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Master equation for hadron 
colliders

Parton-level cross section from matrix elements: model 
and process dependent

Parton density (or distribution) functions: process 
independent

Differences between colliders given by parton 
luminosities
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Parton density 
functions

Parton-level 
(differential) 
cross section

fa(x1, µF )fb(x2, µF )
�

a,b

�
dx1dx2d� = d⇥̂ab�X(ŝ, µF , µR)
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Going NLO

At NLO the dependence on the renormalization and factorization scales is 
reduced

First order where scale dependence
in the running coupling and the
PDFs is compensated for via the loop
corrections: first reliable estimate
of the total cross section

Better description of final state:
 impact of extra radiation included
(e.g. jets can have substructure)

Opening of additional initial state
partonic channels
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NLO...?

Are all (IR-safe) observables that we can compute using a NLO code 
correctly described at NLO? Suppose we have a NLO code for pp ⟶ ttbar

Total cross section

Transverse momentum of the top quark

Transverse momentum of the top-antitop pair

Transverse momentum of the jet

Top-antitop invariant mass

Azimuthal distance between the top and anti-top
4

LO VirtReal

NLO?
✔

✔

✘

✘

✔

✘
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Obstacles

Let us focus on NLO... there are already enough steps to be taken:

Virtual amplitudes: how to compute the loops automatically in a 
reasonable amount of time

How to deal with infra-red divergences: virtual corrections and real-
emission corrections are separately divergent and only their sum is 
finite (for IR-safe observables) according to the KLN theorem

How to match these processes to a parton shower without double 
counting
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one-loop integral

Consider this m-point 
loop diagram with n 
external momenta

The integral to compute is
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k1 k2

k3

k4

k5

k6

kn

D0 D1

D2

D3

Dm�1

l
l + k1 = l + p1

l + k1 + k2 + k3 = l + p2

l + k1 + . . . + k6 = l + p3

�
ddl

N(l)
D0D1D2 · · · Dm�1

Di = (l + pi)2 �m2
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Standard Approach

Passarino-Veltman reduction:

Reduce a general integral to “scalar integrals” by 
“completing the square”

Let’s do an example:
Suppose we want to calculate this triangle integral
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Z
ddl

N(l)

D0D1D2 · · ·Dm�1
!

X

i

coe↵i

Z
ddl

1

D0D1 · · ·

p

q
p+ q

l Z
ddl

(2⇡)d
lµ

l2 (l + p)2 (l + q)2
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The only independent four vectors are pµ and qµ . Therefore, the integral 
must be proportional to those. We can set-up a system of linear equations 
and try to solve for C1 and C2

We can solve for C1 and C2 by contracting with p and q

where                                                (For simplicity, the masses are neglected here)

By expressing 2l.p and 2l.q as a sum of denominators we can express R1 
and R2 as a sum of simpler integrals, e.g. 
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∫

dnl

(2π)n
lµlν

(l2 −m2
1)((l + p)2 −m2

2)((l + q)2 −m2
3)

=
(

pµpν qµqν (pµqν + qµpν) gµν
)









C11

C22

C12

C00









(4.23)

We can solve for C1, C2 by contracting with the external momenta, p, q.
(

R1

R2

)

=

(

[2l · p]
[2l · q]

)

= G

(

C1

C2

)

≡
(

2p · p 2p · q
2p · q 2q · q

)(

C1

C2

)

(4.24)

where the notation is [2l · p] =
∫

dnl
(2π)n

2l·p
l2(l+p)2(l+q)2 by expressing 2l · p, (2l · q) as a sum of

denominators 2l · p = (l + p)2− l2− p2 we can express R1, R2 as a sum of scalar integrals
Solving we get

(

C1

C2

)

= G−1

(

R1

R2

)

(4.25)

G is the Gram matrix

G =

(

2p · p 2p · q
2p · q 2q · q

)

, ∆2(p, q) = |G| = 4(p2q2 − (p · q)2) (4.26)

G−1 =

(

2q · q −2p · q
−2p · q 2p · p

)

∆2(p, q)
(4.27)

Thus the solution is C = G−1R This solution appears to have a problem when p ‖ q
and the Gram determinant vanishes; the original tensor integral had no special problems
when p ‖ q.

