
Sigma model for pions
Werkstatt Seminar WS 12/13

Marco Tonini

23 October 2012

Contents

1 Introduction and Motivation 2

2 Classical proof of Goldstone’s theorem 3

3 CCWZ formalism 4
3.1 A (simple) example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.2 The most general GB -Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

4 Chiral Perturbation Theory 8
4.1 Approximate Chiral Symmetry of QCD . . . . . . . . . . . . . . . . . . . . . . . 8
4.2 Constructing the Chiral Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.3 Higher Order Effects and Naïve Dimensional Analysis . . . . . . . . . . . . . . . 13

5 Conclusions 15

1



1 Introduction and Motivation

Suppose we have just built anMeV-collider : the first hadronic particles we would see are pseudo-
scalar particles (JP = 0−, i.e. particles with total spin 0 and odd parity), of which some are
electrically charged, while some others are electrically neutral, with masses roughly between
130-550 MeV. With increasing energy, we would then produce and observe a vector particle
(JP = 1−) of mass 770 MeV, i.e. the ρ meson1, and then the first spin 1/2 particles, i.e. the
nucleons p and n (JP = 1/2+) with masses of 940 MeV. In the following table we summarize
these states, also with their composition in terms of quarks:

mass [MeV] JP QCD
π0 135.0 0− uū−dd̄√

2

π± 139.6 0− ud̄

K± 493.7 0− us̄

K0, K̄0 497.6 0− ds̄

η 547.8 0− uū+dd̄−2ss̄√
6

ρ± 775.5 1− ud̄

ρ0 775.1 1− uū−dd̄√
2

p 938.3 1
2

+
uud

n 939.6 1
2

+
udd

The aim of this notes is to try to develop a low energy description for the pseudo-scalars,
and the language which will be used is the language of Effective Field Theories (EFT ): the first
question is how we can build an action for these degrees of freedom, and the second question
will be, what is the scale at which our theory breaks down.

Looking at the spectrum of the light mesons, one could notice that the three pions are nearly
degenerate besides being light. We are familiar with Goldstone’s theorem, even if we will derive
a classical proof of the theorem in the next section, which states that for every broken internal
symmetry generator there exists a massless boson. Our guess is thus that the three pions, in
the limit in which we consider them as massless, are Goldstone’s Bosons of a spontaneously
broken internal symmetry. To achieve this, an internal symmetry group G should be broken to
a subgroup H, where G should have at least three more generators than H. The degeneracy of
the three pions suggests also that the pions form a degenerate triplet under the unbroken H.
The same reasoning could be applied for the whole set of eight light mesons.

Looking at the rest of the spectrum, we see that at energies ∼1 GeV new types of particles
arise, and they could not be identified as Goldstone’s Bosons. But as long as we consider energies
much smaller than ∼1 GeV, these resonances could not be exited and therefore produced on-
shell. In other words, if we consider the nucleons as UV degrees of freedom, they are irrelevant
in the IR, and we can construct a consistent theory of purely Goldstone’s Bosons. The UV
degrees of freedom enter in principle into the loops, but never on-shell: their action is therefore
just a renormalization of the couplings. We expect therefore that our EFT of light mesons
breaks down at the scale ∼1 GeV.

As already mentioned, our guess is that the light mesons are Goldstone’s Bosons of a spon-
taneously broken internal symmetry. It is thus worth to start our notes with a review of the
Classical proof of Goldstone’s theorem.

1actually, we would produce a triplet of nearly degenerate vector particles, with electric charges 0 and ±1
respectively
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2 Classical proof of Goldstone’s theorem

Consider a classical field theory with n scalar fields φA, A = 1 . . . n, with a Lagrangian

L = Lkin − V (φA)

invariant under a Lie group G (internal symmetry). Let 〈φA〉 be the minimum-energy configu-
ration of the potential, and assume that there is a subgroup H of G under which the vacuum
configuration is invariant, i.e. h〈φA〉 = 〈φA〉 ∀ h ∈ H. We will show now that there is a zero
eigenvalue of the scalar mass matrix for each generator of the coset G/H.

Under a small G-transformation, the variation of the Lagrangian is zero:

0 = δL =
δV

δφA
δφA (1)

where δφA is defined as the infinitesimal variation of φA under G, i.e.

g : φA →
[
eiα

aTa
]A
C
φC = [1 + iαaT a + . . .]AC φC ⇒ δφA = [iαaT a]AC φC .

