arXiv:hep-ph/0102316v1 26 Feb 2001

TUM-HEP-403/01
hep-ph /0102316

Master Formulae for AF' =2 NLO-QCD Factors
in the Standard Model and Beyond

Andrzej J. Buras, Sebastian Jager and Jorg Urban

Physik Department, Technische Universitat Munchen,
D-85748 Garching, Germany

Abstract

We present analytic formulae for the QCD renormalization group factors relating the Wilson
coefficients C;(u;) and C;(u), with pu = O(my) and p < ¢, of the AF = 2 dimension six four-
quark operators @; in the Standard Model and in all of its extensions. Analogous analytic
formulae for the QCD factors relating the matrix elements (Q;(2 GeV)) and (Q;(uk)) with
i < 2 GeV are also presented. The formulae are given in the NDR scheme. The strongest
renormalization-group effects are found for the operators with the Dirac structures (1 —75) ®
(1+7s5) and (1—75)®(1—75). We calculate the matrix elements (FO|QZ-|KO) in the NDR scheme
using the lattice results in the LRI scheme. We give expressions for the mass differences A My
and AMpg and the CP-violating parameter €y in terms of the non-perturbative parameters
B; and the Wilson coefficients C;(p;). The latter summarize the dependence on new physics
contributions.
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1 Introduction

Renormalization group short-distance QCD effects play an important role in K° — K and
By, — Fg’s mixing within the Standard Model (SM) and its extensions [, B]. They can be
calculated by solving renormalization group equations that govern the scale dependence of the
Wilson coefficients C;(u) of the relevant AF = 2 operators @);. The resulting effective weak

Hamiltonian reads

_ G2 ;
HE = = IG;QM%ZVCKMCZ'(M)QZ' . (1.1)

Here G is the Fermi constant and V¢, the Cabibbo-Kobayashi-Maskawa (CKM) factor equal
to (V;iVia)? in the case of BY — By mixing in the SM. Beyond the SM other factors not pro-
portional to CKM elements are generally present. Using this Hamiltonian one can calculate
AF = 2 amplitudes, in particular the mass differences AMy and AMy, in the K° — K’ and
Bj, — E‘;,S systems and the CP-violating parameter eg.

Within the SM there is only one single operator
QYLL _ (§a7MPLda) (567”PLd6) (1.2)

relevant for K° — K° mixing, with analogous operators for By, — §278 mixing obtained from
(L.3) through the appropriate change of flavours. Beyond the SM the full set of dimension
six operators contributing to K9 — e mixing consists of 8 operators that can be split into 5
separate sectors according to the chirality of the quark fields they contain. These operators are
listed in (27]). Corresponding operators contributing to By, — ES,S mixing exist.

The general expression for C;(1) is given by

6(#) = ﬁ(ﬂa Nt)é(ﬂt) (1.3)

where C' is a column vector built out of the C;’s and U (14, p1¢) is the renormalization group
matrix. C(u,), with 1, = O(m,), are the initial conditions which depend on the short distance
physics at high energy scales. In particular they depend on the top quark mass and the

couplings and masses of new particles in extensions of the SM. We will later briefly discuss the

2



case of scales much higher than m;. Otherwise u; denotes a high energy scale in the range, say,
My <y < 2my.

While the initial conditions C;(u;) at the NLO level are known only in the SM [, ] and in
some of its extensions [ff], all the ingredients are available to compute the NLO evolution matrix
U (1, p) for all possible extensions of the SM. Indeed, the two-loop anomalous dimension matrix
for all AF = 2 four-quark dimension six operators has been calculated in the regularization
independent renormalization scheme (RI) in [H] and in the NDR scheme in [f]. Together with
the known one-loop anomalous dimension matrix [, §] and the known /3 function, the evolution
matrix can be straightforwardly computed by means of the methods reviewed in [}, P

The LO analytic expressions for U (i, pit) can be found in [§]. For phenomenological appli-

cations it is useful to derive analogous expressions including NLO corrections. The first step in

this direction has been made in [J] where U (p, pt5) with i, > m, has been written as

U(,U,,US) = U(:ua,ut)f](:utnus) (14)

with U (u, j1s) given analytically in the Landau RI scheme (LRI) but U(y, 1) evaluated nu-
merically for p = 2 GeV, yu; = m; and particular values of m,., m; and a,. The corresponding
results for By, — Fg’s mixing have not been presented in [J].

It should be emphasized that NLO corrections are necessary for a satisfactory matching of
the Wilson coefficients to the matrix elements obtained from lattice calculations. Moreover
as demonstrated in [, f] the inclusion of QCD corrections at the LO and the NLO level is
mandatory in order to place reliable constraints on the parameters in the extensions of the SM,
in particular on the squark mass matrices in supersymmetric theories.

The purpose of our paper is to present NLO analytic formulae for the matrix U (1, p1¢) relevant
for By, —ESLS mixing (1 = O(my)), and K° — K° mixing (1 = O(1 — 2 GeV)). These formulae
when combined with the initial conditions C/(z;) and the hadronic matrix elements (Q(u)) will
allow to calculate in the future the AF = 2 amplitudes for any extension of the SM.

The formulae given below for U (11, 11¢) apply to the situation in which the initial conditions
for the Wilson coefficients are known at u, = O(m;) and the evolution down to scales u <

is performed in an effective theory with the top quark and the heavy new particles integrated
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out. Whether the top quark and the new particles have been integrated out at a single scale
ue or at different scales, say i, s, fhs, With py < ps, < ps,, is immaterial here. What matters
are the values of the Wilson coefficients at y; and not how they have been evaluated from the
contributions at scales higher than p;. On the other hand in the process of the evaluation
of Ci(p) large logarithms log ps, /1, log ps,/1s, may appear. These logarithms have to be
resummed which results in new evolution functions U (s, fts, ), U(fts, ; fs, ), €tc. As discussed in
[, @] the structure of these matrices is model dependent and consequently beyond the scope
of the present paper. We will, however, provide an analytic formula for the evolution U (g, ps)
with pu; < ps in an effective f = 6 theory in which only SM degrees of freedom are present and
all new particles have been integrated out.

