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Spontaneous Breaking of Chiral Symmetry
? Massless Lagrangian:

LF =
∑

a

ψ̄
a
γ
µDµψ

a

? Introducing the projector operators:

ψL =
(1− γ5)

2
ψ, ψR =

(1 + γ5)

2
ψ,

? We can rewrite this into
LF = ψ̄

a
R γ
µDµψ

a
R + iψ̄a

L γ
µDµψ

a
L

? Mass term breaks chiral symmetry explicitly

maψ̄ψ = maψ̄LψR + maψ̄RψL

? Chiral Condensate is not invariant under chiral transformations

〈
ψ̄ψ
〉

=
〈
ψ̄LψR + ψ̄RψL

〉
6= 0

? Spontaneously broken symmetry
? Nf = 2 3 Generators 3 Goldstone Bosons π+, π−, π0

? not massless because the symmetry is explicitly broken by the quark masses.
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Chiral Condensate and Banks-Casher Relation

• In the continuum:
Σ

π
= lim
λ→0

lim
m→0

lim
V→∞

ρ(λ,m)

ρ(λ,m) =
1

V

∞∑
k=1

〈δ(λ− λk )〉 , Σ = − lim
m→0

lim
V→∞

〈ūu〉

• mode number ν  average number of eigenmodes of D†mDm with λ ≤ M2

ν(M,m) = V
∫ Λ

−Λ
dλρ(λ,m), Λ =

√
M2 −m2

ν(M,m) = νR (MR ,mR )  renormalization-group invariant [Giusti & Lüscher, 2008]

•
ΣR ∝

∂

∂MR
νR

for non-vanishing mass and finite volume
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Mode number and Spectral Projectors
• Spectral Projector PM to compute ν(M,m) [Giusti & Lüscher, 2008]

ν(M,mq) = 〈Tr{PM}〉

• Approximation of PM :

PM ≈ h(X)4
, X = 1−

2M2
?

D†mDm + M2
?

, M? ≈ M

 h(x) is an approximation to the step function θ(−x) in the interval [−1, 1].

h(x) =
1

2
{1− xP(x2)}

where P(x) is the polynomial which minimizes

δ = max
ε≤y≤1

‖1−
√

yP(y)‖

•

ν(M,mq) = 〈ON〉 , ON =
1

N

N∑
k=1

(ηk , PMηk )

ηk sources generated randomly.
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M? for chiral condensate
We want to compute the mode number in the linear region to extract the chiral condensate.

ΣR =
π

2V

√
1−

(
mR

MR

)2 ∂

∂MR
νR

spect. projβ = 1.95, aµ = 0.0085
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Lattice QCD
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Configurations setup

• Wilson Twisted Mass Action at maximal twist [Frezotti & Rossi, 2004]

• Tree-Level Symanzik Gauge Action

• Nf = 2 dynamical fermions

Ensemble β lattice aµ µR [MeV] κc L [fm]
b30.32 3.90 323 × 64 0.003 16 0.160856 2.7
b40.16 3.90 163 × 32 0.004 21 0.160856 1.4
b40.20 3.90 203 × 40 0.004 21 0.160856 1.7
b40.24 3.90 243 × 48 0.004 21 0.160856 2.0
b40.32 3.90 323 × 64 0.004 21 0.160856 2.7
b64.24 3.90 243 × 48 0.0064 34 0.160856 2.0
b85.24 3.90 243 × 48 0.0085 45 0.160856 2.0
c30.32 4.05 323 × 64 0.003 19 0.157010 2.1
c60.32 4.05 323 × 64 0.006 37 0.157010 2.1
c80.32 4.05 323 × 64 0.008 49 0.157010 2.1
d20.48 4.20 483 × 96 0.002 15 0.154073 2.6
d65.32 4.20 323 × 64 0.0065 47 0.154073 1.7
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Configurations setup
• Wilson Twisted Mass Action at maximal twist