G can be diagonalized by an orthogonal transformation G = ODOT , D = diag{λ+,λ−}
Defining modified form factors C ′ and inhomogeneous terms, R′ by the transformations
C ′ = OT C, R′ = OT R, we have the solution:-

(

C ′
1

C ′
2

)

=

(

1/λ+ 0
0 1/λ−

)(

R′
1

R′
2

)

(4.28)

In the singular region one of the eigenvalues, say λ− will vanish

4.2.1 Singular region

Now consider the approach to the singular region by setting qµ = κpµ + δµ and keeping
only the leading terms in δ. The eigenvalues are

λ+ = 2p2(1 + κ2), λ− =
2(δ2p2 − (δ · p)2)

p2(1 + κ2)
, |G| = 4(δ2p2 − (δ · p)2) (4.29)

λ− vanishes like O(δ2) The matrix of eigenvectors is

O ∼ 1√
1 + κ2

(

1− κδ.p
p2(1+κ2) κ+ κδ.p

p2(1+κ2)

κ+ κδ.p
p2(1+κ2) −1 + κδ.p

p2(1+κ2)

)

(4.30)

28

Z
ddl

(2⇡)d
lµ

l2 (l + p)2 (l + q)2

Z
ddl

(2⇡)d
lµ

l2 (l + p)2 (l + q)2
= ( pµ qµ )

✓
C1

C2

◆

[2l · p] =
Z

ddl

(2⇡)d
2l · p

l2 (l + p)2 (l + q)2

R1 =

Z
ddl

(2⇡)d
2l · p

l2(l + p)2(l + q)2
=

Z
ddl

(2⇡)d
(l + p)2 � l2 � p2

l2(l + p)2(l + q)2

=

Z
ddl

(2⇡)d
1

l2(l + q)2
�
Z

ddl

(2⇡)d
1

(l + p)2(l + q)2
� p2

Z
ddl

(2⇡)d
1

l2(l + p)2(l + q)2
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And similarly for R2

Now we can solve the equation

by inverting the “Gram” matrix G

and we have expressed our original integral

in terms of known, simpler integrals and we are done!
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∫

dnl

(2π)n
lµlν

(l2 −m2
1)((l + p)2 −m2

2)((l + q)2 −m2
3)

=
(

pµpν qµqν (pµqν + qµpν) gµν
)









C11

C22

C12

C00









(4.23)

We can solve for C1, C2 by contracting with the external momenta, p, q.
(

R1

R2

)

=

(

[2l · p]
[2l · q]

)

= G

(

C1

C2

)

≡
(

2p · p 2p · q
2p · q 2q · q

)(

C1

C2

)

(4.24)

where the notation is [2l · p] =
∫

dnl
(2π)n

2l·p
l2(l+p)2(l+q)2 by expressing 2l · p, (2l · q) as a sum of

denominators 2l · p = (l + p)2− l2− p2 we can express R1, R2 as a sum of scalar integrals
Solving we get

(

C1

C2

)

= G−1

(

R1

R2

)

(4.25)

G is the Gram matrix

G =

(

2p · p 2p · q
2p · q 2q · q

)

, ∆2(p, q) = |G| = 4(p2q2 − (p · q)2) (4.26)

G−1 =

(

2q · q −2p · q
−2p · q 2p · p

)

∆2(p, q)
(4.27)

Thus the solution is C = G−1R This solution appears to have a problem when p ‖ q
and the Gram determinant vanishes; the original tensor integral had no special problems
when p ‖ q.

G can be diagonalized by an orthogonal transformation G = ODOT , D = diag{λ+,λ−}
Defining modified form factors C ′ and inhomogeneous terms, R′ by the transformations
C ′ = OT C, R′ = OT R, we have the solution:-

(

C ′
1

C ′
2

)

=

(

1/λ+ 0
0 1/λ−

)(

R′
1

R′
2

)

(4.28)

In the singular region one of the eigenvalues, say λ− will vanish

4.2.1 Singular region

Now consider the approach to the singular region by setting qµ = κpµ + δµ and keeping
only the leading terms in δ. The eigenvalues are

λ+ = 2p2(1 + κ2), λ− =
2(δ2p2 − (δ · p)2)

p2(1 + κ2)
, |G| = 4(δ2p2 − (δ · p)2) (4.29)

λ− vanishes like O(δ2) The matrix of eigenvectors is

O ∼ 1√
1 + κ2

(

1− κδ.p
p2(1+κ2) κ+ κδ.p

p2(1+κ2)

