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This talk:

1) Overview of Color—Kinematics Duality

® Yang-Mills Theory = Kinematical Lie 2-Algebra
Chern-Simons Matter Theory = Kinematical Lie 3-Algebra
Gravity = Double Copy of Gauge Theories.

What is the Lie Algebra? (partial results)

e o @

2) An exercise in calculating 3-loop 4-pt supergravity ampl.
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Text-Book: Perturbative Gravity is Complicated !

de Donder gauge: L= F\/ER’ 9w = M + Khy,
Y1 V2 1 2 i
M = 5 N1 Mpavz T Mpive Mipz — m"?mm"?mw] P2 + ic
2
ka 1 1 1
" = Sym[_EPii(kl ' k2nu1V177u2V277u3V3) - Epﬁ(klmklwnmwnﬁava) + §P3(k1 ' k2n#m2nu1vznnau3)
2
/s k3 +P3(k1 ' k277u1"1nu2u377wu3) + 2P; (kluzklt’anmmnl’zua) - P3(k1V2k2u177u1u177p3V3)
141 V3 +P3(klp3k2vanu1p.2nuw2) + Pﬁ(kluaklusnmuznvwz) + 2P6(kly2k2uanu2u1nu1u3)
kl M1 +2P3(k1u2k2#1"7v2#3"7u3u1) - 2P8(k1 ' kznumﬂmsmam)] After symmetrization
~ 100 terms!
higher order %7 ¢ o
vertices...

~103 terms
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On-shell simplifications

AN\ Graviton plane wave:  ¢#(p)e” (p) eP®

L Yang-Mills polarization
On-shell 3-graviton vertex:

ko Vs
M2 13
ky = UK ("7#1/12 (k1 — k2)u3 o CyCIiC) (771/11/2 (k1 — k2)us + Cydic)
12 V3
ko M [ Yang-Mills vertex

Gravity scattering amplitude:

t 5
Mi™e(1,2,3,4) = —i—AT=(1,2, 3, 4) A°(1,2, 3, 4)
u
L Yang-Mills amplitude

On-shell, gravity is the “square” of Yang-Mills — Kawai, Lewellen, Tye
holds for the entire S-matrix — Bern, Carrasco, HJ
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Color-Kinematics Duality

Yang-Mills theories are controlled by a kinematic Lie algebra

* Amplitude represented by cubic graphs:

/-numerators
.A(L) / k| 'n,;c,t «“color factors
W Z 252 2 2
1€l's 271' . S p21PZ2pz3 e ’i propagators

Color & kinematic Jacobi
numerators satisfy identity
same relations:

fadc fceb . fea,c fcbd . fabc fcde
ﬁ}"’” - _:_:}‘W antisymmetry

fba,c — fabc

Duality: color <= kinematics Bern, Carrasco, HJ
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Some details of color-kinematics duality

Bern, Carrasco, HJ
can be checked for 4pt on-shell ampl. using Feynman rules

Example with
two quarks: /

ez2- (WVus)-e4 = WgPfous — Tifyp faus

cba b
f 2_7 jk‘ zgcz—jyk

1. (A*)* contact interactions absorbed into cubic graphs
* byhand 1=s/s
 or by auxiliary field B ~ (A*)?
2. Beyond 4-pts duality not automatic = Lagrangian reorganization

w

Known to work at tree level: all-n example Kiermaier; Bjerrum-Bohr et al.
4. Enforces (BCJ) relations on partial amplitudes = (n-3)! basis
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Duality gives new amplitude relations

In color ordered tree amplitudes 3 legs can be fixed: (n-3)! basis BCJ

. Atree(1,2.3.4)s

4 points: AZree(1’2,4’ 3) — 4 ( y Ly Iy ) 14
S24
5 points:
Alree(1,2,4,3,5) = A5°(1,2,3,4,5)(s14 + 845) + A5°°(1,2,3,5,4)514
S24
t t
Agree(l, 2,4,5, 3) _ _A5ree(13 2,3,4, 5)334315 + A5ree(1’ 2,3,5, 4)314(3245 + 335)
5248245

...relations obtained for any multiplicity

Similar relations found in string theory: monodromy relations
on the open string worldsheet Bjerrum-Bohr, Damgaard, Vanhove; Stieberger