Let us differentiate Eq. (1) w.r.t. a different direction φB

0 =
δ

δφB

[
δV

δφA
δφA

]
=

δ2V

δφAδφB
δφA +

δV

δφA
δAB

and evaluating it at the vacuum configuration, we obtain

0 =
δ2V

δφAδφB
∣∣〈φ〉

δ〈φA〉+ 0

δ〈φA〉 = i (αaT a)AC 〈φC〉
{

= 0, if T a ∈ H
6= 0, if T a ∈ G/H

(2)

where αa are arbitrary parameters which define the transformation under G, and T a a =
1, . . . , dim(G) are the generators of G. Therefore

0 =
δ2V

δφAδφB
∣∣〈φ〉

δ〈φA〉 = M2
AB (αaT a)AC 〈φC〉

so that T a〈φ〉 are dim(G) eigenvectors of M2
AB with vanishing eigenvalue. However the mul-

tiplicity of the eigenvalue 0 is only dim(G)-dim(H), since the generators of the subgroup H
annihilate the vacuum, cfr. Eq. (2), and therefore cannot be eigenvectors of M2

AB.
M2
AB is nothing but the mass matrix for the scalars, and we conclude that the number of

zero eigenvalues ofM2
AB is equal to the number of generators that do not annihilate the vacuum.

The flat directions of the potential define a manifold which we call vacuum manifold V, made
of physically equivalent vacua: the exitations along this flat directions are calledGoldstone bosons
(GB), and in a quantum interpretation we identify these exitations as massless scalar particles
π(x). This proof suggests thus a geometrical interpretation of the GB, which will guide us in
the rest of the discussion: the GB are maps from the space-time to the vacuum manifold

π(x) : R4 → V.
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3 CCWZ formalism

3.1 A (simple) example

Consider the U(1)-invariant theory of a scalar field φ, with SSB of the U(1) symmetry:

L = |∂µφ|2 − V (|φ|)

V (|φ|) =
λ

4

[
|φ|2 − µ2

λ

]2

L is manifestly invariant under the U(1) transformation φ→ eiαφ.
The configuration |φ|2 = µ2/λ = v2 minimizes the potential, and the vacuum manifold is

the 1-dimensional sphere S1 with radius |v| in the Re[φ]-Im[φ] plane. The U(1)-breaking will
generate a GB : now we ask ourself how to parametrize the two degrees of freedom of the complex
scalar φ.

Remembering that U(1) is isomorphic to the group of 2-dimensional rotations O(2), a naïve
attempt would be to parametrize φ as a two-components vector

φ(x) =

(
φ1(x)
φ2(x)

)

transforming linearly under the global symmetry U(1):

U(1) ∼ O(2) : φ→ φ′ =

(
cθ sθ
−sθ cθ

)(
φ1

φ2

)
.

One then usually expands around one of the degenerate vacuum expectation values v of the
vacuum manifold S1, e.g.

φ̃(x) = φ(x)−
(

0
v

)
.

and by substituting back φ̃ into the Lagrangian, we would obtain a mass term only for φ2(x),
plus some polynomial interactions between φ1(x) and φ2(x). However, this parametrization does
not capture the geometric interpretation of the GB we had before, since the massless φ1(x) is
not an exitation along the vacuum manifold S1. In principle one could recover this geometric
interpretation by integrating out the massive φ2(x) field.

Is there a clever (and simpler) way to capture our geometrical interpretation of the GB? The
answer is yes, with the following non-linear exponential representation

φ(x) =
1√
2

[σ(x) + v] eiπ(x)/v

where now σ(x) and π(x) are radial and angular exitations respectively, and v is defined as
before. The physics should be independent of the chosen parametrization of the fields of the
theory: field redefinitions cannot modify S -matrix elements2 (Equivalence Theorem of the S-
matrix ). Now the GB, which will be indeed the π(x) field, is manifestly a map on the vacuum
manifold:

π(x) : R4 → S1.

2if two fields are related nonlinearly, e.g. φ = χF (χ) with F (0) = 1, then the same experimental observables
result if one calculates with the field φ using L(φ) or instead with χ using L(χF (χ)). Indeed, since F (0) = 1,
φ and χ have the same free field behavior and single particle singularities, and therefore the S-matrices are
equivalent.
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Substituting back into the Lagrangian, we obtain the following terms:

L =
1

2
[∂µσ(x)]2 +

1

2
[∂µπ(x)]2 + v σ(x)

(
∂µπ(x)

v

)2

+
1

2
σ(x)2

(
∂µπ(x)

v

)2

− V (σ(x)) . (3)

From (3), we can extrapolate some general properties of the GB :

• there is no mass terms for the pion

• the pion is only derivatively coupled: therefore, if we restrict ourself to low momentum
regime, we have a weakly coupled theory for the pion

• the Lagrangian is not manifestly U(1)-invariant. However, one could notice that the U(1)
transformation on φ acts just a shift-transformation on the pion

eiαφ =
1√
2

(σ + v) ei(π+α·v)/v ⇒ U(1) : π → π + α · v

and indeed (3) is shift-invariant. Thus the U(1) is said to be hidden and realized non-
linearly as a shift-symmetry on the pion.

