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Overview

* Review of unrefined topological string

- worldsheet deseription
- relation to BPS saturated effective string couplings
- relation to gauge theory partition functions

* Proposal for worldsheet description of refined topological string

- generalized class of BPS saturated couplings
- connection to gauge theory partition function
- worldsheet description of refined topological string

* Gonclusions
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Notation:
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Fﬁ” ... gravitphoton field strength tensor
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R, pr ... Riemann tensor
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@ ...scalar
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F,,, ...vector field strength tensor
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* BPS saturated (generalized F-term)

Fﬁ/” ... gravitphoton field strength tensor

BZﬁj ... gravitino field strength tensor

* holomorphic coupling F5(¢) of

R, pr ... Riemann tensor

vector multiplet moduli X = o4 6N + LE ) iy (B0 69)
@ ...scalar
* g-loop exact in type ll string theory P ek eld strength tensor
on Calabi-Yau

* contributions starting at 1-loop on heteroticon K3 x T
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* string effective couplings know about non-trivial quantity in gavuge theory
* interesting from a mathematical and physical point of view

* hints towards refinement of the fopological string
i.e. are there refined objects, which accomodate €
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for (non-compact) toric Calabi-Yau three-folds

* Analytic Continvation of the Holomorphic Anomaly Equation

requires to make certain assumptions on the refinement [Krefl, Walcher 2007 20103
[Huang, Kashani-Poor, Klemwm 2011]

< worldShee‘r vescrlp‘no" [Antoniadis, SH, Narain, Taylor 20101
to date no proposal along the lines of the unrefined case [iakayama, Oogur} 2014

discuss one proposal in the remainder of the talk

for technical details: see following talk by A. Zein Assi
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Omega-background and refined deformation

Basic idea for the description of the refinement is to generalize the top. amplitudes.

Can get hints on the modification from abstract considerations:

*  Gopakumar Vafa reformulation: A-model top. string partition fet. by integrating out
massive BPS states in const. anti-self-dval graviphoton field strength background

*  due to anti-self-dvality, states only couple to ST (2) subgroup of 4-dim Lorentz group

* from the Omega-background point of view, this explains sensitivity with respect to only
one of the deformation parameters € _

To get a coupling to €4+ we thus need couplings including self-dual field strengths

Questions:

*  How to include self-dual field strength tensors in the topological amplitudes consistent
with supersymmetry?

*  Which type of fields exactly should be included?
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Refinement from the effective action point
General idea is to generalize the Unrefined’ topological couplings

g / d*z / d4efg(X)(W;;LW5”)9

LAntoniadis, SH, Narain, Taylor 20101

Notation:
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ij _ pGlij i 7l i GPT @I
Wliz/ - F(—)iuu + 0[ Bg—)aﬂv - (9 a’ HJ)R(_)’/WPT

Fﬁ” ... gravitphoton field strength tensor

BZLO; ... gravitino field strength tensor

R, pr - .. Riemann tensor
X = @Y + HzAz + %F(_) pv €ij (Hiauyej)
@ ...scalar
AY...spin %

F,, ... vector field strength tensor
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Notation:
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key-ingredient: chiral projected superfield Wil — FOU QB (@m0 R
f( X I ( X I)T) Fﬁ” ... gravitphoton field strength tensor
i ARESHN| :

(2l el EIE— (e D o, | DI

BZLO; ... gravitino field strength tensor

R, pr - .. Riemann tensor
X = @Y + HzAz + %F(_) pv €ij (Hiauyej)
@ ...scalar
AY...spin %

F,, ... vector field strength tensor
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Ly n = / d*x / dEg RO e g
key-ingredient: chiral projected superfield

e EnCaan

Y : =11 (X0)2 with II := (EijDia'w/Dj)Z

allows the mixing of chiral and anti-chiral
vector superfields in a supersymwmetric way
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General idea is to generalize the Unrefined’ topological couplings
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LAntoniadis, SH, Narain, Taylor 20101

Notation:
. . : : , (z, 67, 0%) € R g>1
key-ingredient: chiral projected superfield Wil — FOU QB (@m0 R
f( XI ( XI )T) F ﬁ/” ... gravitphoton field strength tensor

BLO; ... gravitino field strength tensor

=T (X0)2 el EIE— (e D o, | DI
R, pr - .. Riemann tensor

i35 . WEHR X =@+ 0N+ 5 e (0°0"07)
allows the wmixing of chiral and anti-chiral .. .scalar

vector superfields in a supersymwmetric way A% .. .spin 1

F,, ... vector field strength tensor

, 2
Tgn = / d*z Fgn(X, X7) [(R<—>uupTR?_'/§”) (FE) 2 FE37) + (B By i) ]

G SR e o1+
X [F(—)AUF —i\ } {F(Jr)pon }
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f( XI ( XI )T) F ﬁ/” ... gravitphoton field strength tensor