κ+ κδ.p
p2(1+κ2) −1 + κδ.p

p2(1+κ2)

)

(4.30)

28

∫

dnl

(2π)n
lµlν

(l2 −m2
1)((l + p)2 −m2

2)((l + q)2 −m2
3)

=
(

pµpν qµqν (pµqν + qµpν) gµν
)









C11

C22

C12

C00




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

(4.23)

We can solve for C1, C2 by contracting with the external momenta, p, q.
(

R1

R2

)

=

(

[2l · p]
[2l · q]

)

= G

(

C1

C2

)

≡
(

2p · p 2p · q
2p · q 2q · q

)(

C1

C2

)

(4.24)

where the notation is [2l · p] =
∫

dnl
(2π)n

2l·p
l2(l+p)2(l+q)2 by expressing 2l · p, (2l · q) as a sum of

denominators 2l · p = (l + p)2− l2− p2 we can express R1, R2 as a sum of scalar integrals
Solving we get

(

C1

C2

)

= G−1

(

R1

R2

)

(4.25)

G is the Gram matrix

G =

(

2p · p 2p · q
2p · q 2q · q

)

, ∆2(p, q) = |G| = 4(p2q2 − (p · q)2) (4.26)

G−1 =

(

2q · q −2p · q
−2p · q 2p · p

)

∆2(p, q)
(4.27)

Thus the solution is C = G−1R This solution appears to have a problem when p ‖ q
and the Gram determinant vanishes; the original tensor integral had no special problems
when p ‖ q.

G can be diagonalized by an orthogonal transformation G = ODOT , D = diag{λ+,λ−}
Defining modified form factors C ′ and inhomogeneous terms, R′ by the transformations
C ′ = OT C, R′ = OT R, we have the solution:-

(

C ′
1

C ′
2

)

=

(

1/λ+ 0
0 1/λ−

)(

R′
1

R′
2

)

(4.28)

In the singular region one of the eigenvalues, say λ− will vanish

4.2.1 Singular region

Now consider the approach to the singular region by setting qµ = κpµ + δµ and keeping
only the leading terms in δ. The eigenvalues are

λ+ = 2p2(1 + κ2), λ− =
2(δ2p2 − (δ · p)2)

p2(1 + κ2)
, |G| = 4(δ2p2 − (δ · p)2) (4.29)

λ− vanishes like O(δ2) The matrix of eigenvectors is

O ∼ 1√
1 + κ2

(

1− κδ.p
p2(1+κ2) κ+ κδ.p

p2(1+κ2)

κ+ κδ.p
p2(1+κ2) −1 + κδ.p

p2(1+κ2)

)

(4.30)

28

R2 =

Z
ddl

(2⇡)d
2l · q

l2(l + p)2(l + q)2
=

Z
ddl

(2⇡)d
(l + q)2 � l2 � q2

l2(l + p)2(l + q)2

=

Z
ddl

(2⇡)d
1

l2(l + p)2
�

Z
ddl

(2⇡)d
1

(l + p)2(l + q)2
� q2

Z
ddl

(2⇡)d
1

l2(l + p)2(l + q)2

Z
ddl

(2⇡)d
lµ

l2 (l + p)2 (l + q)2
= ( pµ qµ )

✓
C1

C2

◆
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Higher point integrals

For loop integrals with many legs, 
the reduction to scalar integrals 
can still be performed

Only up to 4-point scalar integrals 
are needed (in 4 dimensions)!

The proof is beyond the scope of 
these lectures (it is straight forward by 
using the Van Neerven-Vermaseren basis 
for the loop momentum); it is related 
to the fact that in 4 dimensions 
only four 4-vectors can be linearly 
independent
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k1 k2

k3

k4

k5

k6

kn

D0 D1

D2

D3

Dm�1

l
l + k1 = l + p1

l + k1 + k2 + k3 = l + p2

l + k1 + . . . + k6 = l + p3
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Basis of scalar integrals

The a, b, c, d and R 
coefficients depend only 
on external parameters 
and momenta

12

M1-loop =
�

i0<i1<i2<i3

di0i1i2i3Boxi0i1i2i3

+
�

i0<i1<i2

ci0i1i2Trianglei0i1i2

+
�

i0<i1

bi0i1Bubblei0i1

+
�

i0

ai0Tadpolei0

+R +O(�)