Now, the lattice results for the matrix elements (Q(x)) are usually given at u = 2 GeV. In
what follows we will denote this scale by p. On the other hand large- N approaches, the chiral
quark model and any non-perturbative method in which the low-energy degrees of freedom are
mesons provide these matrix elements at scales ux < 1GeV. In our opinion it would be useful
to have the matrix elements obtained by means of different methods at a common “standard”

scale, which we will choose to be puy, in the following. This is achieved using the formula

(Q(ur)) = U (prc, 1)@ (1)) (1.5)

where (Q(ux)) are the matrix elements calculated for scales px < pp and Ulpg,pr) is

the renormalization group evolution matrix. In our paper we provide analytic formulae for

~

U(,UK, ,UL)'

At this point we would like to stress that our paper is addressed first of all to the practitioners
of weak decays who do not want to get involved with the details of NLO calculations but
rather would like to use the final QCD factors in phenomenological applications. On the other
hand it should also be useful to experts. Indeed, having explicit analytic formulae, rather than
numerical values, not only gives the freedom to change input parameters but also makes possible
the checking of a given calculation. In particular when multiplying the U matrices like in ([4)
one easily generates higher-order terms in o, which really do not belong to NLO corrections.

While these corrections should be removed from NLO expressions, this is not always done in
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the literature. Consequently, already at this stage unnecessary discrepancies of the order of
5% between calculations performed by different groups may arise. These higher-order terms in
as are consistently removed in the present paper. We are aware of the fact that some of the
formulae presented below are rather long. Nevertheless we believe that they should turn out
to be useful in future phenomenological applications.

The paper is organized as follows. In Section 2 we give the list of the AF = 2 operators
in question and establish our notation. In Section 3 we give analytic formulae for the QCD
factors [n;;()], that represent the evolution matrix Uy, p1e) in (E3) in five different sectors,
a = (VLL, LR, SLL, VRR, SRR), in the leading order (LO) and the next-to-leading (NLO)
approximation in the NDR scheme. In Section 4 we give the analogous formulae for the QCD
factors [p;(pix)], which represent the evolution matrix Upig, pr) in (). In Section 5 we
provide numerical results for [n;;(x)], and [p;;(r)], in the NDR scheme. In section 6 we dis-
cuss the transformation rules for obtaining the corresponding results in other renormalization
schemes and we present the relation between the QCD factors calculated here and the QCD
factors np and 7, used in phenomenological applications. In Section 7 we calculate the matrix
elements <F0\Qi|K ) in the NDR scheme using the lattice results in the LRI scheme [{, [J].
We give general expressions for the mass differences AMg and AMp and the CP-violating pa-
rameter €x in terms of the non-perturbative parameters Bf and the Wilson coefficients C;(p).
We conclude in Section 8. For completeness we list in appendix [A] the one-loop and two-loop
anomalous dimension matrices that we have used in our paper. Appendix [B gives the general
formulae for the U matrices which have been used to obtain the analytic formulae of sections

and [l Finally in Appendix C we give analytic formulae for the evolution matrix U (ju, ).

2 Basic Formulae
For definiteness, we will give explicit expressions for the operators responsible for the K° — ¢

mixing. The operators belonging to the VLL, LR and SLL sectors read

O™ = (" Pud?) (™ Pud’),



QY = (5“7, PLd”)(57" Prd’),
Q3 = (57PLd*)(5°Prd’),

QM = (5*Prd™)(5°Prd’),

SLL. — (5%, Pd®)(5%0" PLd®), (2.1)

where «, (3 are colour indices, 0, = %[7,“ ] and Pp g = %(1 F5). The operators belonging to
the two remaining sectors (VRR and SRR) are obtained from QY™ and Q"' by interchang-
ing P, and Pg. Since QCD preserves chirality, there is no mixing between different sectors.
Moreover, the anomalous dimension matrices and the evolution matrices in the VRR and SRR
sectors are the same as in the VLL and SLL sectors, respectively. Therefore, in the following,
we shall consider only the VLL, LR and SLL sectors. However, one should remember that the
initial conditions C;(u,) are generally changed when Pp and Pg are interchanged. The oper-
ators in the case of BY — Eg mixing are obtained from (R.1) through the replacement s — b.
Performing the subsequent replacement d — s gives the operators contributing to BY — ES
mixing. The one-loop and two-loop anomalous dimension matrices of the operators (B.I) are
given in appendix [A.

Restricting the discussion to the VLL, LR and SLL sectors U (11, p12) takes the following

form
R (g, p2)lyer, 0 0
Ul(pr, pi2) = 0 (11, ,UQ)]LR 0 (2.2)
0 0 (11, 12))su

where [7)(f1, p2)]; g and [f(p1, po)lgry, are 2 x 2 matrices and gy < po. In what follows we will

use a short-hand notation, denoting the QCD factors representing U (s, 1) and U (pugc, juz) by

NG
. = 0], = [100)], + 8 [10)] (23)
a® &) [
el = 1u)l, = [10ur)], + S (50,0 (24)

respectively. That is, we will suppress the high-energy scale p; in the argument of the n-factors.

Similarly, we will suppress the “lattice scale” uy in the argument of the p-factors. Using this
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notation we have for instance

C}/LL(/%) = [W(Nb)]VLL CleL(Nt)a (2-5)
ClLR(Mb) _ [nll(ﬂb)]LR [7712(Mb)]LR ClLR(Mt)

( LR (1) ) = ( F S 718) B 17 ) ( IR () ) ’ (2:6)

QY™ (1)) = [y, (@Y™ (). (2.7)
Q¥ (n)) N _ ( lpu(ex)ir o2 (1x)]ir QT (1K)

( (QL® (1) ) = ( (i n 1920m)] ) ( (QF () ) (28)

and analogous formulae for the SLL sector. Note that in accordance with ([.), the transpose
of [p(pk)]i g enters the transformation (P.§).

In Section 3 we will give analytic formulae for the LO factors {77(0) (,u)}
15 ()], and the NLO factors [n® ()|, o [0 ()], o [miy ()], -

expressions for the p-factors are given in Section 4. a!{/)(x) is the QCD coupling constant in an

VLL’ [ni(ﬂq)(“)}m’

The corresponding

effective theory with f flavours: f =5 for pp, < p < g, f =4 for p. < p < pp, and f = 3 for
W< pie, where py = O(my), uy = O(my) and . = O(m,.). We impose the continuity relations

P () =W (), o) =a® () . (2.9)

The general expression for alf) reads

2
ol () 1 g nin (“ */Afrs ) (2.10)
- 2\ 33 2 :
T o (e/ART) (a0
with
2 38
o=1l-2f,  Bi=102-"f. (2.11)

A% is the QCD scale parameter in a theory with f quark flavours [[I]. The exist-
ing analyses of high energy processes give a%(MZ) = 0.118 £ 0.003 [[J] or equivalently

+41
36 )MeV.