Y : =11 (X0)2 with II := (eijDiﬁuyl_?j)Q

BZLO; ... gravitino field strength tensor

R, pr - .. Riemann tensor

i35 . WEHR X =@+ 0N+ 5 e (0°0"07)
allows the wmixing of chiral and anti-chiral .. .scalar

vector superfields in a supersymwmetric way A% .. .spin 1

F,, ... vector field strength tensor

, 2
Tgn = / d*z Fgn(X, X7) [(R<—>uupTR?_'/§”) (FE) 2 FE37) + (B By i) ]

G SR e o1+
X [F(—)AUF my } {F(Jr)pon }

question: which vector fields to choose?
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Conditions for Refined Topological Amplitudes

There is a number of properties to be expected from refined topological amplitudes

*  Unrefined Limit: upon switching off the deformation, one expects to recover the
worldsheet description of the unrefined topological string

automatically guaranteed by the form of the amplitudes

* exact sigma-wmodel description: for practical purposes, one expects the refined topological
string to be described by an exactly solvable sigma-wodel

* field theory limit: near a (particular) point of enhanced gauge symwmetry in the string
moduli space, the worldsheet description should reproduce the full Nekrasov partition fet

- correct (holomorphic) singularity structure
- correct dependence on c+

LAntoniadis, SH, Narain, Taylor 20101

several earlier attempts did not meet all requirements e

In practice:
* [nthe heterotic frame, singularity structure requires insertion of

F*? vector partner of het. dilaton
FY  vector partner of complex structure modulus of 7

* exact match with the partition function requires to choose the complex structure wmodulus
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Refined Topological Amplitudes

Thus we propose the following refined topological amplitudes tantonis, orakis st Narain, zein assi 20151
Fom = Vs PV )2V 2 VY

* g-loop amplitude in type Il compactified on Calabi-Yau manifold

% gtarts receiving contributions at 1-loop in heterotic on K3 x T2
will focus on this option for the remainder of the talk

Notation:

gravitino vertex:
Vit (Epar ) = fua€_¢/25a6i¢3/22i YA (Z', 727, X, Z4 Z°) = bosonic coords.

(X17 X27 (2 X4, X5) = superpartners
graviphoton vertex:
VE(p,€) = €, (0X —i(p- x)) 92" e

€ - p s 0 = € - 50&

vertex of U — vector partner:

VU (p,€) =€, (02" — i(p- X)x") 0X eP?
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Refined Topological Amplitudes

Thus we propose the following refined topological amplitudes tantonis, orakis st Narain, zein assi 20151
Fom = Vs PV )2V 2 VY

* g-loop amplitude in type Il compactified on Calabi-Yau manifold

% starts receiving contributions at 1-loop in heterotic on K3 x T
will focus on this option for the remainder of the talk

Notation:

gravitino vertex:
Vit (Epar ) = fuae_wQSaei%/QZi YA (Zl, 7% X, 7%, Z°) = bosonic coords.

(X17 X27 (2 X4, X5) = superpartners
graviphoton vertex:
V(p,e) = €, (0X —i(p- x)¢) 02"

€-p= 0=c¢€- ga

vertex of U — vector partner:

VY(p,e) =€, (32" —i(p - x)x*) DX P2

for technical details: see following talk by A. Zein Assi

Wednesday, March 20, 13



Fan = {(Vy+ )* (V- )2 (V)22 (VV)")
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These amplitudes can be computed using a generating function

29 22n

D) P

g=1n=0
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R ARSI AARE EIAVCH IR aia e

These amplitudes can be computed using a generating function

29 22n

D) P

g=1n=0

This generating functional can be compu’red exactly at 1-loop order in heterotic

G(Gi) — —/]Fd2’7' GbOS(G_ €_|_ Z Gferm [ ] F(2,2_|_8)(T, U, Y)
hg 0
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R ARSI AARE EIAVCH IR aia e

These amplitudes can be computed using a generating function

29 22n

D) P

g=1n=0

This generating functional can be compu’red exactly at 1-loop order in heterotic

Gles) = [ drG™™(e_.ep): LS G (e 21 T (T, Y)
hg 0

where we have introduced the wmodular functions

i 50|y e 11 8 A B2
Gferm [h] (€+) 1 <6—e+ f(X4X5—>_<4>_(5)5X> = 9[1—|—g](€+77_)9[1—g](6+77_) Léi
g h.g Uk

aleapuams: <exp e /d2z OX (g 07 e /d2z (Z107% + 720721)0X >

2- 22T T T L2 N7 ERNG Iof | 15
i ( 7T) (E— €+)77(7') Rt ==(CEEREN <

(e e T Ou (el - Eliim)

non-hol (ezlz)
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R ARSI AARE EIAVCH IR aia e

These amplitudes can be computed using a generating function

29 2 %z

D) P

g=1n=0

This generating functional can be compu’red exactly at 1-loop order in heterotic

Gles) = [ drG™™(e_.ep): LS G (e 21 T (T, Y)
hg 0

where we have introduced the wmodular functions

1+h 1—hy/> .
g h,g it

aleapuams: <exp e /d2z OX (g 07 e /d2z (Z107% + 720721)0X >

2- 27-22T T T E2 N/ END Iof | 15
( 7T) (E— 6—1—)77(7-) Rt ==(CEEREN <

] n non-hol | €
O1(€ — €43 7) O1(E~ + €4517) hol (€:+)

the moduli dependence is localized in the Narain-lattice T'i2 245 (T, U, Y)

Wednesday, March 20, 13



Field Theory Limit and Nekrasov Partition Fet.