Tadpolei0 =
�

ddl
1

Di0

Bubblei0i1 =
�

ddl
1

Di0Di1

Trianglei0i1i2 =
�

ddl
1

Di0Di1Di2

Boxi0i1i2i3 =
�

ddl
1

Di0Di1Di2Di3

• All these scalar integrals are known and available in computer libraries 
(FF [v. Oldenborgh], QCDLoop [Ellis, Zanderighi], OneLOop [v. Hameren])

Di = (l + pi)
2 �m2

i
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Divergences

13

The coefficients d, c, b and a are finite and do not contain poles in 1/є
The 1/є dependence is in the scalar integrals (and the UV renormalization)
When we have solved this system (and included the UV renormalization) we have 
the full dependence on the soft/collinear divergences in terms of coefficients in 
front of the poles. These divergences should cancel against divergences in the real 
emission corrections (according to KLN theorem)

M1-loop =
�

i0<i1<i2<i3

di0i1i2i3Boxi0i1i2i3

+
�

i0<i1<i2

ci0i1i2Trianglei0i1i2

+
�

i0<i1

bi0i1Bubblei0i1

+
�

i0

ai0Tadpolei0

+R +O(�)

Tadpolei0 =
�

ddl
1

Di0

Bubblei0i1 =
�

ddl
1

Di0Di1

Trianglei0i1i2 =
�

ddl
1

Di0Di1Di2

Boxi0i1i2i3 =
�

ddl
1

Di0Di1Di2Di3

Di = (l + pi)
2 �m2

i

Virtual ⇠ v0 +
v1
✏

+
v2
✏2
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About the R term

In our example the decomposition to scalar integrals was “exact”, i.e. there 
were no left-over terms.

This is true for most integrals. Only if the rank of the integral is

there are some extra contributions which are called “Rational terms” that 
are not proportional to a scalar integral

They are of UV origin and come from the є (dimensional regulator) 
dependence of the integral times a scalar integral that is UV divergent

(The Bubble scalar integrals are the only UV divergent scalar integrals)

When taking the limit є → 0, only the leading contribution remains, which 
are independent from the scalar integral itself
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∫

dnl

(2π)n
lµ

l2(l + p)2(l + q)2
=
(

p′µ q′µ
)

(

C ′
1

C ′
2

)

=
(

p′µ q′µ
)

(

1/λ+ 0
0 1/λ−

)(

R′
1

R′
2

)

The momentum corresponding to the singular eigenvalue is

q′µ = −δµ +
δ · pκ(1 + κ)

p2(1 + κ2)
= O(δ) (4.31)

R′
2 ∼ κ[2l · p]− [2l · q] ∼ O(δ) (4.32)

As expected the result for the tensor integral is finite in the limit δ → 0, but the vanishing
of R′

2 is not manifest; it is realized as a property of a combination of scalar integrals. One
approach would be to work in the primed basis, which would thus differ for every phase
space point. (Numerical problems halved?)

4.3 Rational terms by PV reduction

The rational part is related to the ultraviolet behavior of the theory; the naive expectation
is that the better the UV behavior, the “smaller” the rational part. When the integral
is free from the rational part, it is said to be “cut-constructible”. A natural expectation
is that the rational part is absent in UV-finite integrals. As we explain below, this
expectation turns out to be wrong; the correct result is that a Feynman N -point integral
is cut constructible, provided that tensor rank, r, of the integral satisfies the following
condition [11]

r < max{(N − 1), 2} . (4.33)

The condition is illustrated in Fig. 4.3. If this condition is violated the integral will
contain rational parts. Explicitly, Eq. (4.33) implies that the UV finite rank-two four-
point function is cut-constructible, whereas the UV-finite rank-three four-point function
is not.

