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Black hole thermodynamics

4EDA A = area, ({5, % = Gyh, ¢ = 1).

* Entropy, S =
Hawking temperature, T = 42,

Internal (thermal) energy, |dentify M =U(S),

K
dM =dU =T dS = dA.
S 87TGN
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Black hole thermodynamics

- Entropy, S = %ZDI%: A = area, (5 ? = Gyh, ¢ = 1).
P

* Hawking temperature, T = 5—7’2 k =surface gravity.
* Internal (thermal) energy, identify M = U(S),

First Law of Black Hole Thermodynamics

K

M = :T =
d du ds 87Gn

dA.

¢ Including J and Q,

dM =dU =T dS +QdJ + ¢dQ.



Ordinary thermodynamics: U(S,V,N)
is a function of extensive variables. U is also extensive.
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= G = Np=U-—-ST + VP Gibbs-Duhem relation
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Smarr relation

* Ordinary thermodynamics: U(S,V,N) (N = no. of moles)
is a function of extensive variables. U is also extensive.
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Smarr relation

* Ordinary thermodynamics: U(S,V,N) (N = no. of moles)
is a function of extensive variables. U is also extensive.

MU(S,V,N)

US4V, \IN)
U U U

S% +V8—V + NO—N Euler equation

ST —VP +Nu (» = chemical potential)
Ny=U — ST + VP Gibbs-Duhem relation

* Black hole, ADM mass M: (Gn =1,Q =0)
S =+ AP725,3 5 AP723, M — \P—3M,

Smarr relation

Doesn’t work when A # 0! (Smarr 1973)



Smarr relation and enthalpy

* Include pressure, P = —&-: P — A 2P,
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Smar relation and enthalpy

« Include pressure, P = —L: P — A 2P,
AP3M(S,P,I) = M(/\D 25, 072p,AP~2))
M
-~ (D-3)M = (D- 2)3——2P88—P+(D 2)J—

= (D-3M = (D-2)ST-2PV +(D-2JQ.

M = H(S,P,J) is the enthalpy (Kastor, Ray+Traschen [0904.2765]).
First Law BPD [1008.5023].
dU =TdS +QdJ —PdV

*M=U+PV withV = 6P <y thermodynamic volume.

- Efficiency of Penrose processf modified.
e.g. for asymptotically AdS, D = 4:
nmax = 0.5184 ..., for extremal black hole.
Proace=1.— % = 0.2929. .., without the PdV term.



Thermodynamic volume

» Asymptotically anti-de Sitter Kerr space-time,
AN<O0O = P>0.

black hole event horizon, ry;
“geometric volume”, Vo = 4%,

Cveti€, Gibbons, Kubiznak and Pope (2011).
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Thermodynamic volume

+ Asymptotically anti-de Sitter Kerr space-time,
AN<O0O = P>0.

* black hole event horizon, ry;
“geometric volume”, Vo = 2%, (D=4)

Thermodynamic volume
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* Spherically symmetric case: J =0,V = —".



Thermodynamic volume

+ Asymptotically anti-de Sitter Kerr space-time,
AN<O0O = P>0.

* black hole event horizon, ry;
“geometric volume”, Vo = 2%,

Thermodynamic volume

47 J2
V =V, —— >V,
o+3M> o

+ Spherically symmetric case: J =0,V = Ay

* Reverse isoperimetric inequality
Cveti¢, Gibbons, Kubiznak and Pope (2011).

3 -

(D=4)



: 1/3
P as a function of (i—)’r) , curves of constant T forJ = 1.

