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Introduction & Recapitulation

Topological string partition function
computed by gravitational couplings F_

In the field theory limit, they reduce to
Nekrasov’s partition function for €,=0

Satisfy holomorphic anomaly equations
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The Refined Couplings in Heterotic

Antoniadis, Florakis, Hohenegger, Narain, AZA (*13)
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Compute gravitational couplings involving
two anti-self-dual gravitons, anti-self-dual
graviphotons and self-dual vector partners of

the U-modulus

|dentify the vertex operators

Solve for the sigma-model deformation
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Vertex Operators in Heterotic

Anti-self-dual graviton (Riemann tensor)

Vr(p1) = (822 — iP1X1X2) 5226@1%1

Ve () = (022 —ipix'y?) 02'em”
Anti-self-dual graviphoton

Vo (p1) = (0X —ipix' W) 8z2em 7’

Vo (p1) = (3X — fgjﬁl)—clxp) 5226@121
Self-dual U-vectors

VU (pl) — (@ZZ — 'jplxlfcz) 5X€??p121

VU (ﬁl) — (822 — ’[;ﬁl)zlxz) 5X€?:;5121
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Setup and contractions

In the Heterotic String on K3 x T2
(VIR (vEy2=2 (v
Making all possible contractions, the

correlators factorizes

(Bosonic directions) x (Fermionic directions)

The T2 bosonic coordinates only contribute
zero modes
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Bosonic part

A typical correlator is of the form

<(Zl(§22)g+1 (ZléZ?)g—FL (21822)71—771(21 822)?1—*;%(aX)Qg((ij)2n>
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Bosonic part

A typical correlator is of the form
<(Zl(§22)g+l(ZléZ?)g—kl(21822)71—771(21 822)?1—*;%(aX)Qg((ij)2n>
Computed by the generating function
GP(e_,ey) = <exp[ —€_ / d°z 0X(Z2'07° + Z202")—
—€y / d*z (Z10Z° + 22021)0)(] >
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Fermionic part

A generic fermionic correlator is of the form

m

(P ( HXX wi) XX (u)) s
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Fermionic part

A generic fermionic correlator is of the form

m

(P ( HXX wi) XX (u)) s

Summing over the spin structures, this can be
rewritten as a correlator in the odd spin
structure

XX (@) XX () <H XX (uy) x4x5(UQ)>
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Fermionic part

XX <Hx )>

Computed by the generating function

ot [h] (e4) = <€—6+ f'(x4x5—x4x‘5)8X>

g h.g
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Structure of the deformation

Shos — & /dgz (Z2'02% + 202" ) + e /d% (z2*0z2* + 707" )

C
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Structure of the deformation

55’:;}/ d*z (Z21072% + 22021?/ d*z (2'02° + 7207")

€+ <(9X
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Structure of the deformation

SU(2), current SU(2)g current
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Structure of the deformation

Sgg;_e /d2 ?+€+ d2 ’
SU(2), current SU(2)g current

Effective SU(2) R-symmetry current
st = [
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Computation of the couplings

The generating functions can be computed
exactly since they are quadraticin the fields
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Computation of the couplings

The generating functions can be computed
exactly since they are quadraticin the fields

For the fermionic directions
I+hyr- . 1—hy/~ . )
G’f[;ﬁ](@r) — 9[1+9](€+’7)2[1—9](6+?7) o7zt
1]
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Computation of the couplings

The generating functions can be computed
exactly since they are quadraticin the fields

For the fermionic directions

Ol g)(E4: )00 gl (€43 7)

L1/~ 1 1—
Gf[;](€+) — - ?72 .

2
T €
T

eT2 T

For the bosonic directions, the result is more
involved
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Bosonic correlator

Decomposition of the bosonic correlator

Gb08(6—7 E—I—) — Ghol(ﬁ—a E—I—) X Gnon—hol(é—a €—|—)
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Bosonic correlator

Decomposition of the bosonic correlator

Gb08(6—7 E—I—) — Ghol(ﬁ—a E—I—) X Gnon—hol(é—a €—|—)

The almost (anti-)holomorphic piece is
standard

‘ 2 (€ T 2)n(7)" T (= ~2
Ghot(€—,€4) = = ~(27T)~(E_ —E+} U(T),., e_f_z(ez—“Jr)
| 01(6- —€4:7)01(€- +€4:7)
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Bosonic correlator

