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Motivation

F-theory

moduli space

Duality:  heterotic theory compactified on a K3 surface which is elliptically 
fibered over     with a section is dual to F-theory compactified on a 3 dim’l 
Calabi-Yau which is K3 fibered over     and also elliptically fibered with a 
section.

heterotic theory

: number of Wilson lines
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Motivation

F-theory

moduli space

The concrete duality map best understood at the boundary of the moduli space.

Duality:  heterotic theory compactified on a K3 surface which is elliptically 
fibered over     with a section is dual to F-theory compactified on a 3 dim’l 
Calabi-Yau which is K3 fibered over     and also elliptically fibered with a 
section.

heterotic theory

Goal: understand the duality map beyond the boundary of the moduli space.

classical limitstable deg. limit

Confine ourselves to               heterotic theory with one Wilson loop.

: number of Wilson lines
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Observation

• No Wilson line

• Large volume with one Wilson line

c.s.

comp. Kähler

modularity of torus

T-duality

T-duality on one 1-cycle

Wilson line shift symmetry

gauge          bundle over an elliptic curve is represented by 2 points on 
the curve adding up to zero.     is the Abel-Jacobi map of 1 of the 2 points.
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• Large volume with one Wilson line

c.s.

comp. Kähler

modularity of torus

T-duality

T-duality on one 1-cycle

Wilson line shift symmetry

gauge          bundle over an elliptic curve is represented by 2 points on 
the curve adding up to zero.     is the Abel-Jacobi map of 1 of the 2 points.

★ One Wilson line

[Mayr, Stieberger ’95]
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Observation

• No Wilson line

• Large volume with one Wilson line

c.s.

comp. Kähler

modularity of torus

T-duality

T-duality on one 1-cycle

Wilson line shift symmetry

gauge          bundle over an elliptic curve is represented by 2 points on 
the curve adding up to zero.     is the Abel-Jacobi map of 1 of the 2 points.

★ One Wilson line

genus 2 curve [Mayr, Stieberger ’95]
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Shioda-Inose correspondence

Shioda-Inose structure on      : an involution   preserving the holomorphic 2-
form s.t. the quotient is a Kummer surface    (after blowing up the fixed points).

resolution has 17
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Shioda-Inose correspondence

Shioda-Inose structure on      : an involution   preserving the holomorphic 2-
form s.t. the quotient is a Kummer surface    (after blowing up the fixed points).

Kummer surface: a       surface obtained by the quotient of an abelian 
surface     by      involution followed by blowing up the 16 fixed points.  
In particular     can be regarded as the Jacobian of a genus 2 curve    .
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Shioda-Inose correspondence

Shioda-Inose structure on      : an involution   preserving the holomorphic 2-
form s.t. the quotient is a Kummer surface    (after blowing up the fixed points).

Necessary condition:

✓An elliptically fibered       surface with singular fibers of type       and       .

Kummer surface: a       surface obtained by the quotient of an abelian 
surface     by      involution followed by blowing up the 16 fixed points.  
In particular     can be regarded as the Jacobian of a genus 2 curve    .

[Morrison ’84]

resolution has 17
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F-theory & Genus 2 Invariants

A genus 2 curve is always hyperelliptic

invariants: 

• deg. case 1: pinch of a non-trivial cycle

• deg. case 2: split to two elliptic curves

moduli space:
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F-theory & Genus 2 Invariants

A genus 2 curve is always hyperelliptic

invariants: 

• deg. case 1: pinch of a non-trivial cycle

• deg. case 2: split to two elliptic curves

moduli space:

surface

Kumar ’08: Concrete construction of the Shioda-Inose structure on an elliptic      with 
singular fibers of type       and       in terms of invariants                   of genus two 
curves.
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F-theory & Genus 2 Invariants

A genus 2 curve is always hyperelliptic

invariants: 

• deg. case 1: pinch of a non-trivial cycle

• deg. case 2: split to two elliptic curves

moduli space:

[Malmendier ’11]

surface

Kumar ’08: Concrete construction of the Shioda-Inose structure on an elliptic      with 
singular fibers of type       and       in terms of invariants                   of genus two 
curves.

Claim: this provides precisely the duality map between the moduli spaces of F-
theory compactified on a      surface with     and     singular fibers and        
heterotic theory compactified on a torus with one Wilson loop turned on.
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Case 1: Classical Limit

Het. theory:

F-theory: stable degeneration limit of 

classical limit

of elliptic curve, flat conn.     of          vector bundle on the elliptic curve

vector bundle: 2 pts (spectral cover) on the elliptic curve adding up to zero

[Aspinwall ’98]

[Friedman, Morgan, Witten ’97]

• Two rational elliptic surfaces     ,        
intersecting at an elliptic curve    .

intersection
curve
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Case 1: Classical Limit

Het. theory:

F-theory: stable degeneration limit of 

classical limit

of elliptic curve, flat conn.     of          vector bundle on the elliptic curve

vector bundle: 2 pts (spectral cover) on the elliptic curve adding up to zero

[Aspinwall ’98]

[Friedman, Morgan, Witten ’97]

• Each rational surface responsible 
for one E8 factor.