The evolution matrix, U(ju, 1), is given as follows:

() _
A8 = (226

. g(w) ST (g
04 ) = Ty exp [ [ dg'%] (212)



with g denoting the QCD effective coupling constant and 7, an ordering operation defined in
M. B(g) governs the evolution of g and 4 is the anomalous dimension matrix of the operators
involved.

We also have

Ulpsc, i) = U, 1)U (pres 1)U (s 1) (2.13)

with the three factors on the r.h.s. evaluated in f = 3, f = 4 and f = 5 effective theories,

respectively. Now,

Ulpr i) = Ulpr, m)Upy o), U, ) = U, ) U (s o). (2.14)

This means that knowing n;; (1) and p;;(px) allows to calculate 7;; (k).
Keeping the first two terms in the expansions of 4(g) and ((g) in powers of g

3 5

5 0% ) (D) g g
(o) =4O T2 +40 (E) L Ble) = ~fogas — o (2.15)

inserting these expansions into (.13) and (B.I3) and expanding in «, one can calculate the -
and p-factors defined in (B.J) and (R.4]), respectively. To this end, one has to remove terms

O(a?) and higher-order terms. We discuss this point in appendix [J where the expansions of

~

U, pe) for pp = pip, o= py and p = pge are given.

3 n-Factors in the NDR Scheme

3.1 n-Factors for Bg’s — Bg’s mixing
VLL-Sector
O], = (3.1)
V()] = 1:6273(1—ns)nS . (3.2)
LR-Sector
Y (w)], = (3.3)
e m)] = 0. (3-4)



)], = SO ), (3.5)
s ()], = s (3.6)
()], = 0:9250m5 7% 4 g (=2.0994 + 11744 n5) (3.7)
}7%) ()], = 1.3875 (77526/ B 23) : (3.8)
15 ()] n = (F11.7320 4+ 0.782975) 15" + 52/ (=5.3048 + 16.254815),  (3.9)
s ()] = (79572 — 8.8822m5) ms /%% +0.9250 95>/, (3.10)
SLL-Sector
ml uml g = L 01537500315 — 0.0153n9 ™84, (3.11)
7712 ()] Jp = 1:9825(n5 %% — g0, (3.12)
7721 (1) lop = 0-0081(ng ™" —pg ), (3.13)
7722 ) (11p)] lap = L 015372 ™8 — 0.0153n; *-6315 (3.14)
ml uml lop = (48177 —5.227215) 15~ "% 4 (0.3371 4 0.0724 735) 15" ™™, (3.15)
7712 ) (11p)] Jop = (91696 — 38.8778 ;) s 00315 1 (42,5021 — 12.793915) 5" '8, (3.16)
n21 uml lop = (0.0531+0.0415175) 15~ %931% — (0.0566 + 0.038075) 75", (3.17)
7722 )(11p)] Jgp = (0.1011+0.3083n5) ns~ "7 + "% (=7.1314 + 6.7219n5),  (3.18)
where
5
s = Z; EZ;; (3.19)

3.2 p-Factors for K" — K' mixing with u = pr

These factors are relevant for K — K mixing but can also be used in D° — D’ mixing. They

can be expressed in terms of 75 defined in (B.19) and

9(4)(,%)
" ) -
VLL-Sector
)], = s, (3.21)
D))= S (7917 — 0.1644n, — 1.6273n.5). (3.22)
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LR-Sector

_778) (ML

S
19 (e

)

)
)
7159 ()
)

_778) (ML

_Ug) (k)

_77&) (k)

ILR

ILR

ILR

ILR

ILR

I1LR

1LR

{77%) (ML)} LR

SLL-Sector

JSLL

1SLL

JSLL

1SLL

JSLL

3/25 3/23
774/ 775/

0,

2, 3/25 3/23 —924/25 —24/23
5(4/ /_774/775/)

—24/25 —24/23
4 s

Y

Y

0.9279 1y~ 2425 s 724725 — 0.0029 1,>8/25 g 24/23

002 s (~2.0241 — 0.0753 ny + L1744 7475) |
—1.3918 1, 2425 s 722 1 0.0043 1, 28/%5 gy 24/
+1.3875 n428/25 77526/23’

—0.0019 */% 5 =24/2% 45,0000 1,1/ 15/

0,2 1537 (—16.6828 — 0.0502 774 + 0.7829 14 15)
_|_774—24/25 775_24/23 (_4.4701 —0.83271, + 16.2548 1, 775) ’
0.0029 1,2/ 152428 1 0.9250 1,2/2 175 20/23

g2 7223 (6.7052 + 1.2491 1y — 8.88221415) -

1. 015377—0 581077—0 .6315 001537726610775? 7184’

19325(174—0 58107,]5—0 .6315 n2.6610ng7184)’

0.0081 (10661007184 _ ) -0.5810,,-0.6315 )
1.01537,0-061050-7184 _ ( (1 53770-3810,,-0.6315

0.0020 17,6610 . —0:6315 _ () (334 5y, 0-4190 , 0.7184
+n4—0.5810 775—0.6315 (4.2458 4+ 0.5700 14 — 5.2272 14 15)
97, 0-6610 7750.7184 (0.3640 + 0.0064 14 + 0.0724n41s5) ,
0.0038 1, 16610 5 —06315 _ 4 9()75, 04100 , 07184

+14~ 00810 ;700315 (8.0810 + 1.0848 14 — 38.8778 147)5)

4, 00810 0T84 (45 9008 + 0.8087 1y — 12.7939 14 15)

10

(3.23)
(3.24)

(3.25)
(3.26)
(3.27)

(3.28)

(3.29)

(3.30)

w
w
—_

w
w
[\

w
w
=~

/ — —~ A~ —~
w %)
ot w
~— ~—r ~— ~— ~

(3.36)



{77%) (,UL)} L = _0.0011 n41.6610 n5—0.6315 +0.0003 n40.4190 n50.7184 (3.37)
41,0610 ) 0T84 (00534 — 0.0034 175 — 0.0380 74 7)5)
41, 703810 4), 06315 () 0587 — 0.0045 774 + 0.0415 1, 7135)

{ﬁg) (/JL)} i = —0.0020 n41.6610 %—0.6315 +0.0334 7740'4190 n50.7184 (3.38)
4y 00810 706315 (0 1117 — 0.0086 14 + 0.3083 15 15)

4400010 07184 (6 7398 — 0.4249 14 + 6.7219 14 15) .