Used to solve string theory at tree level: Mafra, Schlotterer, Stieberger

See talk by Schlotterer, Brodel
H. Johansson, Bad Honnef 2013



Gravity is a double copy

* Gravity amplitudes obtained by replacing color with kinematics

(L) dLDg 1 n;c;
Am - Z (27T)LD S pz pz pz » .p2 BCJ
i€l's v P83 i

m b @ ok e |
: (27T) Si 20 2 LI U

* The two numerators can belong to different theories:

similar to Kawai-
(N=4)x (N=4) — HN=8sugra Lewellen-Tye but
(N=4)x (N=2) — N=6sugra works at loop level
(N=4) x (N=0) — N=4sugra see talk by Isermann

(N=0) x (W=0) — Einstein gravity + axion+ dilaton
H. Johansson, Bad Honnef 2013



Kawai-Lewellen-Tye Relations

String theory losed str of _ - _
tree-level identity: closed string ~ (left open string) x (right open string)
B Gravity Gauge Gauge
Theory Theory
A N/ T; — ;| exp +
" Vabe 19‘1}9; | J| ;( (x"' - mj)2 (.’L',,, - xj) ) multi—linear

KLT relations emerge after nontrivial world-sheet integral identities

Field theory limit = gravity theory ~ (gauge theory) x (gauge theory)

Mire(1,2,3,4) = —is;,A(1,2,3,4) AT¢(1,2,4, 3) gravity states are

N products of gauge theory
M{r®(1,2,3,4,5) = i812834A5°°(1,2,3,4,5) A"*°(2,1,4,3,5)  states:

tis13820A(1,3,2,4,5) A7(3,1,4,2,5) | Derav = Deange ® 1D gage

See talk by Schlotterer
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What is the Kinematic Lie Algebra?
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Self-Dual Kinematic Algebra

Self dual YM in light-cone gauge: Monteiro and O’Connell
Generators of diffeomorphism invariance: p2
— k-
Lk — ¢’ x(—kzwﬁu -+ ku{)w) P3
Lie Algebra: P1

Va YM vertex
Ly Ly, = iX(p1,p2) Ly 4y = iFPlPQkLk

The X(p4, p,) are YM vertices of type ++- helicity.

Diffeomorphism symmetry hidden in YM theory!

Self dual sector gives +++...+ amplitudes: only one-loop S-matrix.
Boels, Isermann, Monteiro, O'Connell

We need to find the algebra beyond that.
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Order-by-order Lagrangian

1004.0693 [hep-th]
* First attempt at Lagrangian with manifest duality Bern, Dennen, Huang,

Kiermaier

YM Lagrangian receives corrections at 5 points and higher

Lymy=L+L+L5+...
corrections proportional to the Jacobi identity (thus equal to zero)
1
L5 ~ Tr (A%, A5 (100 Avs Ag], A + [[A,, AY], AL + [[A,0,A0), A
Introduction of auxiliary “dynamical” fields gives local cubic Lagrangian

Lynm = $A®0A% — B#°[0B%, — gf**(8,A% + 0° B2, ) A% A% + .
Y

kinematical structure constants
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3-Algebra Color-Kinematics in D=3
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BLG color-kinematics

D=3 Chern-Simons matter (CSM) theories obey color-kinematics duality.

3-algebra gauge group [T“,Tb,TC] — fadeTd Bagger, Lambert, Gustavsson

Fundamental identity (Jacobi identity):

\/ \
- + +
Bargheer, He,
A / / and McLoughlin

Cs = Ct T Cqy T Cp <= Ng = N¢ T Ny, T+ Ny

4 and 6 point checks shows that the double copy of BLG
Is N =16 Egg SUGRA of Marcus and Schwarz

BLG N=16 516(Q)
BLG =‘square root’ of N=16 SG = A, "~ =/ M =° = Y
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Same D=3 Supergravity Either Way !

In D=3, supergravity obtained from in two different double copies:

N;N; nif;
M - J ) - 'Y
il Z Z Hai G Huang, H.J.

Sa3.
j€E€cubic Hﬁj Bi i€quartic
Nj€2-algebra n; €3-algebra

CSM®CSM = SYM® SYM

Dimension mismatch? — propagators in SYM ® SYM compensates!

Odd matrix element mismatch? — double copy enhances R symmety!
SYM: SO(7) ® SO(7) — SO(16)
CSM: SO(8) ® SO(8) — SO(16)

For N=16 SG: all states are SO(16) spinors — no odd S-matrix elements

H. Johansson, Bad Honnef 2013 Marcus and Schwarz



Different D=3 Supergravity Theories

Verified double copy constructions: Huang, H.J.
SG theory | CSmi, xCSmpg = supergravity sYmr, xsYMRgr = supergravity coset
N =16 16* = 256 16 = 256 Eg(s)/SO(16)
N =12 82 +8% = 16 x (4+4) =128 16 x 8 = 128 E7(_5/SO0(12)®S0(3)
N =10 8x4+8x4=16x(24+2) =64 16 x 4 = 64 Ee(_14)/S0(10)®50(2)
N=8n=2 42 4+ 42 =8x2+8x2=232 16 x 2 = 32 SO(8,2)/SO(8)®S0(2)
N=8n=1 16 x 1 = 16 16 x 1 = 16 SO(8,1)/SO(8)