• if one integrates out the massive radial exitation σ(x), the resulting low-energy Lagrangian
would be expressed as a series of terms with increasing number of derivatives of the pion

∑

n=1

cn (π)

Λ2n−4
[∂µπ(x)]2n .

This will be our general prescription in constructing an EFT for the light mesons.

In general, non-linear relizations of symmetry group are the most effective way to represent
a symmetry that has been spontaneously broken. The technology to do this was first worked
out by Callan, Coleman, Wess and Zumino, and therefore is named after them as the CCWZ
prescription.

3.2 The most general GB-Lagrangian

The CCWZ prescription is a generic way to parametrize the GB πa arising from a G/H sym-
metry breaking pattern. Let φ(x) be a set of scalar fields which transforms linearly under the
global symmetry G:

g : φ→ g φ.

If T a are the generators of H, and Xa are the generators of the coset G/H, the CCWZ pre-
scription is to parametrize φ(x) as

φ(x) = ξ(x) · 〈φ〉 = eiπ
a(x)·Xa/f 〈φ〉 (4)

where πa are the GB fields, and 〈φ〉 is the vacuum expectation value which realizes the breaking
G → H. Notice that the definition (4) is independent from the particular representation of φ
under G.

Naïvely one would say that even ξ(x) transforms linearly as φ(x) under the action of g ∈ G,
but this is not true in general: under a global symmetry transformation g, the matrix ξ(x) is
transformed to the new matrix g ξ(x), but this new matrix is in general no longer in the standard
form

g : ξ(x)→ g ξ(x) 6= eiπ
′(x)·Xa/f .
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In order to have a well-defined linear transformation law for φ(x), one can use the fact that the
vacuum 〈φ〉 is invariant under H transformations,

h 〈φ〉 = 〈φ〉 ∀h ∈ H

and find an h transformation UH such that g ξ(x)U †H(g, π) is in the standard form:

g φ(x) = g ξ(x) · 〈φ〉 = g ξ(x)U †H(g, π)UH(g, π) 〈φ〉 = g ξ(x)U †H(g, π) 〈φ〉 = ξ′(x) · 〈φ〉.

U †H(g, π) depends on g, but also on the GB fields: therefore under a transformation g ∈ G the
GB transform non-linearly as

g : ξ(x)→ gξ(x)U †H(g, π). (5)

On the other hand, under a transformation of the unbroken group H, ξ(x) transforms linearly

h : ξ(x)→ hξ(x)h−1.

Let’s do an example. Consider a theory of a single scalar field3 φ where the symmetry break-
ing pattern SU(N)→ SU(N −1) is realized: following the CCWZ prescription, we parametrize
φ as

φ = ξ · 〈φ〉 = eiπ
aXa/f 〈φ〉 = exp





i

f




π0 π1

. . .
...

π0 πN−1

π∗1 . . . π∗N−1 −(N − 1)π0











0
...
0
1




where the field π0 is real whereas the fields π̄ = (π1, . . . , πN−1) are complex, representing the
2N − 1 GB of the theory. We now show how the GB transform under the broken and unbroken
symmetries, neglecting for simplicity the real GB π0.

Let’s consider first the unbroken SU(N − 1) transformations: φ transforms linearly under
the whole group G, and thus we have

φ→ UN−1 φ =
(
UN−1 e

iπaXa/f U †N−1

)
UN−1 φ0 = e

i/f
(
UN−1 π

aXa U†N−1

)
〈φ〉

where in the second equality we used the fact that the vacuum 〈φ〉 is invariant under the unbroken
UN−1 transformations. Thus the GB transform linearly under SU(N − 1)

πaXa → UN−1 π
aXa U †N−1.

Explicitly, a generic SU(N − 1) ⊂ SU(N) transformation can be written as

UN−1 =

(
ÛN−1 0

0 1

)

and we can see that the N − 1 complex GB transform in the fundamental representation of
SU(N − 1):

(
0 π̄

π̄† 0

)
→ UN−1

(
0 π̄

π̄† 0

)
U †N−1 =

(
0 ÛN−1π̄

π̄†Û †N−1 0

)
.