3.3 n-Factors for K — K mixing with ux = O(1GeV)

The formulae for the QCD factors 7(px, pt) = N1k ) relating the coefficients C;(u ) and C;()

are rather long and will not be presented. These factors can be obtained using the relation

k) = plpx)n(pe) (3.39)

with () given in section -3 and p(u) given below. When calculating (B:39), terms of O(a?)

should be removed.

4 p-Factors in the NDR Scheme

These factors allow to calculate (Q;(ur)) from (Q;(ug)) with pg < p.. They can be expressed

in terms of

(3) (4)
Oés Mc ~ aS ILL
= # and 7, = (4)( L)‘ (4.1)
s (,U/K) Als (IU’C)
VLL-Sector
POy, = 42
P ()|, = 189515 g — 01033 5/ * — 17917 0. (4.3)
LR-Sector
o ()], = %™, 44
[#0m0)], = o (45)
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[ (©
_/7;1)

[ (0
_10%2)

e
_pgl)

e
_P§2)

e
_Pgl)

(o8

(1)
(1)
()]

(1)

(1)

LR

JLR

1LR

LR

LR

el

SLL-Sector

ISLL

1SLL

1SLL

JSLL

1SLL

2, 1/9.3/25  —8/9.-24/25
(773/ 774/ =3 /7]4 / )

3
—8/9 ~—24/25
3 /774 /

0.9306 15 ~3/% 73, 2425 — 0.0027 1y /0 5, 2%

s 22/ (—1.9784 — 0.0457 15 + 1.0962 13 774) |
—1.3958 75 78/9 5,722 1 0.0040 n310/9 77, 24/
+1.3918 71079 723/%°

—3.8570 1589 ;2%

st 77, 2% (—0.6113 — 0.0018 13 + 20.4220 7iy)

(4.10)

+st/0 773 (16,6523 — 0.7407 log(n) — 0.0305 73 + 0.7308 73 774) ,

57855175~/ i, 2% 40,9270 7510/ 2/

00 772V (0.9170 + 0.0027 3 — 7.633177,) .

1'01537]3—0.5379,&;0.5810 . 0'01537]?()].61207~L(1).(36107

1.9325(773—0.53797?4—0.5810 _ 77?()).6120772.6610)’
0.0081(77?0)-6120772-6610 _ 773—0.537977]4—0.5810)’

1.015370-612070-6610 _ ) (1 53;)=0-53797-0.5810
0.0019 773"0120 5705319 — 0.0663 13”40 773961

oy 05579 774_0'5810 (3.8487 + 0.3952 13 — 4.6906 13 714)
_H730.6120 ﬁ2.6610 (0.4264 4 0.0039 13 + 0.0808 3 7)4) ,
0.0036 756120 7705810 _ g 3647 5, 04621 06610
+773—0.5379 ﬁ4_0'5810 (7.3253 4 0.7521 i3 — 42.0005 15 714)
41300120 506610 (53 7722 4 0.4933 13 — 11.9813 1374 ) ,
—0.0010 773" 0120 7705319 10,0005 15> 4% 73961
436120 796610 (_0.0519 — 0.0021 13 — 0.0425 173 774

173705379 5205810 ((0.0628 — 0.0031 175 + 0.0372 73 714)
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(4.11)

—
)

.
—
w

— ) — —~ —~
—_
ot

N
—_
e~
- = =

—
D

(4.17)

(4.18)



LOS;(MK)}SLL = —0.0019 7516120 5705810 1 (9 0663 504621 7506610 (4.19)
+15 705379 75705810 (0.1196 — 0.0060 13 4 0.3331 15 774)

4136120 706610 (6 5470 — 0.2592 13 + 6.2950 15 7)4) .

Regarding the appearance of log (n3) in eq. ([.I()) in the LR sector, we direct the reader’s
attention to eq. (B.4) and the fact that in the LR sector for f = 3 the form of the evolution
operator given there breaks down, as the matrix J has a singularity at f = 3. However, taking
the limit f — 3 of the complete expression (B-4), a finite result exhibiting the aforementioned
term O(ay) log (n3) is obtained [[[3]. In accordance with the convention of (B.G), (B.4) we treat

it as an NLO contribution to the evolution operator.

5 Numerical Results

In tables [[-f] we give the numerical values for the n;; and p;; factors in the NDR scheme. To
this end we have used a(® (M) = 0.118 £ 0.003 with the corresponding values of alf) and
A% for f =4 and f = 3 theories, see table 2 in the first paper in []. Moreover we have set
e = my(my) = 166 GeV, up, = 4.4 GeV, pup = 2.0 GeV, u, = 1.3 GeV and px = 1.0 GeV. In
order to illustrate the effect of the NLO corrections we show also the results in the LO. In doing
this we have, however, used the two-loop expression for a; in both the LO and the NLO parts.
In figs. [] and B we show the factors [n;; ()], and [n;; (1)), versus p setting o) (M) = 0.118.

Let us recall that in the absence of renormalization group effects [1(u)]y, = [p(1)]yrL =1
and [7(p)], and [p(p)], are unit matrices. Renormalization group effects generate non-diagonal
elements in these matrices and renormalize [n(y)]y; and the diagonal elements in [/(x)], and
[p(1)], away from unity.

Inspecting tables [} and figs. [ we observe the following pattern:

e Large renormalization group effects are found for the diagonal entries [nso(u)];z and
[m1(p)]gpy, which for a®)(Mz) = 0.118 and pu = pux = 1 GeV are enhanced by factors of
5.6 and 2.9, respectively. On the other hand [ne(p)]g;, is strongly suppressed down to
0.26 at pxr =1 GeV.
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e Similarly the renormalization group effects in the non-diagonal entries [ny(u)];z and
[ma(p)]gy, are large. For pgx = 1.0 GeV and o{® (M) = 0.118 they become as large as
—3.2 and 4.8, respectively. This implies that CY®(u) is strongly affected by the presence
of the operator Q®. Similarly CL () is strongly affected by the presence of Q5.

e These enhancements and suppressions are more pronounced after the inclusion of NLO

corrections. The largest NLO corrections, in the ball park of 25%, are found for the

elements (121 (1)l r, [M22 (o)l g and [N22(pr)lspy -

o [mi(p)] g and nyir(p) are both suppressed but this suppression is at most by 10% and
30%, respectively.

o [Ma(p)] g is small and [12:1 (1t)]g; 1, negligible in the full range of ;o considered. This implies
that CFR(u) and C3M(u) are essentially unaffected by the presence of the operators Q5%

and Q™| respectively.
e Similar patterns are observed for the [p;; ()], factors.