Examples 4pts:
©) (S~ \ap!
M.L/LV:12(172,3’4):(A2/1V:6)2: (5 (27,)‘ nz))

2

(12)(23)
- ) SO (S Aapl) (13 2
N8 _(AN=4\2 _ ? L
M4,n:2(17 2,3,4) = (Ay 7)) = ( (12)(23) )
s LIS X (62 2 4 o)
el T 9 (23 (1372 checked double copy up to 6pts!
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Example calculation
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Goal: Calculate 3-loop 4-pt N=8 SG ampl.



Goal: Calculate 3-loop 4-pt N=8 SG ampl.

* First find a duality-satisfying N=4 SYM ampl.

 Square each kinematic numerator — N=8 SG.

 See: 1201.5366 [hep-th] for this example.



Step 1. List diagram topologies



Step 1. List diagram topologies
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Step 1. List diagram topologies
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Step 1. List diagram topologies
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Step 2. Identify Jacobi relations

e W0 xae 8 Ty Kbl B
ey SN S -
X X
T B i
(a) * . (b) 4 : (c
2 3 2
5 B 7 0 N—
| Y 7
/\ Ja y
\4 §‘76
d
() 1 (e) 4
3 9 3
7“/ Jg Jh 7”6
——— | ——
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Step 2. Identify Jacobi relations
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Step 2. Identify Jacobi relations
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Step 2. Identify Jacobi relations

y C1
o
A |
(&
N
(@)]

5 L2

y Ct

6

Yy

— '=x +
N

1 (a) 4 1 (b) 4 1

Some simplifications due to N=4 susy:

n®) = stAr*=(1,2,3,4) N®,
N® = N@(ky, ko, ks, ls,ls,17)

/



Step 2. Identify Jacobi relations

Be W e 8 Ly B B T
S P S
- X+

Js N N
e I e 4

Some simplifications due to N=4 susy:

crossing symmetric
|

I 1
n® = stA=(1,2,3,4) N®,

N@ N("’:)(kl R A l7) <« functions of external &
A internal momenta



Step 2. Identify Jacobi relations

bl W Y ne 6 Lyt B B 0
S P S
= /\+
Js N N
e I e ;

Some simplifications due to N=4 susy:

crossing symmetric
A

| 1
n® = stAt*(1,2,3,4) N®,

N@ N(’”)(kl R A 17) <« functions of external &
SR D Bt internal momenta

Kinematic Jacobi Id.

N@® (ky, kg, ks, ls,ls,l7) = NP (ky, ko, ks, s, 16, 17) + N (ky, ko, ks, s, lg, I7)



Step 2. Identify Jacobi relations

0

25 6 1,° W56 1,°% A e/t )
= e, + /Y

1 (a,) Ja 4 1 (b) \4 1 / \4

Some simplifications due to N=4 susy:

crossing symmetric
|

y Ot
y Ct

y Ct

| 1
n® = stAt*(1,2,3,4) N®,

N@ N(’”)(kl R A l7) <« functions of external &
A Pt internal momenta

Kinematic Jacobi Id. 0

N® (k1 ko, ks, ls, le, L7) = NP (k1 ko, ks, Us, le, Ir) + N(W5’ lo. I7)



Step 2. Identify Jacobi relations
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Step 2. Identify Jacobi relations

Nl [0 NGB e 7
S I <
/\ i / + 0
A N ol N
1 (b) 4 1 (d) 4

N(b)(kla k27 k37l57l67l7) — N(d)(kla k2: k33l5al61l7) + 0



Step 2. Identify Jacobi relations

A NGB e 7
o B
X = / / + 0
J N & P
1 (b) 4 1 (d) 4

1 5 2 2 1
2 & 3 < )
o 16 > Te
— - + -
ZENGLT
i/ N, g T
(d) 3 () 4 3 (m) ¢

N9 = N®(kg, ki, ka, b, lg, ks — Is + le — Iz) + N® (ks, ko, k1, by, Ig, ko3 + Is — I7)



Step 3. Reduce to master numerators



Step 3. Reduce to master numerators

The marked Jacobi relations J,, Jy, . . ., Jx, J1 gives functional eqns

= N(b)(klakz,ks,l& ls, 17)