3we drop the space-time dependence x for simplicity
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Under a symmetry transformation of the coset G/H, remembering that φ transforms linearly
under G, and that 〈φ〉 is H-invariant, we have

UG/H e
iπ〈φ〉 = exp

{
i

(
0 ᾱ
ᾱ† 0

)}
exp

{
i

f

(
0 π̄
π̄† 0

)}
〈φ〉 (6)

= exp
{
i

(
0 ᾱ
ᾱ† 0

)}
exp

{
i

f

(
0 π̄
π̄† 0

)}
U †H(α, π)〈φ〉 =

= exp
{
i

f

(
0 π̄′

π̄′ † 0

)}
〈φ〉

defining a non-linear transformation law for the GB, as already discussed in the general case.
One can notice that to linear order in α the transformation (6) reduces to a shift transformation:

π̄ → π̄′ = π̄ + ᾱ · f +O(α2).

The prescription to construct the most general EFT for only GBs degrees of freedom (with
all other heavy fields integrated out), is now to write down all Lorentz- and G-invariant terms
with increasing number of derivatives of the GB matrix, just as for the U(1) case. However for
general G and H, this is not trivial. Let’s consider first the two-derivatives term. Naïvely one
would write a two-deriatives term using the field ξ in the parametrization (4), i.e.

f2 tr
∣∣∂µξ

∣∣2,

but in general this is not invariant under G

f2 tr
∣∣∂µξ

∣∣2 → f2 tr
∣∣∂µ
(
ξ(x)U †(x)

) ∣∣2

because of the dependence of x in U(g, π) ∈ H. Using a little bit of algebra one obtains

tr|∂µξ|2 = tr
[(
∂µξ
†
)
ξξ† (∂µξ)

]
= tr

[(
ξ†∂µξ

)† (
ξ†∂µξ

)]

and it can be shown that the object ξ†∂µξ decomposes as

ξ†∂µξ = vaµT
a + paµX

a (7)

with the objects vµ = vaµT
a and paµXa transforming as

vµ → U(vµ + ∂µ)U †

pµ → UpµU
†.

The field vµ transforms like a connection, while pµ is suitable to construct a G-invariant two-
derivatives term: the only non-trivial term is given by

L2 = f2tr
[
pµp†µ

]
. (8)

However the form of pµ and vµ depends heavily on the specific groups G and H.
Everything simplifies if the Lie algebra G/H is a symmetric space. By definition, a symmetric

space has an involutive automorphism on the generators

T a → T a, Xa → −Xa,
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and applying the automorphism to Eq. (7), we find that the object pµ is simply given by

pµ =
1

2

(
ξ†∂µξ − ξ∂µξ†

)
.

We can thus rewrite the two-derivative term of Eq. (8) as

L2 =
f2

4
tr
∣∣∂µΣ

∣∣2 (9)

which indeed contains the GB kinetic term canonically normalized, where we have defined

Σ = ξξ̃† = ξ2 = e2iπaXa/f ,

with ξ̃ the image of ξ under the automorphism. From Eq. (5), we see that Σ transforms as

Σ→ gΣg̃†, (10)

where g̃ is the image of g under the automorphism. Therefore, in symmetric spaces we can
construct a Goldstone matrix Σ that is an element of G/H but transforms linearly under G.

We can then summarize the CCWZ formalism with a prescription for constructing the most
general EFT of only GBs degrees of freedom:

• identify the groups G and H describing the spontaneous symmetry breaking pattern

• construct the GB matrix ξ(x) and consequently the quantities pµ, vµ or Σ(x) depending
on whether the coset G/H is a symmetric group or not

• write all Lorentz and G-invariant terms with pµ, vµ (or ∂µΣ) as building blocks, with
increasing number of derivatives

• identify the finite cut-off up to which the theory is valid

4 Chiral Perturbation Theory

4.1 Approximate Chiral Symmetry of QCD

Now that we have developed the formalism to construct an EFT of only GBs, let us return to
the original question for a low energy theory of light mesons. In the Introduction, we already
discussed how the observed spectrum of the light mesons, in the limit in which their masses are
degenerate and equal to zero, points toward considering these light degrees of freedom as GB of
a spontaneous symmetry breaking pattern.

This is probably the only case in which we know the underlying theory behind the effective
low-energy theory we are constructing: for this reason we will study carefully the low-energy
QCD limit, in order to identify a possible global symmetry breaking which could give rise to the
eight light mesons as GB.