On the basis of this pattern we conclude that the renormalization group effects strongly enhance
the Wilson coefficients CI® and CP™ and strongly suppress C5MY with respect to their values

at ;. The corresponding effects in CY't and CT® are substantially smaller.
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al)(Mz) =0.115 | o (Mz) =0.118 | a® (M) = 0.121
LO NLO LO NLO LO NLO
()l | 0835 | 0.847 | 0.829 | 0.842 | 0.823 | 0.836
[ma(ps))ig || 0914 | 0923 | 0911 | 0.921 || 0.907 | 0.919
(M2 (1)1 0 —0.037 0 —0.041 0 —0.045
(721 ()] || —0.760 | —0.835 | —0.801 | —0.885 || —0.845 | —0.939
Moo ()] || 2-054 | 2181 | 2112 | 2.254 || 2.176 | 2.334
[ ()]s, | 1.560 | 1.621 || 1.587 | 1.654 || 1.616 | 1.690
[ma())gry, || 1.809 | 1.910 | 1.884 | 1.993 | 1.962 | 2.082
(21 (1), | —0.008 | —0.006 || —0.008 | —0.007 | —0.008 | —0.007
a2 (ps)]gry, || 0-595 | 0.563 | 0.583 | 0.549 | 0.570 | 0.535

Table 1: Numerical values for the 7-factors for By, — Fis mixing.

a® (My) =0.115 || a® (M) = 0.118 | o (M) = 0.121
LO NLO LO NLO LO NLO
n(up)lye, || 0778 | 0.796 | 0.768 | 0.788 | 0.757 | 0.780

[

()]s | 0882 | 0.906 || 0.876 | 0.906 || 0.870 | 0.906
(1)) 0 | —0.076 0 | —0.087 0 | —o0.101
o ()] || —1.236 | —1.401 || —1.336 | —1.530 || —1.449 | —1.677
Moo (r)] i | 2735 | 3.009 || 2.879 | 3200 || 3.043 | 3.420
I (un)]egy, | 1859 | 1.976 || 1.918 | 2052 || 1.984 | 2.138
ma(pn)]eyy, | 2586 | 2775 || 2.732 | 2946 | 2.802 | 3.137
(o1 (112)]gry, | —0.011 | —0.009 || —0.011 | —0.009 || —0.012 | —0.009
o2 (pen)]ery, | 0480 | 0438 || 0.461 | 0417 || 0442 | 0.394

Table 2: Numerical values for the 7-factors for K¢ — &' mixing with p = pr, = 2 GeV.
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a® (My) =0.115 || a® (Mz) = 0.118 | o (M) = 0.121
LO NLO LO NLO LO NLO
n(u))ye, | 0701 | 0735 | 0.681 | 0.720 | 0.658 | 0.705

sp || =0.016 | —0.011 | —0.018 | —0.012 | —0.020 | —0.012
oL |l 0346 | 0291 | 0314 | 0255 | 0279 | 0217

[

()] || 0837 | 0921 | 0.825 | 0941 | 0811 | 0.978
[ (1)) e 0 | —0.194 0 —0.254 0 —0.347
o1 (a)]p e || —2.199 | —2.657 || —2.545 | —3.159 | —3.006 | —3.861
Moo (i) || 4136 | 4875 | 4.643 | 5.630 | 5320 | 6.688
()]s, || 2392 | 2663 | 2.566 | 2.912 | 2.787 | 3.243
ma(ur))syy, | 3836 | 4273 | 4.223 | 4782 | 4.702 | 5.442
(721 (e )]

(M2 (e )]

Table 3: Numerical values for the n-factors for K — K mixing with pux =1 GeV.
L

a®(Myz) = 0.115 || a®(My) = 0.118 | o (M) = 0.121

LO | NLO LO | NLO LO | NLO
lp(ur))y | 0.902 | 0923 | 0.887 | 0914 || 0.870 | 0.905
o1 (x)]pp | 0.950 | 0.955 | 0.942 | 0951 || 0.933 | 0.947
[12(1) e 0 | —0.045 0 | —0.060 0 | —0.083
(21 ()] | —0.375 | —0.448 | —0.447 | —0.548 || —0.544 | —0.688
(22 ()] | 1512 | 1.620 | 1.613 | 1.762 || 1.748 | 1.963
o (n)lgy | 1293 | 1.357 || 1.345 | 1431 | 1413 | 1533
[o12(p))gry, | 1.020 | 1176 | 1.190 | 1.381 || 1.394 | 1.650
[p21 (1) ]gry. | —0.004 | —0.003 | —0.005 | —0.003 || —0.006 | —0.003
[22(i))gry, | 0.744 | 0.688 | 0.710 | 0.641 || 0.670 | 0.584

Table 4: Numerical values for the p-factors with ux = 1 GeV and puyp = 2 GeV.
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Figure 1: The [n;;]; » factors as functions of p for a®)(My) = 0.118.

Figure 2: The [1;;] . factors as functions of p for a{® (M) = 0.118
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6 General Remarks
6.1 Renormalization Scheme Dependence

The evolution matrix U is renormalization scheme dependent. It is instructive to recall how
this scheme dependence is canceled in physical amplitudes by considering a single operator Q).
Then the AF = 2 amplitude reads

G%
1672

A(AF =2) = (He) = Mg VernC(1)(Q (1)) - (6.1)

The Wilson coefficient is given by

C) = Uty ) C(pe) (6.2)

where

) — [1 L o) Jl [asw]”[l as(gm) J] (63)

ar | as(p) An
with
) (1)
and
Clu) = Co + 2W) o (6.5)
47

Cy and C depend generally on m;, My, and the masses of new particles in extensions of the
SM.