ND(ky, ky, k3, U5, 1, 17) ,
N(a’(kl, ko, ks, ls, 16, 17) ,
(k‘s, ki, koyl7,lg, k13— Us + lg — l7) + N(h)(kg, ko, k1,lz,16, ko3 + 15 — 17),
N‘e’ (K1, ko, k3, s, I, 17)
N© (ky, ky, ks, U5, lg, I7) ,
—N(g)(kl, Eakn s I BT =)= N(i)(k4, ks, ko, le — ls,ls — lg + Iz — k12,1g) ,
N (ky, kg, ks, Is, bz, ls) — N (ks, kg, k1, —kq — Is — ls, —ls — U7, ls)
N© (ky, kg, ks, U5, lg, I7) — N© (ky, ky, ks, Is, ls, I7)
NO (ky, kg, ks, Is, lg, I7) — NO (ka, k1, k3, Is, ls, I7) ,
N® (ky, ky, ks, ls, lg, I7) — N© (Ko, k1, ks, Is, I, I7) ,



Step 3. Reduce to master numerators

The marked Jacobi relations J,, Jy, . . ., Jx, J1 gives functional eqns

N(a) = N(b)(klak%kdalfn lbal't')

N® = )(kla ko, k3, U5, lg, I7)
N© = )(kl: ko, k3, U5, 16, 17) ,
N = (k‘.s, ki, ko, lz,le, k13— Us + 16 — I7) + N(h)(k&k% ki,lr,le, ka3 + 15— l7),
N® = N(e)(kl, k2, k3, U5, 6, 17) 5
N® = NO(k), ky, ks, ls, 16, 1),
N® — —N(g)(kl, ko, ks, ls,lg, k1o — ls — l7) — N(i)(kfh ks, ka,le — U5, ls — ls + l7 — k12, 1) ,
NO = NO(ky, ky, ks, ls, bz, Is) — N (ks ks, by, —ka — Is — s, ~ls — Iz, l6)
NO = NO(ky, ko, ks, ls, ls, lz) — N© (ko, ky, ks, Is, ls, Iz ,
N® = NO(ky, ko, ks, ls, ls, l7) — NO (ka, kv, ks, Is, I, Ir) ,
)=

N(l) — N(g)(kla k27 k3a l5a l6a l? N(g (kz, kl’ kd? l5’ lﬁ’ l7) ’

Note: all numerators can be reduced to linear combinations of N(e)
2 3

N(e)(kl, ko, k3,ls, 16, l7) is a “master numerator” 47

516




Step 4. Use Ansatz for master(s)

To simplify the ansatz we use auxiliary constraints (specific to N=4):
1) n-gon subgraphs carries at most n - 4 powers of loop momenta
2) N® are polynomials in Lorents products of momenta.

3) N® have the (crossing) symmetries of theirs graphs.



Step 4. Use Ansatz for master(s)

To simplify the ansatz we use auxiliary constraints (specific to N=4):
1) n-gon subgraphs carries at most n - 4 powers of loop momenta
2) N® are polynomials in Lorents products of momenta.

3) N® have the (crossing) symmetries of theirs graphs.

9 N(e) — N(e)(kla k:27 k37 l5)




Step 4. Use Ansatz for master(s)

To simplify the ansatz we use auxiliary constraints (specific to N=4):
1) n-gon subgraphs carries at most n - 4 powers of loop momenta
2) N® are polynomials in Lorents products of momenta.

3) N® have the (crossing) symmetries of theirs graphs.

> N© = NEO(ky, ko, ks, 15) 16
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Physical constraint: on the maximal unitarity cut N — s(l5 + k4)?



Step 4. Use Ansatz for master(s)

To simplify the ansatz we use auxiliary constraints (specific to N=4):
1) n-gon subgraphs carries at most n - 4 powers of loop momenta
2) N® are polynomials in Lorents products of momenta.

3) N® have the (crossing) symmetries of theirs graphs.

9 N(e) — N(e)(kla k2a k37 l5)

Physical constraint: on the maximal unitarity cut N — s(l5 + k4)?

This gives a four-parameter ansatz:

N = s(l5 + ks)® + (s + BE)IZ + (s + 0t)(Is — k1)? + (as + Bt)(Is — ky — k2)?



Step 4. Use Ansatz for master(s)

To simplify the ansatz we use auxiliary constraints (specific to N=4):
1) n-gon subgraphs carries at most n - 4 powers of loop momenta
2) N® are polynomials in Lorents products of momenta.

3) N® have the (crossing) symmetries of theirs graphs.

