘02] 
[Pineda, Signer, ‘06] 

cNLL
1 known! [Luke, Manohar, Rothstein ‘00] 

[Pineda ‘02]  [Hoang, Stewart, ‘03] 

[Hoang, MS, ‘11] 

0.3 0.4 0.5 0.6 0.7 0.81.00

1.05

1.10

1.15

1.20

1.25

1.30

Ν

c1(ν)
c1(1)

NLL 

NNLL 

cNNLL
1 NEW !
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Rbb̄(s) ∼ Im
[
c1(ν)2 · G(0, 0,E, ν)

]
+ . . .



Renormaliza<on parameter:                                    resums nonrel. logs! ν ∼ v ∼ 1/
√

n

∼ ln(ν
√

n)

Integra<on over s 

Pth
n =

3 Nc Q2
b

√
π

4n+1(Mpole
b )2n n3/2

c1(ν)2
(
1 + 2

√
π φ + 4

√
π
∞∑

p=2

φp ζp

Γ( p−1
2 )

+ . . .
)

+ . . .

φ := CF/2 αs(ν)
√

n Coulomb resumma<on:  ∼
∑

m

(αs/v)m

•  Higher order logarithms 

Mpole
b = M1S

b {1 + ∆LL + ∆NLL + [(∆LL)2 + ∆NNLL
c + ∆NNLL

m ]}

•  Short distance mass            to avoid renormalon ambiguity: M1S
b

[Voloshin, ‘95] 

Pn =
∫ ∞

0

ds

sn+1
Rbb̄(s)
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Results 

Fit for n=10: 

µhard = hm

µsoft = hmν

µusoft = hmν2

0.75 ≤ h ≤ 1/0.75scale varia<on: 

Pexp
10 = Pth

10(M
1S
b ) M1S

b

default choice: 

matching scale: 

renormaliza<on scales: 

h = 1

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

ν∗ = 1/
√

n + 0.2 0.5 1.0 1.5 2.0
0.5

1.0

1.5

2.0

ν

ν∗

h

4.73 

4.7 

4.67 

4.7 

4.76 

4.79 

4.82 

4.85 

4.88 
4.91 

4.94 
4.97 

22.10.2012  Maximilian Stahlhofen  DESY Theory Seminar‐  39 



0.116 0.117 0.118 0.119 0.120
4.0

4.2

4.4

4.6

4.8

5.0

4.0

4.2

4.4

4.6

4.8

5.0

Αs!MZ "

M
1S
!GeV"

n"10

0.116 0.117 0.118 0.119 0.120
4.0

4.2

4.4

4.6

4.8

5.0

4.0

4.2

4.4

4.6

4.8

5.0

Αs!MZ "
M
1S
!GeV"

n"10

Results 

NNLO 
LO 

NLO 

Fixed order  New RGI result 

Comparison with (previous) fixed order results: 

 RGI result (n=10): 

: MS

NNLL 
LL 

NLL 

m̄b(m̄b) = 4.235± 0.055pert ± 0.003exp GeV

M1S
b = 4.755± 0.057pert ± 0.009αs ± 0.003exp GeV

αs = 0.1183± 0.0010
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[Hoang, Ruiz‐Femenia, MS, ‘12] 



Results 
Comparison of n‐th moment fits: 

5 10 15 20
4.65

4.70

4.75

4.80

4.85

4.90
M
1
S
!GeV

"

n 

 RGI result (n=10): 

Finite charm mass correc<on                                     (fixed order) 

M1S
b = 4.755± 0.057pert ± 0.009αs ± 0.003exp GeV

αs = 0.1183± 0.0010
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 Maximilian Stahlhofen  DESY 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≈ −(20−30) MeV [Hoang, Manohar, ‘00] 
[Hoang, ’00] 

[Hoang, Ruiz‐Femenia, MS, ‘12] 



•       threshold produc<on @ ILC 

                                              detailed error analysis         W.I.P 

•  BoJom mass from      sum rules: 

•                            ,                          ,  ...  

Summary 

 
    

                         known to NNLL,  New:             to NNLL 

  RG improvement important!                                                   

M1S
b = 4.755± 0.058 GeV
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σtot ∼ Im
[
c1(ν)2 · G(0, 0,E, ν)

]
+ . . .