Let us consider the QCD Lagrangian for the u, d and s quarks only. Defining the flavour
vector qi = (u, d, s), we can write the three flavour SU(3)C-invariant Lagrangian as

LQCD, 3 fl. = −1

4
GaµνG

µν
a + q̄i

(
i /D −mi

)
qi

where each quark transforms as a triplet under SU(3)C and with Gaµν the field strength tensor
for the gluon fields. Let us focus on the quark sector of the Lagrangian, expanding the flavour
vector in the chiral basis:

LQCD, 3 fl. ⊃ q̄iL i /DqiL + q̄iR i /Dq
i
R +mi(q̄

i
Lq

i
R + q̄iRq

i
L).
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It is clear that the mass terms for the quarks mix left- and right-chiralities, but if we consider the
so called chiral-limit where the three quark masses are set to zero, a large chiral U(3)L⊗U(3)R
symmetry is restored. The independent U(3) rotations of the left- and right-chiral flavour vectors
leave indeed the Lagrangian invariant:

q i
L → U i

L j q
j

L

q i
R → U i

R j q
j

R (11)

At energies much smaller than ΛQCD ∼ 1 GeV, setting the masses of the three quarks to zero is
indeed a good approximation

mu ∼ 2-4 MeV
md ∼ 4-8 MeV
ms ∼ 80-130 MeV

and therefore they are only a small breaking of the U(3)L⊗U(3)R symmetry, which is therefore
an approximate symmetry of the three-flavours QCD Lagrangian. It’s to be noted that the mass
of the next-to-light c quark causes on the other hand a huge breaking of a possible U(4)L⊗U(4)R
symmetry:

mc ∼ 1.3 GeV.

Actually, a U(3) group could be decomposed into the direct product of SU(3) ⊗ U(1), and
therefore the (approximate) chiral symmetry of the three flavours Lagrangian reads

[SU(3)L ⊗ U(1)L]⊗ [SU(3)R ⊗ U(1)R]

and the transformation laws can be expressed as

q i
L →

[
eiαL eiα

a
Lλ

a
]i
j
q j
L

q i
R →

[
eiαR eiα

a
Rλ

a
]i
j
q j
R

where λa are SU(3) generators, and αL/R, αaL/R are parameters of the respective transformations.
An equivalent formulation of the chiral symmetry is in terms of vector and axial transformations
of the flavour vectors, described by the following transformation laws respectively

qi →
[
eiα eiα

aλa
]i
j
qj

qi →
[
eiαγ5 eiα

aλaγ5
]i
j
qj ,

and the conserved currents associated to these symmetries are indeed related by the following
relations

JaµV = q̄γµλ
aq = JaµL + JaµR (SU(3)V current)

JaµA = q̄γµγ5λ
aq = JaµL − JaµR (SU(3)A current)

JµV = q̄γµq = JµL + JµR (U(1)V current)
JµA = q̄γµγ5q = JµL − JµR (U(1)A current).

The (approximate) chiral symmetry of the three flavours Lagrangian could then be expressed as

[SU(3)V ⊗ SU(3)A]⊗ [U(1)V ⊗ U(1)A] . (12)
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The global U(1)A symmetry is however not a good symmetry at quantum level (it is anomalous)
and therefore in the following we will not consider it anymore. Neglecting also the U(1)V
symmetry (Baryon number conservation) since it will have no influence on the physics that we
are discussing, we will focus only on the SU(3)V ⊗ SU(3)A symmetry of the Lagrangian.

We have however a tremendous amount of phenomenological and theoretical evidence (e.g.
from lattice QCD) that the SU(3)A axial symmetry is spontaneously broken. The origin of
this spontaneous symmetry breaking pattern could be found in the dynamics of QCD : at low
energies QCD is a strongly coupled theory, and one assumes the phenomenon of confinement
which allows the creation of bound states of quarks. Heuristically, if q, q̄ have small masses
(mq � ΛQCD), then it doesn’t cost too much energy to create qq̄ pairs, usually called quark
condensate: the vacuum expectation value of a quark condensate is therefore not vanishing

〈0|q̄q|0〉 = 〈0|q̄LqR + q̄RqL|0〉 6= 0.

The vacuum is thus clearly not invariant under simultaneous left- and right- transformations of
the quark fields (11), but in the case in which the left- and right- components transform in the
same way. In other words, the non-vanishing vacuum expectation value of the quark condensate
forces the global chiral symmetry to be spontaneously broken down to the diagonal SU(3)D
subgroup

SU(3)L ⊗ SU(3)R → SU(3)D.

under which the left- and right- chiralities transform equally, i.e. with αL = αR. Equivalently,
the quark condensate is invariant only under the vectorial SU(3)V global symmetry, sponta-
neously breaking the axial SU(3)A part:

SU(3)V ⊗ SU(3)A → SU(3)V .

This spontaneously breaking of the axial symmetry is called dynamical symmetry breaking,
because of the (assumed) dynamical origin of the quark condensate.

We expect thus eight new GB associated to the symmetry breaking, and we identify them
with the eight light meson fields. Of course they will be pseudo-Goldstone bosons because the
axial symmetry was only approximately realized. SU(3)L ⊗ SU(3)R → SU(3)D is therefore the
symmetry breaking pattern that we want to describe using the CCWZ formalism.