9 N(e) — N(e)(kla k:27 k37 l5)

Physical constraint: on the maximal unitarity cut N — s(l5 + k4)?

This gives a four-parameter ansatz:
N = 5(l5 + ka)® + (s + Bt)I2 + (ys + 6t)(Is — k1)? + (aus + Bt) (Is — k1 — ka)?

Enforcing linearityin I : v = —1— 2« 0 =-28



Step 5. Impose constraints on derived numerators

N®© — $(Ta5 + T15) + (s + Bt) (s + Tu5 — Tos)

2 3

Tij S 2]62 . lj




Step 5. Impose constraints on derived numerators

N®© — $(Ta5 + T15) + (s + Bt)(s + 15 — T25)

2 3

Tij S 2]{22 . lj

AT(J) — N(c) (kl; k27 k3) l5> l()': l?) S AI(C)(k% kl: k33 l(')) lﬁ: l?)

— 3(1 + 2 — ,B)(Tlg, g 7'25) -+ BS(t =2 ’LL)

Only boxes (4-gons): B =1 + 2«




Step 5. Impose constraints on derived numerators
N® = NO(ky, ko, kg, —ks + s — lg + Iz, ls — lg, —I5)
G N(e) (k27 kla k47 _k3 - l5 + l77 _l57 l5 - 16)

- N(e) (k4) kl) k?a l6 — l77 167 l5 s l6) — N(e) (k4) k27 kl) 16 - l77 l67 _l5)
— N(e) (k3) kl; k27 l7) 167 l5 . l6) e N(e) (k3a k2a kla l77 l6a _l5) .

= g2 -+ (1 -+ 30{) ((7'16 — 7'46)8 - 2(7'17 + 7'37)8 -+ (7'16 — 2717 — Tog + 2’7’27)t —0—4ut)
2

y <t

6 T /7

1
Only boxes (4-gons):

o= —_

3
(a) .



Step 5. Impose constraints on derived numerators

N® = NC(ky, ko, k, —ks + Is — lg + Iz, ls — lg, —I5)
+ N©(ky, by, kg, —ks — Is + Uy, =15, Is — Ig)
— NC (kg by, ko, lg — Iz, lg, Is — Ig) — N© (ky, ko, by, Ig — U7, lg, —15)
— N© (k, k1, ka, Iz, ls, ls — ls) — N (ka, ko, k1, Iz, g, —15)

= g2 -+ (1 = 30{) ((7'16 — 7'46)8 — 2(7'17 S 7‘37)8 -+ (7'16 — 2717 — Tog + 27‘27)t +4ut)

56 T 22
T Only boxes (4-gons): « = —%
1 (a) 4
Final solution for master: 2 3
NG© — s(7Ta5 + T15) + %(t — 8)(s + 715 — To5) , ::Z
1 :(e) 4

= N=4 SYM and N=8 SUGRA amplitude integrands fully determined



Collecting the result

1004.0476 [hep-th] Bern, Carrasco, HJ

N\
//\\
bed

ATt
fon
N

2 3 2 3 2 /3 9 3 9 3 5
718 6
Al 3] | /s
Ve Twr T Lo Lo Lo
Integral I®)| A = 4 Super-Yang-Mills (VN = 8 supergravity) numerator
(a)—(d) s?
(e)—(g) (3 (—735 + Tas +t) — t (725 + Tas) + u (725 + T35) — 82 )/3
(h) (s (2115 — T16 + 2726 — Tor + 2735 + T36 + Ta7 — u)
+t (716 + T26 — T37 + 2736 — 2715 — 2727 — 2735 — 3T17) + s? )/3 Tij = 2k; - lj
(i) (8 (—T2s — 726 — T35 + T3e + Tas + 2t)
+t (726 + Tas + 2736 + 2745 + 3746) + uTas +5°) /3
()-1) s(t—u)/3

Used to show absence of N=4 SG divergence Bern, Davies, Dennen, Huang
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Yang-Mills theories are controlled by a kinematic Lie 2-algebra
Chern-Simons-matter theories controlled by a kinematic Lie 3-algebra

With duality manifest: Gravity becomes double copy of Yang-Mills
theory for any dim., or, in D=3, of Chern-Simons-matter theory

A complete representation of the kinematic algebra is still missing for
all but the simplest case of self-dual Yang-Mills.

Constructing CK-amplitude representations is nonetheless possible,
case by case. Double-copy formula gives gravity integrands for free.

Duality is a key tool for nonplanar gauge and gravity calculations.
® N\=8 supergravity UV behavior at five (seven) loops ?
® D=4 UV divergence 3,4 loops N=4 supergravity ?

THANK YOU!