• Iwasaki Gauge Action

• Nf = 2 + 1 + 1 dynamical fermions

Ensemble β lattice aµl µl,R [MeV] κc L [fm]
A30.32 1.90 323 × 64 0.0030 13 0.163272 2.8
A40.20 1.90 203 × 40 0.0040 17 0.163270 1.7
A40.24 1.90 243 × 48 0.0040 17 0.163270 2.1
A40.32 1.90 323 × 64 0.0040 17 0.163270 2.8
A50.32 1.90 323 × 64 0.0050 22 0.163267 2.8
A60.24 1.90 243 × 48 0.0060 26 0.163265 2.1
A80.24 1.90 243 × 48 0.0080 35 0.163260 2.1
B25.32 1.95 323 × 64 0.0025 13 0.161240 2.5
B35.32 1.95 323 × 64 0.0035 18 0.161240 2.5
B55.32 1.95 323 × 64 0.0055 28 0.161236 2.5
B75.32 1.95 323 × 64 0.0075 38 0.161232 2.5
B85.24 1.95 243 × 48 0.0085 45 0.161231 1.9
D15.48 2.10 483 × 96 0.0015 9 0.156361 2.9
D20.48 2.10 483 × 96 0.0020 12 0.156357 2.9
D30.48 2.10 483 × 96 0.0030 19 0.156355 2.9
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Extracting ΣR from νR
[Giusti & Lüscher, 2008]

ΣR =
π

2V

√
1−

(
mR

MR

)2 ∂

∂MR
νR

ν(M,m) = νR (MR ,mR )  renormalization-group invariant

• We extract the term ∂
∂MR

νR through the slope of a linear fit.
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Extracting ΣR from νR

• Thus we get a value of the ΣR for each value of the mq
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Extracting ΣR from νR Nf = 2

• Thus we get a value of the ΣR for each value of the mq
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Finite Volume Effects [ ν
vol ] Nf = 2

Study of the finite size effects for the chiral condensate Σ. ν
vol = const
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Finite Volume Effects [ ν
vol ] Nf = 2 + 1 + 1

Study of the finite size effects for the chiral condensate Σ. ν
vol = const
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Finite Volume Effects [Σ] Nf = 2 + 1 + 1

Study of the finite size effects for the chiral condensate Σ. ν
vol = const
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Chiral and Continuum Limit of Σ Nf = 2
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Chiral and Continuum Limit of Σ Nf = 2
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Comparison of continuum results for r0Σ1/3

Result method Nf fermions r0Σ1/3

this work spectral proj. 2 twisted mass 0.689(16)(29)
this work spectral proj. 2+1+1 twisted mass 0.680(20)(21)

RBC-UKQCD [1] chiral fits 2+1 domain wall 0.632(19)
MILC [2] chiral fits 2+1 staggered 0.654(22)
MILC [3] chiral fits 2+1 staggered 0.652(22)
ETMC [4] chiral fits 2 twisted mass 0.575(54)
ETMC [5] quark propagator 2 twisted mass 0.676(59)(66)

[1] Aoki et al., 2010
[2] Bazavov et al., 2009
[3] Bazavov et al. ,2010
[4] Baron et al. , 2009
[5] Burger et al. ,2012
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Spectral Projectors: Other Applications

• Smart way of computing it:

? Mode Number [ Giusti & Lüscher, 2008]

ν(M,mq) = 〈Tr{PM}〉

? Topological Susceptibility [ Lüscher & Palombi, 2010]

χtop =
Z2

S

Z2
P

1

V
〈Tr {γ5PM} Tr {γ5PM}〉

? Renormalization Constants [ Giusti & Lüscher, 2008]

Z2
S

Z2
P

=
〈Tr {PM}〉

〈Tr {γ5PMγ5PM}〉
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Conclusions and outlook

• We have applied the spectral projector method using Nf = 2 and Nf = 2 + 1 + 1 twisted
mass ensembles generated by ETMC.

• We have analyzed the finite volume effects for the mode number and the chiral
condensate.

• We have computed the continuum limit of the chirally extrapolated chiral condensate.
? Nf = 2 using different quark masses for 3 different lattice spacings.
? Nf = 2 + 1 + 1 using different quark masses for 3 different lattice spacings.
? Our results are consistent with the results of other groups.

• We have computed the χtop in the quenched for different values of the lattice spacing.
Work in progress.

• We have computed χtop for dynamical case. Work in progress.

• We have computed the ratio of renormalization constants ZP
ZS

for different ensembles.
Work in progress.
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Thank you for your attention!
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