In this section we give an proof of the condition that an integral has to satisfy for being
cut-constructible, Eq. (4.33). This proof is based on the Passarino-Veltman reduction.
We will proceed case-by-case for the two-, three- and four-point integrals which occur in
a renormalizable theory. The extension to higher point integrals will be performed at the
end. We first note that the Passarino-Veltman decomposition described in Section ??

and ??, yields the coefficients of the scalar integrals D0, C0, B0, A0 for arbitrary values of
the number of dimensions. Since the rational terms are related to UV singularities they
will show up at the end of the reduction as terms of the form

Rational terms ∼ εB0(p,m1,m2) , (4.34)

because B0 is the only UV divergent scalar integral. Such terms can only arise if the
reduction involves the dimensional parameter D. This means that integrals of rank r less
than two will always be cut-constructible, since their reduction coefficients are always D
independent. Ultraviolet divergent integrals of rank two or greater (e.g. Diiii, Ciii, Cii, Bii)

29

r � max{(N � 1), 2}
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Automation

Advantage:

The method above can be straight-forwardly generalized to 
any one-loop integral (appearing in a renormalizable theory)

Disadvantage:

For relatively simple processes, the number of terms already 
explodes (several 100 MB of code is no exception for the matrix elements of a 
2 → 3 process); simplifications require hard work and are 
difficult to do in a general way

15
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New loop techniques

The “loop revolution”: new techniques for computing one-loop 
matrix elements are now established:

Generalized unitarity (e.g. BlackHat, Njet, ...)
[Bern, Dixon, Dunbar, Kosower, 1994...; Ellis Giele Kunst 2007 + Melnikov 2008; Badger...]  

Integrand reduction (OPP method) (e.g. MadLoop, GoSam)
[Ossola, Papadopoulos, Pittau 2006; del Aguila, Pittau 2004; Mastrolia, Ossola, Reiter, 
Tramontano 2010;...]

Tensor reduction (e.g. Golem, Openloops)
[Passarino, Veltman 1979; Denner, Dittmaier 2005; Binoth Guillet, Heinrich, Pilon, Reiter 
2008; Cascioli, Maierhofer, Pozzorini 2011;...]

16
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Personal bias

This is a technical, complicated topic

I’ve got only 1 hour, which means that I can only explain one of the 
methods

Generalized unitarity works extremely well for processes with many 
massless partons around: e.g. W+4jets
(also only including leading color approximation simplifies a lot here)

The integrand reduction method scales worse with including extra light 
jets, but performs very well when there are massive particles around 
(top and bottom quarks)

Integrand reduction is used in packages that aim for automation of 
NLO corrections to any SM process, which is why I focus on this 
method only.

17
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At the integrand level

Remember we only need to determine the coefficients in front of the 
scalar integrals

The PV decomposition to scalar integrals
presented before works at the level of
the integrals

If we would know a similar relation at
the integrand level, we would be able
to manipulate the integrands and
extract the coefficients without doing
the integrals

This is exactly what the OPP reduction does

The decomposition is the same, except that there might be 
contributions that integrate to zero

18

M1-loop =
�

i0<i1<i2<i3

di0i1i2i3Boxi0i1i2i3

+
�

i0<i1<i2

ci0i1i2Trianglei0i1i2

+
�

i0<i1

bi0i1Bubblei0i1

+
�

i0

ai0Tadpolei0

+R +O(�)
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At the integrand level
Consider, e.g., the Box coefficient:

And similarly for the c, b, a and R terms

The contributions that vanish when doing the integral are called 
“spurious terms”

19

di0i1i2i3Boxi0i1i2i3 = di0i1i2i3

�
ddl

1
Di0Di1Di2Di3

=
�

ddl
di0i1i2i3

Di0Di1Di2Di3

=
�

ddl
di0i1i2i3 + d̃i0i1i2i3(l)

Di0Di1Di2Di3

�
ddl

d̃i0i1i2i3(l)
Di0Di1Di2Di3

= 0where
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one-loop integral

Consider this m-point 
loop diagram with n 
external momenta

The integral to compute 
is

20

k1 k2

k3

k4

k5

k6

kn

D0 D1

D2

D3

Dm�1

l
l + k1 = l + p1

l + k1 + k2 + k3 = l + p2

l + k1 + . . . + k6 = l + p3

�
ddl

N(l)
D0D1D2 · · · Dm�1

Di = (l + pi)2 �m2
i



Rikkert Frederix

OPP decomposition

For the numerator of any integrand of a one-
loop computation we can therefore write

21

N(l) =
m�1�

i0<i1<i2<i3

⇤
di0i1i2i3 + d̃i0i1i2i3(l)

⌅ m�1⇥

i ⇥=i0,i1,i2,i3

Di

+
m�1�

i0<i1<i2

⇤
ci0i1i2 + c̃i0i1i2(l)

⌅ m�1⇥

i ⇥=i0,i1,i2

Di

+
m�1�

i0<i1

⇤
bi0i1 + b̃i0i1(l)