•     , responsible for the            gauge bundle, 
has two additional global sections, intersecting 
with     at two points.

• Two rational elliptic surfaces     ,        
intersecting at an elliptic curve    .

global 
sections

spectral
cover
points

intersection
curve
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Case 1: Classical Limit

✓ Degeneration of the Kumar formalism:             .

Het. theory:

elliptic curve bundle

half of the        bundle pt. in the sense of 
the addition group on the elliptic curve.
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Case 1: Classical Limit

✓ Degeneration of the Kumar formalism:             .

Het. theory:

elliptic curve bundle

half of the        bundle pt. in the sense of 
the addition group on the elliptic curve.

F-theory:
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Case 1: Classical Limit

✓ Degeneration of the Kumar formalism:             .

Het. theory:

elliptic curve bundle

half of the        bundle pt. in the sense of 
the addition group on the elliptic curve.

F-theory:

intersection elliptic curve

the point that represents the         bundle
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Case 2: E8xE8 Limit

✓ No Wilson loop:            .

Het. theory

Two tori given in the Weierstrasse form

surface equation on F-theory side

[Cardoso, Curio, Lüst, Mohaupt ’96]
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Case 2: E8xE8 Limit

✓ No Wilson loop:            .

Het. theory

Two tori given in the Weierstrasse form

surface equation on F-theory side

The Kumar formalism reproduces this result exactly in the             limit.

[Cardoso, Curio, Lüst, Mohaupt ’96]
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Non-geometric Fibration

[McOrist, Morrison, Sethi ’10]

Non-geometric compactification

monodromy on 
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Non-geometric Fibration

[McOrist, Morrison, Sethi ’10]

Non-geometric compactification

monodromy on 
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Mestre’s Approach toward Fibration
F-theory:

are holomorphic sections of some line bundles

heterotic theory:

are holomorphic sections of some line bundles
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Mestre’s Approach toward Fibration
F-theory:

are holomorphic sections of some line bundles

heterotic theory:

are holomorphic sections of some line bundles

Question: given                    , can                              be constructed as 
analytic, or at least rational functions of                    ? 

Does the curve     live in the algebra                     ?
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Mestre’s Approach toward Fibration
F-theory:

are holomorphic sections of some line bundles

heterotic theory:

are holomorphic sections of some line bundles

Question: given                    , can                              be constructed as 
analytic, or at least rational functions of                    ? 

Does the curve     live in the algebra                     ?

Mestre’s theorem ’90
If                   , there exists an obstruction for the genus two curve    to 
live in the field of moduli: algebra                     .

Fibration via Mestre’s Algorithm
Local fibration: yes;   global patching up: difficult.
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Summary
• The moduli space of E7xE8 heterotic theory compactified on a torus can be 

represented by a genus two algebraic curve.

• The (quantum) duality map between E7xE8 heterotic theory compactified 
on a torus and F-theory compactified on an elliptic K3 surface with E7 and 
E8 singular fibers is postulated to be given by the Shioda-Inose structure in 
the Kumar formalism.

• The formalism above is tested at two boundary points on the moduli space: 
the classical limit and the full gauge group limit.

• Fibration of genus two curves can achieve non-geometric compactification. 
But more clever ways than naive fibration are needed.

Prospects

• Analysis of genus two fibration. 

• More Wilson lines.
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Summary
• The moduli space of E7xE8 heterotic theory compactified on a torus can be 

represented by a genus two algebraic curve.

• The (quantum) duality map between E7xE8 heterotic theory compactified 
on a torus and F-theory compactified on an elliptic K3 surface with E7 and 
E8 singular fibers is postulated to be given by the Shioda-Inose structure in 
the Kumar formalism.

• The formalism above is tested at two boundary points on the moduli space: 
the classical limit and the full gauge group limit.

• Fibration of genus two curves can achieve non-geometric compactification. 
But more clever ways than naive fibration are needed.

Thanks for your attention!
and, safe journey!

Prospects

• Analysis of genus two fibration. 

• More Wilson lines.
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• Fibration of K3 surfaces

scaling:

surface

Backup

• Moduli Space of genus two curves

• Kumar formalism

, .
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