The second factor is completely non-
holomorphic

]Og[Gnon hol(E— 6—1—)] —

= ZO i (k”_l)é“ieif[(e—enw(—e—m}@z

A+ EZZ
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Bosonic correlator

The second factor is completely non-
holomorphic

]Og[Gnon hol(E— 6—1—)] —

> g() i G X Oy TR

k + EZZ
Selberg-Poincare series
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Bosonic correlator

The second factor is completely non-
holomorphic

]Og[Gnon hol(E— 6—1—)] —

> g() i G X Oy TR

k + EZZ
Selberg-Poincare series

. aT

5( Z Z ™ e 2N
u Aj;_%‘CT_I_d‘QCt(CT_I_d),B—QCk '

(c,d)=

+b
cT+d
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Bosonic correlator

The second factor is completely non-
holomorphic

]Og[Gnon hol(E— 6—1—)] —

> g() i G X Oy TR

k + EZZ
Selberg-Poincare series

. aT

5( Z Z ™ e 2N
u Aj;_%‘CT_I_d‘QCt(CT_I_d),B—QCk '

(c,d)=

+b
cT+d

Modular invariant reqularization
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Bosonic correlator

Fourier expansion from the Selberg-Poincare
series

TQ_H (I)(:t.,:'ﬁ(?-- 7—-) _ 2C (ﬂ + QT‘_)}.;{CYS 6] n Z [( YOy, ﬁ n + I“ i(T_) gn} }

>0
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Bosonic correlator

Fourier expansion from the Selberg-Poincare
series

..Tg—r_:r (I)tft..fﬁ('?-- 'T_') — 2Q( )+ 2: ) | {('Tél‘.; 4 Z [(m 3 n 1 I“ i(T_) (In}}

( It B¢ B2« ‘ -
C*P (1) = ( r)(i _x)”) nm) Loy _z(n) (47-;31’_)_; 22 ] 8o, 81 (47mnTo)
3, 278 (—i)P—2e , I .
¢ I%P(m) = (27) (, ) (nm)’~toy_sz(n) (47:37’-_)_; XMW 5 5 (4TnTs)
') 3+ 2
: . o (B —1)C(B—1
( E]t 3 _ 22— ‘3_1(_.’-) 7—2a ( ; )C»( )
\ ['a)'(B — )
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Bosonic correlator

Fourier expansion from the Selberg-Poincare

series
7o - P p(T.T) =2¢(8) + QT:_;}';{(,"S"; q" + 1P (1) rj”} }
Divisor function
P TR ¢ i o T

['(3—a)

VA, (27)P (—i)P—2 B 9rmr .
{10 (my) = o (n7o)f )72 62 9 (47nTo)
~o,3 _ 2—B_; B2« I (J) o 1)C' (j B 1)

[ T(a)T(B — a) Whittaker W-function
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Bosonic correlator

Asymptotic behavior of the non-holomorphic
piece

ToO—> 00O

Gnon—hol(e—a €+) — 1

at a point where P, = Py
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Computation of the couplings

The generating function for the refined
couplings can thus be expressed as

29 2n

€ €
F(E_,€+):Z _2 +2Fgm,
g,n (gl) (?I')

1
11 .

h,g=0
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Computation of the couplings

The generating function for the refined
couplings can thus be expressed as

29 2n K3 and E, x SU(2) lattices

€ €
F(E_,€+):Z _2 +2Fgm,
g,n (gl) (?I')

1
1 1
= | duGb(e_ =3 G TUY
| dnc(e <oy L Gl U.Y)

T2 and Eg lattices
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Nekrasov’s Partition Functions

4D-field theory limit
Radius deformations
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Nekrasov’s partition functions




Field theory limit of the couplings

Expand the amplitude around a Wilson-line
enhancement point
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Field theory limit of the couplings

Expand the amplitude around a Wilson-line
enhancement point

Correct field theory result

Expected singularity behaviour

The enhancement point is characterized by

U
P, =Pp=P= e —4 0

V@ =T)(U = T) = (¥ - V)2

Ahmad Zein Assi - CERN / Ecole Polytechnique (CPhT)