Field Theory Limit and Nekrasov Partition Fet.

The relevant moduli are the Kahler and complex structure moduli of the forus,
together with a non-trivial Wilson line v

Wednesday, March 20, 13



Field Theory Limit and Nekrasov Partition Fet.

The relevant moduli are the Kahler and complex structure moduli of the forus,
together with a non-trivial Wilson line v

We expand the amplitude around an SU(2)-enhancement point

Y=Y =(%,%,0,...,0)
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Field Theory Limit and Nekrasov Partition Fet.

The relevant moduli are the Kahler and complex structure moduli of the forus,
together with a non-trivial Wilson line v

We expand the amplitude around an STU(2)-enhancement point
Y=Y =(%,%,0,...,0)
at which the Narain-mowmenta vanish

—U
R = A 42 ! s 0

V=T = T e

Thus, the lattice sum (and torus integral) is dominated by single state becowming
massless, leading to dramatic simplifications in the previous expressions

> dt —2cos (2¢..t
Gley) ~ (62_—61)/0 et

eTHE
t sin(e. —ey)t sin(e_ +ey)t

; ALZZQQ-—Z7Q1
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Field Theory Limit and Nekrasov Partition Fet.
The relevant moduli are the Kahler and complex structure moduli of the forus,
together with a non-trivial Wilson line v °

We expand the amplitude around an STU(2)-enhancement point
Y=Y =(%,%,0,...,0)
at which the Narain-mowmenta vanish

an —Ua1

V=T = T e

Thus, the lattice sum (and torus integral) is dominated by single state becowming
massless, leading to dramatic simplifications in the previous expressions

> dt —2 2e t i
G(Ei)w (62_—63_)/ ; COS(,E+) e_“t, u=as—Ua;
o t sin(e_ —ey)t sin(e_ +€y4)t

*  corresponds precisely to (pert. part of) Nekrasov’s partition function upon expansion in €+
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Field Theory Limit and Nekrasov Partition Fet.
The relevant moduli are the Kahler and complex structure moduli of the forus,
together with a non-trivial Wilson line v °

We expand the amplitude around an STU(2)-enhancement point
Y=Y =(%,%,0,...,0)
at which the Narain-mowmenta vanish

an —Ua1

V=T = T e

Thus, the lattice sum (and torus integral) is dominated by single state becowming
massless, leading to dramatic simplifications in the previous expressions

> dt —2cos (2¢..t
G(Ei) ~ (62_ —Ei)A ( i )

eTHE
t sin(e. —ey)t sin(e_ +ey)t

; ;L::ag-—l7a1

*  corresponds precisely to (pert. part of) Nekrasov’s partition function upon expansion in €+

x  the amplitude 7, ,, is accompanied by a factor i~ 29—=" which is precisely the

expected behaviour in the vicinity of a point of enhanced gauge symwmetry
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Type Il and Worldsheet Pescription

The dual amplitudes appear at g-loops in type Il Chwtoniadis S, Narain, Taylor 20101

3g—3+n n

= [ (T o el fueoTlo)

= k=1 /=1
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Type Il and Worldsheet Description

The dval amplitudes appear at g-loops in type Il Chwtoniadis SH, Naraiw, Taylor 20101
3g—3—|—n n n
= [ (T o el fueoTlo)
Myg,n E=1 k=1 /=1 top
Nofa’riow

(anti-chiral,(anti-)chiral) primary operators

b= jq{dzp ]{dzp

unique operator of charge 3 and weight 0
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Type Il and Worldsheet Pescription

The dual amplitudes appear at g-loops in type ll CAnoniadis, S, Narain,Taylor 20103
3g—3—|—n n n
= [ (T o el fueoTlo)
Myg,n E=1 k=1 /=1 top

correlation function in twisted WS theory No’raﬁow

(anti-chiral,(anti-)chiral) primary operators

* higher genus correlator
w ]{dzp Y{dzp

* additional punctures with insertions

unique operator of charge 3 and weight 0

This amplitude is exact at the g-loop level

This expression can serve as a worldsheet description of the refined
topological string
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Conclusions

| discussed a proposal for a worldsheet deseription of the
refined topological string

* Generalization of a class of BPS saturated amplitudes in string theory

* satisfies desired properties in connection with supersymmetric gauge
theories (Nekrasov’s partition function)

* dval descriptions in various string theories

For the future it will be important to further study the proposal
* analyticity properties (holomorphic anomaly?)
* can we exploit exactness of type Il version?

* connection to other approaches?

Thank you for your attention!
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