Now, the renormalization scheme dependence of ('} is canceled by the one of J in the last
square bracket in (6.3). The scheme dependence of J in the first square bracket in (b.J) is
canceled by the scheme dependence of (Q(u)). The power P and the coefficient Cy are scheme

independent.
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6.2 Transformation to Different Renormalization Schemes

Once the Wilson coefficients C;(u) have been calculated in the NDR scheme, they can be

transformed to a different renormalization scheme A by means of

7

A () = (1 - “;(“)A@DRHA) GNPy (6.6)

Likewise the matrix elements (Q;(x)) can be transformed from scheme A to the NDR scheme:

(Q(1))xpR = (1 + QZ(;L)AanNDPJ (Q(1))a A7a_NDR = —AFNDR-A - (6.7)

The transformation matrices Afypr_gr1 from the NDR scheme to the RI schemes of [f] can be

found in section 5 of [f].

6.3 np and 7y, Factors in the SM

At this point we would like to warn the reader that the QCD factors nz = 0.55 [B, H] and 7, [B]
used in the analysis of By, — §278 mixing and of the top quark contribution to €x in the SM
should not be identified with the factors [1(1)]yr;, and [n(pk )]y, Presented in this paper.

The factors g and 7 are discussed in detail in [fl, B, B]. See in particular the expressions
(12.10) and (13.3) in [fl] for 772 and np, respectively. Using these expressions it is straightforward
to find the relation between np and [n(us)]yy - It reads

s O30 = [P ] " 1+ 5L g5 (©5)
where CY1"(p;) includes NLO corrections calculated in [J, [, J5 = 1.627 in the NDR scheme
and 4S5y (z;) with z; = m?(u;) /M3, is the LO expression for Ci“ (1) that is obtained from box
diagrams with top quark exchanges without QCD corrections. 7p in contrast to [n(us)]yyy, is
renormalization scheme independent and does not depend on ;. The latter dependence has
been factored out as seen on the r.h.s of (F:§). Notice that the QCD corrections to Ci" (1)

have been absorbed into 7p. An analogous relation between 7, and [n(ux)ly;, can be found.

19



6.4 Going Beyond the SM

In the SM

n0 AB=2| n»0 _ G %7
B"|H, B”)sm
eff

= B M2, mpF2Bg(ViiVig)*np4So () (6.9)

where Bj is the renormalization group invariant parameter defined by

N —6/23 al®)
By = BYY () [0 ()] [1 ¥ #4 , (6.10)

with BYY(11) defined in (77I). Fjp is the B-meson decay constant and 7z is the QCD factor
defined in (£.§).
In the extensions of the SM with minimal flavour violation (MFV) and without contributions

from new operators it is useful to generalize (5.9) to

_ _ G2 L
(B*|Hg"=*|B") = (o5 Miymp FE B (VigVia) nid Fu (6.11)
where
Fy = Sp(wy) + 1B gnew (6.12)

B

new

Here n™ and S§" describe new physics contributions in analogy to g and Sy(x;), respectively.
That is

a§5) (1)

[(k)]yrr, Crew (116) = [O‘gs)(“b)}_ﬁm ll L

CVLL

new

J5] ng 4S5 (x4), (6.13)

where (p¢) is the new physics contribution to CY (1) and 455" results from new physics
contributions without QCD corrections.

In more complicated models in which new flavour-violating couplings are present and the
full set of operators (P]]) is relevant, it appears to be most useful to evaluate new physics
contributions using simply
G

BO HAB:Q BO ew =

My, 3 Ci(p)(B°|Qi()| BY) (6.14)

with C;(u) evaluated by means of the formulae in sections ] and [J. Similar comments apply to

the K° — K% system with obvious replacements.
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7 Phenomenological Applications
7.1 Hadronic Matrix Elements for K — K Mixing

The matrix elements (K°|Q;(u)|K°) = (Qi(u)) contributing to K° — K° mixing can be written

@) =k FEB ), (7.1

(@) =~ ROw) micF B (1), (12

(@) = {RO)micF B ), (73)

(@) = — o Rl micF B (), (74

(@) = — R micFE B (1), (75)
where

7 = (o o) o

and Fj is the K-meson decay constant. Let us calculate the non-perturbative parameters
B¢ () using the lattice results of [IJ] discussed in [J]. In the Landau RI scheme (LRI) the
B¢(u) factors are given by

B = B
(B, = Bs()]is B0y = DBali)li (7.7)
(B (W) = B B2 )]y = EBM - §Bs<ﬂ>
where B;(p), i =1,...,5 are the non-perturbative factors entering the matrix elements in the

operator basis of [f].
In order to find the matrix elements ([.])—([-5) in the NDR scheme we use the results of [fj],
which allow us to relate the B; factors in the LRI and NDR schemes. We find

O
B0 g = [PV 0] gy + S [BY ) 79
0@
B = (B0 gy + O [rHBIG) — S ] (79)
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. (4)
LR _ LR o’ (1) [ 2 1R pir LR pLR
[Bz W) pr = |B2 (M)}LRI T {_grzl By (w) + 132 B (M)]Lma (7.10)
- (4)
SLL _ SLL g’ (1) [ sLL psiL 12 orp st
(B0 gy = [BEW] gy + B B G+ B W) (1
: (4)
SLL _ SLL oV (p) E SLL SLL SLL SLL
[32 (N)ANDR = By )}LRI‘F dn [127"21 By (p) + 13" By (N)Lma (7.12)
where
VI = ArEr xpr = 0.8785, (7.13)
LR LR [ —1.1288 —6.7726)
7= AnRienor = ( 0.3069 10.8712 ) (7.14)
SLL SLL [ 5.6438 0.2140)
e <12.9387 2.6892) - (7.15)
Now, the B; factors presented in [, [[J] read for p = p, =2 GeV as follows:
[Bi]jgr = 0.60+£0.06, [Bs]y gy = 0.66 £ 0.04,
[Bslipy = 1.05+0.12, [By] g = 1.03 = 0.06, (7.16)
[Bsligr = 0.73+£0.10.
Using the central values for these parameters, we find by means of ([.7))
B L = 060,
(B, = 0.73, B L =103, (7.17)
B L = 0.6, [BSH] L = 040.