Field theory limit of the couplings

Expand the amplitude around a Wilson-line
enhancement point

Correct field theory result
Expected singularity behaviour

The enhancement point is characterized by

PL:PREP:

V@ =T)(U = T) = (¥ - V)2

Complexified Wilson line
of T2
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Field theory limit of the couplings

The bosonic correlator

22 22
Gbos (6_3 €+) T2 00 . 7T EE_ . €+)~ _
sinm(é— — €4 )sinm(é_ + €4)
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Field theory limit of the couplings

The bosonic correlator

2022 _ =2
Gbos (6_3 €+) T2 00 . 7T EE_ . €+)~ _
sinm(é— — €4 )sinm(é_ + €4)

Only the untwisted sector (h=0) contributes and Z[g] — 1
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Field theory limit of the couplings

The bosonic correlator

2022 _ =2
Gbos (6_3 €+) T2 00 . 7T EE_ . €+)~ _
sinm(é— — €4 )sinm(é_ + €4)

Only the untwisted sector (h=0) contributes and Z[g] — 1

The fermionic correlator

1 c -~ ~
9 Z ﬂlig](@r; T) 9[119](6%7) = —2 COS(27TE+)q1/4 + (f)(q5/4)
g=0,1
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Field theory limit of the couplings

Joining all contributions

dt —2cos (2¢4-1)

Fle ¢ N EQ _EQ / G—H.t
(€~ €+) (€= +), o t sin(e_ —e )t sin(e_ +ey)t
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Field theory limit of the couplings

Joining all contributions
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(€~ €+) (€= +), o t sin(e_ —e )t sin(e_ +ey)t

The BPS-state that becomes massless has
mass it~/ (1T —T)(U —U)P = ay—Uay

Ahmad Zein Assi - CERN / Ecole Polytechnique (CPhT)



Field theory limit of the couplings

Joining all contributions

O dt —2cos (2¢e. 1
Fe—,eq) ~ (2 —Ei)/ : 5(.E+ ) ot
Jo t sin(e_ —ey )t sin(e_ +e€)t

The BPS-state that becomes massless has
mass it~/ (1T —T)(U —U)P = ay—Uay

As expected, the leading singularity is given
by UQ—QQ—QH
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Field theory limit of the couplings

Joining all contributions

dt —2cos (2¢4-1)

Fle ¢ N EQ _EQ / G—H.t
(€~ €+) (€= +), o t sin(e_ —e )t sin(e_ +ey)t

This is in perfect agreement with the gauge
theory result of Nekrasov!
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Field theory limit of the couplings

Joining all contributions

dt —2cos (2¢4-1)

Fle ¢ N EQ _EQ / G—H.t
(€~ €+) (€= +), o t sin(e_ —e )t sin(e_ +ey)t

This is in perfect agreement with the gauge
theory result of Nekrasov!

Not symmetric under € <> €,
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Radius deformations : D=6

Decouple the winding modes by taking the
large T, limit keeping U fixed
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Radius deformations : D=6

€1€2

Decouple the winding modes by taking the
large T, limit keeping U fixed

The full Kaluza-Klein tower of states
contributes in the o’ — 0 limit yielding

._,2?&'((11 mi-+aoma)

12
|H?1 —[ 3??2‘2 ( amey (my+U Tna)ﬁ[g _ l) (f’_'iwe?(?n-i—i—[;?ﬂ-g);’[frg . J.)

+ (6, — —€;)
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Radius deformations : D=5

Taking one radius of the compactification
torus to zero, one recovers the usual
B-deformed partition function in 5D

00 1 E)—.B:I?
aallf) =3 |
’7@1,&2(58‘/' o n (6..5?’161 _ 1)(651’162 — 1)

With 8 =27R; and 2 = —i—
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Conclusion

The insertion of self-dual U-vectors in
Heterotic provides a promising candidate
for the refined topological string

Exactly solvable sigma-model

Reduces to the usual topological string upon
settinge,=0
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Conclusion

We reproduce known gauge theory
results
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Conclusion

We reproduce known gauge theory
results

Nekrasov’s partition function in 4D

B-deformed version in 5D

Universality of the ansatz (Type |)
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Outlook

Holomorphicity properties of the
refined couplings
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Outlook

Holomorphicity properties of the
refined couplings

Generalized recursion relations

Non-perturbative corrections
Type Il dual
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