4.2 Constructing the Chiral Lagrangian

We want now to describe the dynamics of GB arising from the symmetry breaking pattern
G→ H = SU(3)L ⊗ SU(3)R → SU(3)D. Notice that the G/H coset is a symmetric space: the
automorphism defining the symmetric space just interchanges the left- and right- generators.
Following the CCWZ prescriptions, we introduce a scalar field

φ(x) = ξ(x) · 〈φ〉 = eiπ
aXa/f · 13×3

where Xa are SU(3) generators, f is a mass dimension 1 parameter, and 13×3 is the three-
dimensional identity matrix. The explicit representation of the pion matrix is the following

πaXa =




1√
2
π3 + 1√

6
η8 π+ K+

π− − 1√
2
π3 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8


 (13)

where we have already identified the different GB combinations with the eight light meson fields.
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From the previous discussion we identify φ with the quark condensate, assuming φ to have
the same quantum numbers under SU(3)L ⊗ SU(3)R:

〈qq̄〉 ∼ (3, 3̄) ⇒ φ ∼ (3, 3̄).

Remembering that under the automorphism we have g̃L = gR, and using Eq. (10), we obtain
that the field Σ has the same quantum numbers as φ:

Σ = ξξ̃† = e2iπaXa/f , Σ→ LΣR†. (14)

The first non-trivial derivative term is the one with two partial derivatives, see Eq. (9)

L2 =
f2

4
tr|∂µΣ|2 (15)

where the prefactor f2/4 assures the correct normalization for the pion kinetic term

1

2
∂µπ

a ∂µπa.

By expanding until third order the Σ field, one obtains the following interaction terms for
the GB fields:

L2 ⊃
1

2
∂µπ

a ∂µπa +
1

24f2

[
(π̄ · ∂µπ̄)2 − π̄2 (∂µπ̄)2

]
(16)

where the first term is the GB kinetic term, and the second term describes a four-GB interaction
at order p2/f2.

Now we want to understand the physical meaning of the dimensionfull parameter f . There
are two ways to identify it: the first is to calculate the expectation value of the axial current
Jaµ,A between an initial pion state and the vacuum as final state. Indeed we know that it is
proportional to the pion decay constant fπ

〈0|Jaµ,A|πb〉 = iδabpµfπ

and by explicitly calculating the matrix element, we would be able to identify the f parameter
with the pion decay constant fπ.

The second way to identify the value of f is by explicitly calculating the decay width of
the leptonic pion decay π+ → µ+νµ through the W+ gauge boson. To do so we have to
introduce a local gauge invariance under the SM -like SU(2)L⊗U(1)Y group: under the following
identifications

SU(2)L ⊂ SU(3)L

U(1)Y = T3R +

(
B − L

2

)

we can promote the partial derivatives to covariant derivatives

∂µΣ→ DµΣ =
(
∂µ − igW a

µT
a
SU(2)L

+ ig′T3RBµ

)
Σ

and rewrite the two-derivative term as

L2 =
f2

4
tr|DµΣ|2. (17)

By expanding the Σ fields at linear order in the pion fields, one obtains the following terms:

L2 ⊃ ∂µπ+ ∂µπ− − gf
[(
∂µπ

−)W+
µ +

(
∂µπ

+
)
W−µ

]
.

11



Adding to L2 the usual interaction term of the W s with lepton fields, as well as a mass term for
the W

m2
WW

+
µ W

µ− − g√
2

[
W+
µ J

µ− +W−µ J
µ+
]

and integrating out the gauge boson W , we finally obtain the low energy effective Lagrangian
describing the π+ − µ+νµ interaction:

Leff ⊃ −4GF f
[(
∂µπ

−) J+
µ +

(
∂µπ

+
)
J−µ
]

with GF /
√

2 = g2/8m2
W . The decay rate is found to be4

Γπ+→µ+νµ =
G2
F

4π
f2m2

µmπ

(
1−

m2
µ

m2
π

)2

which allows us to identify again the f parameter with the pion decay constant fπ, which
measured value is

f ∼ 93 GeV.

It’s to be noted that even if the decay into the first generation of leptons π+ → e+νe has a larger
accessible phase space, the decay rate is highly suppressed with respect to the decay into the
second generation of leptons

Γπ+→e+νe
Γπ+→µ+νµ

∼ 1.23 · 10−4.

