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Abstract
Pomeron in QCD is a composite state of reggeized gluons. The BDS
ansatz for production amplitudes in the planar approximation forN =
4 SUSY is not valid beyond one loop due to the presence of the Man-
delstam cuts. The hamiltonian for the corresponding composite states
in the adjoint representation coincides with the hamiltonian of an inte-
grable open Heisenberg spin chain.

1 BFKL Pomeron and anomalous dimensions

In the leading and next-to-leading approximations fo QCD and the supersymmetreic gauge the-
ories the high energy production amplitude in the planar approximation has the multi-Regge
form [1–3], which gives a possibility to write a Bethe-Salpeter-type equation for the total cross-
sectionσt. The corresponding Pomeron wave function satisfies the equation of Balitsky, Fadin,
Kuraev and Lipatov (BFKL) [1]

EΨ(~ρ1, ~ρ2) = H12 Ψ(~ρ1, ~ρ2) , ∆ = −
αsNc

2π
E , σt ∼ s∆max . (1)

It is important, that the BFKL HamiltonianH12 in the coordinate representationρ is invariant
under the Möbius transformations [4,5].

One can write the Bartels-Kwiecinski-Praszalowicz (BKP) equation [6] for colorless com-
posite states of several reggeized gluons and the correspondin hamiltonian in the large-Nc-limit
has the separable form [7]

EΨ =
1

2
(h+ h∗)Ψ , h =

∑

k<l

hkl , (2)

h12 = ln(p1p2) +
1

p1
ln(ρ12) p1 +

1

p2
ln(ρ12) p2 − 2ψ(1) . (3)

Apart from the Möbius invarianceh has the duality symmetry [8]

pk → ρk,k+1 → pk+1 (4)

andn integrals of motionqr, q∗r [9]. The operatorsh andh∗ are local hamiltonians of the in-
tegrable Heisenberg spin model [10]. As usual, for the integrable system one can introduce the
transfer (T ) and monodromy (t) matrices according to the definitions [9]

T (u) = Tr t(u) =
n∑

r=0

un−r qr , t(u) = L1(u)L2(u)...Ln(u) , (5)

†speaker



Lk(u) =

(
u+ ρk pk pk

−ρ2
k pk u− ρk pk

)
, t(u) =

(
A(u) B(u)
C(u) D(u)

)
. (6)

The matrix elementsA(u), B(u), C(u),D(u) satisfy some bilinear commutation relations fol-
lowing from the Yang-Baxter equation [9] which can be solvedwith the use of the Bethe ansatz
and the Baxter-Sklyanin approach [11,12].

One can calculate next-to-leading corrections to the BFKL equation [13]. The eigenvalue
of its kernel∆(n, γ) does not contain the non-analytic termsδ|n|,0 and δ|n|,2 only in N = 4
SUSY [3]. Further, all functions entering this expression have the property of the maximal tran-
scendentality [14]. This property is valid also for the anomalous dimensions of twist-2 -operators
in N = 4 SUSY [15, 16] contrary to the case of QCD [17]. One can calculate the higher loop
corrections with the use of the effective action [18,19].

The leading Pomeron singularity inN = 4 SUSY should be situated in the strong cou-
pling regime near the pointj = 2 coinciding with the graviton Regge pole. This conclusion
is related to the AdS/CFT correspondence, formulated in theframework of the Maldacena hy-
pothesis claiming, thatN = 4 SUSY is equivalent to the superstring model living on the 10-
dimensional anti-de-Sitter space [20–22]. In this case according to Ref. [21] the eigenvalue
for the BFKL hamiltonian in the diffusion approximation coincides with the expression for the
graviton Regge trajectory [16]. From the knowledge of this trajectory at largêa and j [23]
one can calculate the explicit expression for the Pomeron intercept at large coupling constants
j = 2 − â−1/2/2π [16,24].

More then ten years ago it was argued [25], that forN = 4 SUSY the evolution equa-
tions for anomalous dimensions of quasi-partonic operators are integrable in LLA. Later such
integrability was generalized to other operators [26] and to higher loops [27]. With the use of
the maximal transcendentality and integrability the equation for the cusp anomalous dimension
was constructed in all orders of perturbation theory [28, 29]. Later the anomalous dimension
of twist-2 operators in four loops was calculated [30]. After taking into account the wrapping
effects [31] the obtained expressions agree with the BFKL predictions [3,14].

2 Two gluon production amplitudes and the Mandelstam cuts

For the case of the maximal helicity violation inN = 4 SUSY Bern, Dixon and Smirnov sug-
gested a simple ansatz for the multi-gluon scattering amplitude in the planar limitαNc ∼ 1 [32].
It can be expressed as a product of an infraredly divergent factor and some special functions.

Recently the BDS ansatz was investigated in the multi-Reggekinematics [33] (see also
Ref. [34]). It turns out, that the elastic amplitude has the Regge asymptotics and the amplitude for
one gluon production has the multi-Regge form in an agreement with the Steinman relations [33].
However, for two gluon production in the physical kinematical region, wheres, s2 > 0 but
s1, s3 < 0 the Regge factorization for the BDS amplitude is broken [33]. A similar situation
is valid for the BDS amplitude describing the transition3 → 3 in the region, wheres, s2 =
t′2 > 0 but s1, s3 < 0. The reason for the breakdown of the Regge factorization is that the
production amplitudes in these regions should contain the Mandelstam cuts in thej-pane of the
t2-channel [33]. It means, that the BDS amplitudes are not correct beyond 1 loop.