Finally, setting ¥ (2 GeV) = 0.306 and using (7-§)—(7-I2) we obtain in the NDR scheme for
w=pr =2 GeV

(B = 061,
R

[B{JR}NDR = 096,
[BlSLL]NDR = 0.76,

= 1.30, (7.18)

{B%R} NDR

[BS™] =051

NDR

We observe that the scheme dependence in the LR and SLL sectors is large, amounting to

a shift of the B; factors by roughly 30% and 20%, respectively. The corresponding scheme

dependence in the VLL sector amounts to 2%.
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Setting Fx = 160 MeV and mg = 498 MeV we obtain at u = 2 GeV

(QY"")xpr = 0.26-107%CeV?, (7.19)
(Q")xpr = —3.83 [ms(mei}fiﬁ% (2Gev)r - 1072GeV?, (7.20)
(Q3")xpr = T.77 lms(2Gei/'1)5i\r/[f;2(2GeV)] 2 -1072GeV?, (7.21)
(@S o = —3.79 [ms (QGelvl)T;Vd@Gev)r 10-2GeV?, (7.22)
(@ on. = ~6.10 lms(z(;eiflf—l\fzi(zeev)r'10_2(}6\/3' (7:28)

7.2 AMK, AMB and EK

Next we would like to present general formulae for the mass differences AMy and AMp in the
K% — K9 and B° — BY systems and for the CP-violating parameter €. In the case of AMg
and ex our formulae are valid for the contributions of heavy internal particles with masses
higher than My,. The known SM contributions from internal charm quark exchanges and

mixed charm-top exchanges [[[4] have to be added separately.

We have
AMpg = 2Re(K°|HE 72| KP) | (7.24)
AMp = 2|(B°|H5P=?|B%)| , (7.25)
eXP(m/‘l) 0| 17AS=2| 7.-0
e = — 1 Im(K°|H KO . 7.26
L NCTNTP m (K" |Hg =" | K7) (7.26)

The matrix element (K°|H%°=2|K°) can be written as follows

_ _ G*
(KO HGZIK0) = o Mimue Fie [PYM (Y () + OV ()
+PIRCT () + Py Oy ()

PGS () + OS5 (0)) + PSS () + CS%())] (7.27)
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with

PYY = (i)l BY (1), (7.28)
P = L (oo [BE )]+ by [BE ()], (7.20)
P = L Tmoun)o [BE )]+ b [BE )], (7.30)
PR = 2 (g, (B )]y — 5 Do, [B5™)] (7.31)
P = 2 (s, (B ()] y — 5 Do, [ B )], (7.32)

In the case of the SM and MFV models one can use (p.9) and (p-17)) instead of ([-2§). In
writing these formulae we have absorbed the CKM factors into C;(j;). The effective parameters

(B (p1,)] o are defined by

115 MeV

= m () + md(uL)] |

m(pr) +ma

Bl = — ) BrGu) = 1875 Bi(u). (733)

In the case of B® — B mixing one has to make the replacements piy, — 1, and mg Fz — mpF3.

Then in the case of B — BY system

mp P 4.4 Gev 7
(1) + md(ub)> Biue) = 1.44 [mb(ub) + md(ub)]

with an analogous formula for the BY — BY system.

B )]y = ( Biu),  (734)

We would like to emphasize that these formulae together with the QCD factors 7;; presented
in Section 3 are valid for any extension of the SM. In particular the coefficients P are universal.
New physics contributions enter only the coefficients Cf(u;). The latter have to be evaluated
in the NDR scheme in order to cancel the scheme dependence of the universal coefficients P?.
In the process of multiplying C?(y;) and P® terms O(a?) have to be removed.

It is instructive to evaluate the coefficients P? for the K° — K system. Setting uy = 2 GeV,
A% = 325 MeV, mg(pr) +ma(pr) = 115 MeV and using the values for Bf in ([-1§) we find

PYM = 0.48, (7.35)
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PR =361,  PY® =593, (7.36)
Pt = 181, PPt =322 (7.37)

We observe that the coefficients PL® and PP are by two orders of magnitude larger than PYME.
This originates in the strong enhancement of the QCD factors 7;; for the LR and SLL (SRR)
operators and in the chiral enhancement of their matrix elements as seen in ([.33). Consequently
even small new physics contributions to CF(u;) and CP™(y;) can play an important role in
the phenomenology [§, ]

In the case of B — B® mixing the chiral enhancement of the hadronic matrix elements in the
LR and SLL sectors is absent. Moreover, the QCD factors 7;; are smaller than in the K° — K°
mixing. Consequently the coefficients P*® and PP are smaller in this case. As lattice results
are not yet available for all the relevant hadronic matrix elements in the B system [[§] we will
set Bf(mp) = 1. Taking mp = 5.28 GeV, p, = 4.4 GeV, mp(up) + ma(p) = 4.4 GeV and
A% = 226 MeV we find

PYML = 0.84, (7.38)
PR =162, PR =246, (7.39)
P = 147, PYM =208 (7.40)

8 Summary

We have presented analytic formulae for the QCD renormalization group factors relating the
Wilson coefficients C;(p;) and C;(u), with p, = O(my) and p < py, of the AF = 2 dimension
six four-quark operators (J;. The formulae presented in section 3 are given in the NDR scheme
but are otherwise universal and apply to the Standard Model and all its possible extensions.
In order to complete the evaluation of AF = 2 amplitudes, the QCD factors presented here
have to be combined with the Wilson coefficients C;(;) evaluated in a given model at the short
distance scale p; and with the hadronic matrix elements (Q;(u)) evaluated at p = py, 1 = pr

or it = g dependently on the process considered. C;(pu;) and (Q;(p)) have to be computed
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in the NDR scheme in order to obtain a renormalization scheme independent answer for the

physical amplitudes.

We have also presented analytic formulae for the QCD factors relating the matrix elements
(Qi(2 GeV)) and (Q;(unk)) with ux < 2 GeV. These formulae allow the comparison of the
matrix elements obtained in lattice simulations with those obtained in approaches which use

lower renormalization scales.

Our numerical analysis shows that the renormalization-group effects are very large in the
LR and SLL sectors. This in particular is the case for the elements [n(p)]Lr, [M22(1)]LR,
(1 ()]s, [me2(p)]sen and [mea(p)]spr and is in accordance with the previous analyses [§, H].
The NLO corrections amount typically to 5-15% except for the elements [191(1)|Lr, [1722(10)]Lr
and [nea(p)]srL, where in the case of p = 1GeV they can reach 25%. As a result of this pattern
the renormalization group effects strongly enhance the Wilson coefficients CY® and C$M- and
strongly suppress C5™ with respect to their values at ;. The corresponding effects in CYHH

and CF? are substantially smaller.