G(0, 0,E, ν) c1(ν)

t t̄ mt, yt,αs, Γt

∆σtot/σtot ∼ 2−3 %

Υ

e+e−→ t t̄H e+e−→ t̃ ¯̃t

Applica<ons: 

Precise predic<on of heavy quark threshold produc<on in vNRQCD: 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Top‐an<top threshold: EW effects 
 

e+e−→ t t̄



Backup 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•  Power coun<ng: 

•  Physical final state: 

•  Apply loose invariant mass cuts on reconstructed tops/an<tops: 
 
 
               no effect on resonant contribu<ons! 
               non‐resonant background suppressed: 

Γt/mt ∼ αEW ∼ α2
s ∼ v2 " 1

e+e−→W+W−bb̄

p2
t,̄t = (mt ±∆Mt)2 = m2

t + Λ2 mtΓt ! Λ2 ! m2
t

E =
√

s− 2mt → E + iΓtLO:  (replacement rule) 

unstable top propagator: 
i

E/2 + p0 − p2/(2m) + iΓt/2 [Fadin, Khoze, ‘87] 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Beyond LO: 
•  QED: “Coulomb photon”          trivial extension of QCD correc<ons 

•  Gluon exchange with final state         negligible at NLO and NNLO 

 
•  Correc<ons to current matching: 

[Fadin, Khoze, Mar<n ‘94] 
[Melnikov, Yakovlev ‘94] 

[Hoang, Reisser ‘05] 
[Beneke, Jantzen, Ruiz‐Femenia ‘10] 

complex matching 

c1(1) = cborn
1,LL + cQCD

1,NLL + cQCD
1,NNLL + i cbW,abs

1,NNLL + cEW
1,NNLL + . . .

[Hoang, Reisser ‘06] 

[Kuhn, Guth ‘92] 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Beyond LO: 
•  QED: “Coulomb photon”          trivial extension of QCD correc<ons 

•  Gluon exchange with final state         negligible at NLO and NNLO 

 
•  Correc<ons to current matching: 

 

•  “Phase space matching” for           to allow for     cuts:  NLO, NNLO, N3LO ✔ 

[Fadin, Khoze, Mar<n ‘94] 
[Melnikov, Yakovlev ‘94] 

[Hoang, Reisser ‘05] 
[Beneke, Jantzen, Ruiz‐Femenia ‘10] 

c1(1) = cborn
1,LL + cQCD

1,NLL + cQCD
1,NNLL + i cbW,abs

1,NNLL + cEW
1,NNLL + . . .

phase space 
 divergence 

sums phase space logs in           at NLL ✔  C(ν)

[Hoang, Reisser,  
Ruiz‐Femenia ‘10] 

σtot ∼ Im
[
c1(ν)2 G(0, 0,E + iΓt, ν)

]
∼ αsΓt

ε
+ finite

i C(ν) ·

C(ν) Λ
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dashed line: NNLL pure QCD predic<on 
(add step by step) 
+ NNLL QED effects 
+ NNLL EW current matching (real)  
+ NNLL EW current matching (absorb<ve) 
+ NLL+NNLL+N3LL phase space 
   matching contribu<ons (psm) 

∆Mt = 15 GeV

∆Mt = 35 GeV

psm ! 50%

psm ∼ 5−10%

Shia in peak posi<on: 30‐50 MeV 

large psm correc<on due to unphysical  
phase space in pure QCD predic<on 

[Hoang, Reisser,  
Ruiz‐Femenia ‘10] 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Associated Higgs produc<on 

e+e−→ t t̄ H
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•  For light Higgs (                            ):  full       phase space nonrela<vis<c! 
           must sum               ,                  terms         recycle       results (vNRQCD) 
           factor 2 enhancement over tree level (+ factor 2 from polarized beams) 

[Farrell, Hoang; 2006] 

LO 

NLO 

resummed NLL (QCD) 

•  realis<c studies:                                                                     ? 

(αs/v)n (αs ln v)n

(δyt/yt)ILC
500GeV ∼ 30% → 10− 15% [Juste, ’02,’06] 

mH ≈ 120 GeV t t̄
t t̄

√
s ≈ 500 GeV

(ILC phase 1) 