⌅ m�1⇥

i ⇥=i0,i1

Di

+
m�1�

i0

⇤
ai0 + ãi0(l)
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Numerical evaluation

By choosing specific values for the loop momentum l, we end up 
with a system of linear equations

In a renormalizable theory, the rank of the integrand is always 
smaller (or equal) to the number of particles in the loop (with 
a conveniently chosen gauge)

We can straight-forwardly set the it up by sampling the 
numerator numerically for various values of the loop 
momentum l

By choosing l smartly, the system greatly reduces

In particular when we chose l to be a complex 4-vector
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Functional form of the 
spurious terms

The functional form of the spurious terms is known (it 
depends on the rank of the integral and the number of 
propagators in the loop) [del Aguila, Pittau 2004]

for example, a box coefficient from a rank 1 numerator is

(remember that pi is the sum of the momentum that has 
entered the loop so far, so we always have p0 = 0)

The integral is zero
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How it works...

To solve the OPP reduction, choosing special 
values for the loop momenta helps a lot

For example, choosing l such that

sets all the terms in this equation to zero 
except the first line

There are two (complex) solutions to this 
equation due to the quadratic nature of the 
propagators
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How it works...

Two values are enough given the functional form for the 
spurious term. We can immediately determine the Box 
coefficient

By choosing other values for l, that set other combinations of 
4 “denominators” to zero, we can get all the Box coefficients
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How it works...

Now that we have all the Box coefficients we can start choosing values 
for l that set 3 “denominators” to zero to get the Triangle coefficients. Of 
course, now both the first and the second lines contribute.

We already have solved the coefficients of the first line in the previous 
iteration, so also here there is only a simple system of equations to solve

Once we have all the Triangle coefficients, we can continue to determine 
the Bubble coefficients; and finally the Tadpole coefficients

26

N(l) =
m�1�

i0<i1<i2<i3

⇤
di0i1i2i3 + d̃i0i1i2i3(l)

⌅ m�1⇥

i ⇥=i0,i1,i2,i3

Di

+
m�1�

i0<i1<i2

⇤
ci0i1i2 + c̃i0i1i2(l)

⌅ m�1⇥

i ⇥=i0,i1,i2

Di

+
m�1�

i0<i1

⇤
bi0i1 + b̃i0i1(l)

⌅ m�1⇥

i ⇥=i0,i1

Di

+
m�1�

i0

⇤
ai0 + ãi0(l)
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How it works...

For each phase-space point we have to solve the system of 
equations

Due to the fact that the system reduces when picking special 
values for the loop momentum, the system greatly reduces

We can decompose the system at the level of the squared matrix 
element, amplitude, diagram or anywhere in between. As long as 
we provide the corresponding numerator function

For a given phase-space point, we have to compute the numerator 
function several times (~50 or so for a 4-point loop diagram)
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Complications in d 
dimensions

In the previous consideration I was very sloppy in considering if 
we are working in 4 or d dimensions

In general, external momenta and polarization vectors are in 4 
dimensions; only the loop momentum is in d dimensions

To be more correct, we compute the integral
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Z
ddl

N(l, l̃)
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Implications

The decomposition in 
terms of scalar integrals 
has to be done in d 
dimensions

This is why the rational 
part R is needed
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Figure 1: An n-point one-loop diagram with m propagators in the loop. The dark blob represents
a tree structure.

The values of the integers Mi depend on the particular diagram considered (e.g. in fig. 1

we have M1 = 1, M2 = 3, M3 = 6), but they must always fulfill the following conditions:

1 ≤ Mi < Mi+1 , Mm = n =⇒ p0 = 0 , (3.5)

where the last equality of eq. (3.5) follows from eq. (3.2). The inverses of the loop propa-

gators in d and four dimensions we denote by D̄ and D respectively. Hence:

D̄i = (!̄+ pi)
2 −m2

i = Di + !̃2 ≡ (!+ pi)
2 −m2

i + !̃2 , 0 ≤ i ≤ m− 1 , (3.6)

which follows from eq. (3.3), and from the fact that the (−2ε)-dimensional parts of the

external four-vectors are equal to zero, since the ’t Hooft-Veltman scheme is adopted. Note

that mi is the mass of the particle flowing in the ith propagator, and therefore in general

p2i %= m2
i . As is known [14], the one-loop integral C can be expressed as a cut-constructible

part, i.e. a linear combination of scalar boxes, triangles, bubbles, and tadpoles, plus a (non

cut-constructible) remainder term R, called rational part:

C =
m−1∑

0≤i0<i1<i2<i3

d(i0i1i2i3)

∫
dd!̄

1

D̄i0D̄i1D̄i2D̄i3

+
m−1∑

0≤i0<i1<i2

c(i0i1i2)

∫
dd!̄

1

D̄i0D̄i1D̄i2

+
m−1∑

0≤i0<i1

b(i0i1)

∫
dd!̄

1

D̄i0D̄i1

+
m−1∑

i0=0

a(i0)

∫
dd!̄

1

D̄i0

+ R . (3.7)

The essence of the OPP method is that of computing C by determining (in a numerical

manner) the set of coefficients and the rational part

d(i0i1i2i3), c(i0i1i2), b(i0i1), a(i0), R, (3.8)
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Rikkert Frederix

Rational terms

The main difference is how we get the rational terms (we 
already saw them in the Passarino-Veltman reduction)

In the OPP method, they are split into two contributions, 
generally called

Both have their origin in the UV part of the model, but only 
R1 can be directly computed in the OPP reduction

30
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R1

The origin of R1 is coming is the denominators of the 
propagators in the loop

Of course, the propagator structure is known, so these 
contributions can be included in the OPP reduction

They give contributions proportional to

31

1

Di
! 1

D̄i
=

1

D

 
1� l̃2

Di

!

Z
dd l̄

l̃2

D̄iD̄j
= � i⇡2

2

"
m2

i +m2
j �

(pi � pj)2

3

#
+O(✏)

Z
dd l̄

l̃2

D̄iD̄jD̄k
= � i⇡2

2
+O(✏)

Z
dd l̄

l̃4

D̄iD̄jD̄kD̄l
= � i⇡2

6
+O(✏)



Rikkert Frederix

R2

The other origin of rational terms is the numerator itself. For integrals 
with rank > 2 we can have dependence in the numerator that is 
proportional to 

Unfortunately, this dependence can be quite hidden; maybe it is only 
explicitly there after doing the Clifford algebra

Because we want to solve the system without doing this algebra 
analytically (we want to solve it numerically) we cannot get these 
contributions directly within the OPP reduction

Within a given model, there is only a finite number of sources that can 
give these contributions; They have all been identified within the SM, 
and can be computed with the “R2 counter terms”
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R2 Feynman rules

Given that the R2 contributions are of UV origin, only up to 4-point 
functions contribute to it (in a renormalizable theory)

They can be computed using special Feynman rules, similarly to the 
UV counter term Feynman rules needed for the UV renormalization, 
e.g.

Unfortunately these Feynman rules are model dependent, which 
means the need to be explicitly computed when going to BSM (just 
like the UV renormalisation)
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]
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Figure 2: Effective vertices contributing to R2 in pure QCD.
∑

P (234) stands for a summation over
the six permutations of the indices 2, 3 and 4, and {taitaj} ≡ taitaj + taj tai . λHV = 1 in the HV
scheme and λHV = 0 in the FDH scheme. Ncol is the number of colors and Nf is the number of
fermions running in the quark loop.
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Summary: Beyond Passarino-
Veltman

In PV reduction, we need analytic expressions for all the integrals. Possible 
to automate, but in practice too many terms which are difficult to simplify

In OPP reduction we reduce the system at the integrand level.

We can solve the system numerically: we only need a numerical function 
of the (numerator of) integrand. We can set-up a system of linear 
equations by choosing specific values for the loop momentum l, 
depending on the kinematics of the event

OPP reduction is implemented in CutTools and GoSam (both publicly 
available). Given the integrand, they provide all the coefficients in front 
of the scalar integrals and the R1 term

The OPP reduction leads to numerical unstabilities whose origins are 
related to the inverse Gram determinants. 

Analytic information is needed for the R2 term, but can be compute once 
and for all for any given BSM model
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Conclusions

NLO calculations have been completely automated and are 
(almost) as easy to run as LO

Also the matching to the parton shower that allows for event 
generation at NLO is automated

This means that at zero extra (human) effort NLO event 
samples can be generated instead of LO ones

No good reason anymore to use only LO in your analysis
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