Finally we have presented expressions for the mass differences AMy and AMp and the
CP-violating parameter ex in terms of the non-perturbative parameters Bf' and the Wilson
coefficients C;(p;). These formulae include renormalization group effects at the NLO level and
allow to calculate straightforwardly AMg, AMp and €x in any extension of the SM once the
Wilson coefficients C;(u¢) and the non-perturbative parameters BY are known in the NDR
scheme. In the case of K° — K mixing we have presented the results for [B(2 GeV)]ypg using
the lattice results obtained in the LRI scheme. The corresponding results for the B system

should be available this year.
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Appendix

A One-Loop and Two-Loop Anomalous Dimension Ma-
trices

We give below the one-loop and two-loop anomalous dimension matrices. The two-loop expres-

sions are given in the NDR scheme [fj].

,Y(O)VLL — 47 ,y(l)VLL =74+ %f’
71 22 44
:Y(O)LR _ ( 2 12 ) ,3/(1)LR _ ( 39 198 — ?f )
0 —16 )’ 2 _of —138 L By )7 (A1)
1 1459 74 35 1
,AY(O)SLL _ < —10 6 ) ,Ay(l)SLL _ ( 5t ?f 736 54 )
34 ’ 6332 584 2065 394 :
-0 3 i A - 5

B Expansion of the evolution matrices U in o

Recall the renormalization group equation to which (R.13) is the formal solution. At NLO it

reads, written in terms of a,

AU (1, pi2) AOT 1 Poor L ory Ly
_|_ I _ = — |0 . B.2
o, Tt 550 (i, po) (B.2)

Am
At the leading order, where only the term o< 1/c is kept, (B.9) has the (exact) solution

(0)T
A E YO (i)
UO (g, :<as(u2)> = ex <7 log —> 2). B.3
(:ul IUQ) Ols(,ul) p 2/80 g Olg(,ul) ( )
At the next-to-leading order one has [l
; o) 5 g (5 o)
U =(1+—=—"=—J U7 |1 - ———J B.4
e R e LAl (A (B.4)

where higher orders in the parentheses have been omitted. The algorithm for constructing the

matrix jf can be found in [, B, [3]. Eq. (B:4) holds in a theory with a given number f of
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active quark flavours. When evolving across a quark threshold, as for instance in (B.I4), one

finds

- o) 2\ a5 ol () s\ (5 o) 5\ po (3 o () ;
U(,UL,,Ut) = <1 + T 4) f=4 (1 - J4> (1 + e J5> Uf:5 (1 — TJ5> .
(B.5)

In light of the fact that O(a?) and higher terms have been dropped in (BJ) and (B4), we

adopt the convention

P’ (“s(‘”))P:om‘;), (B.6)

O‘S(Ml)
log(n) = O(a}) (B.7)

and drop all O(a?) and higher terms in (B.5) and similar expressions. For the desired two- and

three-step evolution matrices, one obtains

Ulpr ) = U2y, )02 (i, )

a§4) (L) 15

+ A [J4U}0:)4U}0:)5 + 7]4(7}0:)4 (j5 - j4) U}OZ)S - 7]47]50}0:)4(7}0:)5j5} > (BS)

Ulprc i) = U2 (s, 1) Uf24 (e pr)

(3)
Qg PPN A A A AN A A A A
B 155000, 4,00, (Ji— ) O, 000,039

Ulpreo)) = U5 (e 1)U (e 106) U5 (pts 1)

3)( P A L
oy’ () 0 0 0 0 0 0
= IO UL + U2 (o= Js) U202

~(0) 75(0 7 7 (0 ~(0) 77(0) 5(0
sl 2502, (J5 = Ja) U2 — nanuns U2 U2, 025 g5 (B.10)

where we have suppressed some obvious arguments in the LO evolution matrices U® in order

not to unnecessarily clutter the expressions.

C The Evolution Matrix U(u, 1)

For completeness we give here the elements of the evolution matrix U (e, pts) in a f = 6 flavour

theory with pus > py. The renormalization group evolution from ps down to p; can even be
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included as in ([.4) when p is only by a factor of two higher than m,. However, it is only
necessary when ps > 4m; in order to avoid large logarithms.

The formulae given below are not as general as the ones given in section B They apply
only to the evolution of new physics contributions which do not involve SM particles except
for the number of quark flavours entering a, and the anomalous dimensions of the operators
(B)). This is for instance the case considered in [§, [] in which squarks and gluinos have been
integrated out at a scale pus > py. On the other hand the renormalization group analysis of
charged Higgs contributions with My= > m, would be more complicated as both H* and top
can be simultaneously exchanged in box diagrams. Integrating out first H* and subsequently
the top would introduce bilocal structures for p; < p < ps quite analogous to the study of

charm contributions to K° — K mixing [, [4]. We find then

VLIL-Sector
O, = e (C.11)
V()] = 1.3707(1—ne)ng ™" (C.12)
LR-Sector
e ] = (C.13)
e ()|, = 0, (C.14)
: : 2 _
s (w)] = §(n§/21—n624/21), (C.15)
s ()], = e (C.16)
:nﬁ)(m):m = 0921975~ 2/ 4 ¥/ (—2.2194 4+ 1.2975756) (C.17)
iz ()], = 13828 (™t — g, (C.18)
()], = n6 (101463 + 0.8650 56) + 1>V (64603 + 15.7415 75) , (C.19)
jngmjm = 0.9219 762 4+ 524! (9.6904 — 10.612275) - (C.20)
SLL-Sector
()], = 1015305 —0.015378 T, (C.21)
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012 ()|, = 19325055 0 — g ™), (C.22)
s ()] = 0.0081(nf 7% — g 00910), (C.23)
59 ()| oy = 1015398 —0.0153p5 ", (C.24)
()] = e (56478 = 6.0350m) + 06" ™% (0.3272 4 0.0600 ), (C.25)
iy ()] = 60" (10.7494 — 37.9209 175) + 1" ™% (41.2556 — 14.0841n5) (C.26)
5y ()| = 16" (~0.0618 — 0.0315 1) + e~ (0.0454 +0.047975) ,  (C.27)
s ()] = e "% (0.0865 + 0.3007 ) + 06" ™% (=7.7870 + 7.3999 7). (C.28)

Here p; = O(my) and 15 = a9 (us)/a® (u;). These results together with those presented in
section 3 and 4 allow to find U(u, 1s) with p < p, see ([4).
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