This is the well-known helicity-suppression phenomenon.
Another important side remark arising from this discussion, is whether the chiral symmetry

breaking of QCD SU(3)L ⊗ SU(3)R → SU(3)D could trigger also the electroweak symmetry
breaking EWSB, since SU(2)L ⊂ SU(3)L. The answer is yes, but the contribution to the EWSB
is too small to reproduce the observed phenomenology. In particular, from the kinetic term (17)
one obtains the following mass terms for the gauge bosons

L2 ⊃
g2f2

4
W+
µ W

µ− +
g2 + g′2

8
f2ZµZ

µ

which are the same terms as in the SM but with v → f , giving a mass to the gauge bosons which
is ∼1000 times smaller than the observed one. The conclusion is that QCD dynamically breaks
the electroweak symmetry, also preserving the tree-level custodial-symmetry relation ρ = 1, but
the contribution is too small to assume that it is the only source of EWSB.

So far we have assumed a perfect SU(3)L ⊗ SU(3)R symmetry, with the 8 GB as massless.
As discussed before, the quark mass term of QCD is an explicit breaking of the chiral symmetry,

LM = −q̄RMqL − q̄LM †qR, M =




mu 0 0
0 md 0
0 0 ms


 . (18)

In order to incorporate the consequences of Eq. (18) into the effective Lagrangian framework,
one makes use of a spurion analysis. Although M is in reality just a constant matrix and does
not transform along with the quark fields, LM would be invariant if M is transformed as

M → RML†. (19)
4we restored the pion mass in the kinematic calculations
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One then constructs the most general Lagrangian L(U,M) which is invariant under (14) and
(19) and expand this function in powers of M . At lowest order in M one obtains

Ls.b. =
f2µ

2
tr
(
MΣ† + ΣM †

)

where the subscript s.b. indicates that this term is an explicit breaking of the original SU(3)L⊗
SU(3)R symmetry, and µ is a mass-dimension 1 parameter. In order to determine the masses
of the Goldstone bosons, we identify the terms of second order in the fields in Ls.b.,

Ls.b. ⊃ −
µ

2
tr
(
π2M

)

and using the explicit expression for the pion matrix (13), we find

tr
(
π2M

)
= 2(mu +md)π

+π− + 2(mu +ms)K
+K− + 2(md +ms)K

0K̄0 +

+ (mu +md)π
0π0 +

2√
3

(mu −md)π
0η +

mu +md + 4ms

3
ηη. (20)

For simplicity we can take the limit mu = md = m so that there is no π0 − η mixing, and the
different masses satisfy the so called Gell-Mann Okubo relation

4m2
K = 3m2

η +m2
π

independent of the value of µ, and consistent with the experimental observation.
One has to say also that the SU(2)L ⊗ U(1)Y gauging is another source of chiral symmetry

breaking: loop diagrams involving a photon and the charged meson propagtor are responsible
to another (small) contribution to the charged meson masses, which is indeed consistent with
the observed phenomenology.

4.3 Higher Order Effects and Naïve Dimensional Analysis

Consider now higher order effects in p/f that enter into a calculation: they can come from loop
diagrams with multiple insertions of 2-derivative operators, or from 4-derivative (and higher)
operators that we ignored so far. What are the coefficients of these higher dimensional operators?
Just by dimensional analysis, an operator of dimension d must have a coefficient that goes like

c
f2

Λd−2
χ

,

where c is a dimensionless number, and the f2 factor is there to match the normalization we
have used defining Σ. Λχ is the chiral symmetry breaking scale and represents the energy where
the expansion breaks down.

We are thus effectively doing an expansion in E/Λχ: as long as we reduce ourself to energies
much smaller than Λχ, higher derivative operators are irrelevant in the low-energy behaviour, and
the main features of EFT could be captured by only the first terms of the derivative expansion.
Naïvely we would thus expect Λχ to be at order f .

The dimensionless coefficient c can in principle be computed in QCD, but in practice is
either measured or computed on a lattice. Since there are no more large or small numbers
to play with, it must be that these coefficiens are O(1). If we were to measure them to be
substantially different from unity, it would imply that we are missing some physics. This is
called the naturalness argument.
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It turns out that the most general SU(3) chiral Lagrangian involving four derivatives is

L4 = c1 ·
[
tr
(
∂µΣ ∂µΣ†

)]2
+ c2 · tr

(
∂µΣ ∂νΣ†

)
· tr
(
∂µΣ ∂νΣ†

)
+

+ c3 · tr
(
∂µΣ ∂µΣ† ∂νΣ ∂νΣ†

)
. (21)

Let us now consider the ππ → ππ scattering for the Goldstone bosons coming from the
interaction vertices in L2, Eq. (16), and in L4, Eq. (21):

A B C

p!