Critical point at Tc = 0.0413/J1/2, Pc = 0.00280/J and
Ve = 12.9033/2,



Line of second order critical points

Unique black
hole

Large and
small black
holes

Reissner-Nordstrom anti-de Sitter



Line of second order critical points

Unique black
hole

Large and
small black
holes

Reissner-Nordstrém anti-de Sitter
Mean field exponents — same as Van der Waals gas,



Compressibility

' BPD [arXiv:1109.0198]

+ Adiabatic compressibility: » = —

* RKyj=0 = 0

2S(1+8PS)
(3+8PS)2(1+4PS) "

ceg. P=0,
Kmax = % = 41 = 2.6 x 10738 (fL * ms2kgL.
cf. neutron star, M =~ Mg, R ~ 10 km, degenerate Fermi
gas = r ~ 10~3*ms2kg 1.
Very stiff equation of state!




Asymptotically de Sitter

BPD, D. Kastor, D. Kubiznak, R.B. Mann and J. Traschen [1301.5926]

cP=-2<o0.
Two event horizons: black hole r,,; cosmological, rc.
Two different temperatures, Ty, # T, in general.

M (Sh,P,J) = M(Sc,P,J).

V=24 g =20
dPSJ’ dPSCJ

Vy, = rhAh + 4:?\'1; Ve = rcAc 4 An 47rJ2
: .

For flxed V. the cosmologlcal horlzon entropy, S¢ =




Asymptotically de Sitter

BPD, D. Kastor, D. Kubiznak, R.B. Mann and J. Traschen [1301.5926]

cP=-2<o0.
» Two event horizons: black hole r,; cosmological, rc.
Two different temperatures, T,, # T¢, in general.

M(Sh,P,J) = M(Sc,P,J).
oM oM

h= 9Plg, 3’ "¢~ Plg s

AT 2 2
Vh =gt + 5, Vo= + T H.

For fixed V. the cosmological horizon entropy, Sc = %, is
maximized by Schwarzschild- de Sitter space-time




Asymptotically de Sitter

BPD, D. Kastor, D. Kubiznak, R.B. Mann and J. Traschen [1301.5926]

P=-&<o0.
Two event horizons: black hole r,,; cosmological, rc.
Two different temperatures, Ty, # T¢, in general.

M(Sh,P,J) = M(Sc,P,J).
Vh oM , _ oM
Sh,J

= T cC — Op o
oP 9P |g, 3

Vh

_ Ay | 4rJ?
3 + 3 M

For fixed V. the cosmological horizon entropy, S¢ = ¢, is

4
maximized by Schwarzschild- de Sitter space-time




Asymptotically de Sitter

- BPD, D. Kastor, D. Kubiznak, R.B. Mann and J. Traschen [1301.5926]

-P=-A<o0.

» Two event horizons: black hole r,; cosmological, rc.
» Two different temperatures, Ty, # T¢, in general.

* M(Sh,P,J) =M(Sc,P,J).
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Asymptotically de Sitter
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 For fixed V. the cosmological horizon entropy, S¢ = 4 ,is
maximized by Schwarzschild- de Sitter space-time (J = 0).
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Asymptotically de Sitter

- BPD, D. Kastor, D. Kubiznak, R.B. Mann and J. Traschen [1301.5926]

P=-4<o.

Two event horizons: black hole r,; cosmological, rc.
Two different temperatures, Ty, # T¢, in general.
M(Sh,P,J) = M(S¢,P,J).

V=M =M

Plg 3 Plg g

A 2 2
Vh:rhh_i_‘lgr.']w’ VC:rcAc+47TJ.

For fixed V¢ the cosmological horizon entropy, S; = 4 ,is
maximized by Schwarzschild- de Sitter space-time (J = 0).

Volume between horizons: V = V¢ — V, = lefe — 'n,

For fixed V the total entropy, S = Sy, + S¢, is minimized if
there is no black hole.



Smarr relation must be modified for A # 0.

Thermodynamical volume: V = 2M
PlsiQ

Reverse isoperimetric inequality, V > Vj, for AdS.
Including pressure, first law becomes:

dU =TdS + QdJ + ¢dQ — PdV.

Compressibility, x = —& 4% <, 20

Efficiency of Penrose process modified:
e.g. Q = 0: nmax =~ 0.5184 for an extremal black hole

Generalises to higher dimensions.
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