In the elastic amplitude the cut in thej-plane appears only in the non-planar diagrams



because the integrals over the Sudakov variablesα = 2kPA/s andβ = 2kpB for the reggeon
momentak andq−k should have the singularities above and below the corresponding integration
contours. For the case of planar diagrams this condition is fulfilled only for the multi-particle
amplitudes starting from six external particles in the region s, s2 > 0 and s1, s3 < 0. The
imaginary part of the amplitudeA2→4 in the s2-channel can be written in terms of the BFKL-
like equation for the state in the adjoint representation [33]. One can obtain the exact solution of
this equation [35]

ℑM2→4 ∼ s
ω(t2)
2

∞∑

n=−∞

∫ ∞

−∞

dν

ν2 + n2

4

(
q∗3k

∗
1

k∗2q
∗
1

)iν−n

2

(
q3k1

k2q1

)iν+ n

2

s
ω(ν,n)
2 . (7)

The eigenvalue of the reduced BFKL kernel is

ω(ν, n) = −a

(
ψ(iν +

|n|

2
) + ψ(−iν +

|n|

2
) − 2ψ(1)

)
. (8)

This result is in a disagreement with the BDS ansatz startingfrom two loops. The leading singu-
larity of thet2-partial wave corresponds ton = 1 and is situated atj−1 = ω(t2)+a(4 ln 2−2).

3 Integrability for multi-gluon composite states

Here we shall discuss the Mandelstam cuts constructed from several reggeons [36]. The non-
vanishing contribution from the exchange ofn+ 1 reggeons appears in the planar diagrams only
if the number of external lines isr ≥ 2n + 4. The Green function describing the interaction
of n reggeized gluons in the adjoint representation satisfies the BFKL equation with the integral
kernel [36]

K = ω(t) −
g2Nc

16π2
H , ω(t) = a

(
1

ǫ
− ln

−t

µ2

)
, t = −|q|2 . (9)

The reduced HamiltonianH has the property of the holomorphic separability [36]

H = h+ h∗ , h = ln
p1 pn+1

q2
+

n∑

l=1

hl,l+1 . (10)

With the use of the duality transformations (cf. [8])

p1 = z0,1 , pr = zr−1,r , q = z0,n , ρr,r+1 = i
∂

∂zr
= i∂r (11)

one can present the holomorphic hamiltonianh in the form invariant under the Möbius transfor-
mations, which gives a possibility to putz0 = 0 , zn = ∞. For this choice of these coordinates
one can presenth as follows [36]

ln(z2
1∂1) + ln(∂n−1) + 2γ +

n−2∑

r=1

hr,r+1 , (12)

wherehr,r+1 coincides in fact with the expression (3) after the substitution ρr → zr.



One can verify the commutativity ofh with the matrix elementD(u) of the monodromy
matrix (6) introduced for the description of integrabilityof the BKP equations in the multi-color
QCD [36]

[D(u), h] = 0 . (13)

Moreover,h coincides with the local hamiltonian of the open integrableHeisenberg model in
which spins are generators of the Möbius group.

To solve this model we can use the algebraic Bethe ansatz. Forthis purpose it is convenient
to go to the transposed space, where the pseudo-vacuum stateΨ0 can be written in the simple
form

Ψ0 =
n−1∏

r=1

z−2
r , Ct(u)Ψ0 = 0 . (14)

Here the operatorCt(u) is the transposed matrix elementC(t) of the monodromy matrix (6). The
eigenfunctions ofh andD(u) are constructed in the framework of the Baxter-Sklyanin approach
by applying the product of the Baxter functionsQ(u) to the pseudovacuum state

Ψ =
n∏

r=1

Qt(ûr)Ψ0 , (15)

where the operatorŝur are zeroes of the matrix elementB(u) of the monodromy matrixt(u).
The Baxter function satisfies the Baxter equation which is reduced to the simple recurrent relation

Λ(u)Q(u) = (u+ i)n−1Q(u+ i) . (16)

The functionΛ(u) is an eigenvalue of the integral of motionD(u) and can be written in terms of
its roots

D(u)Ψa1,a2,...,an−1
= Λ(u)Ψa1,a2,...,an−1

, Λ(u) =
n−1∏

r=1

(u− iar) . (17)

As a result, one can present the solution of the Baxter equation in the form [36]

Q(u) =
n−1∏

r=1

Γ(−iu− ar)

Γ(−iu+ 1)
. (18)

The composite state Regge trajectory has the additivity property

ωn(t) = ω(t) −
a

2
E , E =

n−1∑

r=1

ǫ(ar) +
n−1∑

r=1

ǫ(ãr) , (19)

where
ǫ(a) = ψ(a) + ψ(1 − a) − 2ψ(1) , ar = iνr +

nr

2
. (20)

For three gluon composite state in the adjoint representation one can find an explicit solu-
tion of these equations in the momentum space [36]

Ψt(~p1, ~p2) = (p1 + p2)
−a1−a2(p∗1 + p∗2)

−ã1−ã2

∫
d2uφ(u, ũ)

(
p1

p2

)−iu (p∗1
p∗2

)−iũ

, (21)



where

−iu = iνu +
Nu

2
, −iũ = iνu −

Nu

2
,

∫
d2u ≡

∫ ∞

−∞
dνu

∞∑

Nu=−∞

. (22)

and
φ(u, ũ) = u ũQ(u, ũ) , (23)

where

Q(u, ũ) ∼
Γ(iu)Γ(iũ)

Γ(1 − iu) Γ(1 − iũ)

Γ(−iu− a1) Γ(−iu− a2)

Γ(1 + iũ+ ã1)Γ(1 + iũ+ ã2)
(24)

in an accordance with the Baxter-Sklyanin representation [11].
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