Figure 2.1: 2 → 2 Goldstone boson scattering diagrams at NLO in the chiral Lagrangian.
The solid dot and circlecross vertices come from the O(E2) and O(E4) terms in the action,
respectively. Not shown are the crossing diagrams of B.

To see what can be done, let us consider the 2−2 scattering of the Goldstone modes coming

from the diagrams in Figure 2.1. Without being too concerned about the details, we can

compute:

MA ∼ p2

f 2

MB ∼
∫

d4q

(2π)4

(p + q)2/f 2 · (p − q)2/f 2

(q2)2
∼ 1

16π2

[
Λ2 p2

f 4
+

p4

f 4
log

(
Λ

µ

)]

MC ∼ c
p4

f 2Λ2
χ

where Λ is a momentum cutoff (not to be confused with the chiral symmetry breaking scale)

and µ is the subtraction point that comes along whenever you renormalize. Summing up

these contributions, we find:

M(ππ → ππ) ∼ p2

f 2

[
1 +

1

16π2

(
Λ

f

)2
]

+
p4

f 4

[
1

16π2
log

(
Λ

µ

)
+

cf 2

Λ2
χ

]
+ finite . (2.34)

The first term is a pure renormalization of f , and we need not worry about it. The second

term, on the other hand, is deep! Recalling that the final answer cannot depend on µ, we

can ask what happens by changing µ → µe. It must be compensated for by an appropriate

change in c:

µ → µe ⇒ c → c − Λ2
χ

16π2f 2
(2.35)

But wait – we already said that c must be O(1) to maintain the perturbative expansion.

Then we conclude that in order for this theory to make sense:

Λχ ∼ 4πf (2.36)

Wow! By insisting that the chiral Lagrangian had to make sense, the effective theory had

the decency to tell us precisely how seriously we can take it! The result in (2.36) is quite

29

Figure 1: ππ → ππ scattering: the solid dot and circlecross vertices come from L2 and L4 terms,
respectively. Not shown are the crossing diagrams of B.

Without considering all the details, we can compute

MA ∼ p2

f2

MB ∼
∫

d4q

(2π)4

(p+ q)2/f2 · (p− q)2/f2

(q2)2
∼ 1

16π2

[(
Λ

f

)4

+
p2

f2

(
Λ

f

)2

+
p4

f4
log

Λ

µ

]

MC ∼ c
p4

f2Λ2
χ

where Λ is a momentum cut-off not to be confused with the chiral symmetry breaking scale
Λχ, and µ is a renormalization factor necessary for dimensional analysis. Summing up these
contributions we find

M(ππ → ππ) ∼ Λ4

16π2f4
+
p2

f2

[
1 +

1

16π2

(
Λ

f

)2
]

+
p4

f4

[
1

16π2
log

(
Λ

µ

)
+ c

f2

Λ2
χ

]
.

The first term is a renormalization of the cosmological constant (there are no counterterms with
zero powers of derivatives). The second term is a pure renormalization of f : the loop diagram
using order O(p2/f2) vertices contributes therefore like an order O(p4/f4) tree-level diagram.
This is a general behaviour, and therefore if one decides to consider corrections only to a certain
order O(pn/fn), then loops with only a finite number of vertices are necessary.

Recalling that the final answer cannot depend on µ, we understand that the c coefficients of
L4 should also have a µ dependence. Requiring that the one-loop contribution is at maximum
at the same order of the tree-level contribution, we can finally have an estimation of the chiral
symmetry breaking scale:

Λχ ∼ 4πf.

This reasoning is called naïve dimensional analysis (NDA). For our chiral-Lagrangian we have
f ∼ 93 MeV, so we predict Λχ ∼ 1 GeV: the EFT should then be trusted only for energies
much below this scale. And this is indeed the case, as we have seen with the previous low-
energy predictions, and recalling that it does not describe a particle, the ρ meson, with a mass
at 770 MeV. At Λχ, it is thus no longer correct to identify the mesons as the physical degrees
of freedom: chiral symmetry is restored and one has to work with a theory of quarks, which
fortunately becomes (nearly) perturbative at that scale.
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5 Conclusions

In this notes we have seen how to build a low energy theory for the light mesons. The main
points that we have learned are the following:

• the GB are derivatively coupled, i.e. have no potential, and therefore are massless

• non-linear realizations of symmetries allow to construct EFT s which capture the geomet-
rical properties of GBs

• these results are completely general once we know the SSB pattern

• the resulting EFT has a finite range of validity

• new categories of composite models incorporating this formalism are able to propose an ap-
pealing solution to the fine-tuning problem of the SM : if the Higgs is a (pseudo)-Goldstone
Boson of an enlarged global symmetry, a radiatively unstable Higgs mass is prevented by
the shift symmetry acting on the GB !
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