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conceivable RG flows

Uv UV UV

IR

(a) (b) (c)

but all known examples asymptote to a CFT fixed point

Is there a way to understand that?
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* Wess-Zumino consistency conditions

Two approaches for Weyl anomaly off-criticality

to constrain Jack, Osborn 1990 Osborn 1991
RG-flow structure

* Dispersion relations for <T . T>
Optical theorem for scattering
amplitudes of background dilaton

Komargodski and Schwimmer 2011

® auv > air

\&5 e CFT is the only possible asymptotics
%@6\3 in weakly coupled 4D QFT

* the occurrence of SFTs is severely constrained
(ruled out...) even beyond perturbation theory
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Goal: study RG flow in a domain around a fixed point

A L=Lcrr+ > MO;
A 2

® CFT, not necessarily free

= >
M ® )\ < O(1) notnecessary

provided 3! « O(1)

Bl <« O(1) in whole domain
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RG flow <€) correlatorsof T =T}

current for flavor symm broken by 2\ #~ 0

!

complete ‘basis’ for Tﬁ Oy, 6’“Jf, Oq

e Ex: free CFT with scalars and fermions

Thursday, September 26, 2013



relevant object = effective action for sources

Ty < guv()
O[ < )\[(QZ‘)
Jf YRS Af(x)

Oy > Mg (x)
W = W[gW,)\I,A;‘,ma,...]

2 0 1 0
T,uy — —QW |44 OI(:E) — 14 ctc ...
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A
At fixed point - s N
Wlguw,A=0,4, =0,mg = 0] Weyl invariant up to anomaly
Capper, Duft 73
29" 0

W = aFE4 — bR?> — ¢cW? — dOR

Vg ogt”

— CLE4 — CW2 — 5(Flocal)
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WZ consistency

7
2 qHV
\gf 5(1 W = aE, — bR — W2 — dOIR
g Oghv

— CLE4 — CW2 — 5(Flocal)

Thursday, September 26, 2013



At fixed point -

Wlguw,A=0,4, =0,mg = 0] Weyl invariant up to anomaly
Capper, Duft 73

WZ consistency
v
294"
\gf 5(1 W = aBEy —bR® — cW? — dOR
g ogr” J

— CLE4 — CW2 — 5(Flocal)

Thursday, September 26, 2013



At fixed point -

Wlguw,A=0,4, =0,mg = 0] Weyl invariant up to anomaly
Capper, Duft 73

WZ consistency
 /
5%
2\9/_ 55M W = aE4—bR2—cW2—d R |+ eA*R + fA*
g ogt” J )

— CLE4 — CW2 — 5(Flocal)
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Weyl anomaly equation can be extended off criticality
by assigning transformation properties to sources

=3 |ocal Callan-Symanzik equation Osborn 1991

4 v 0 I 0 A I 0 ~a
/ x{"“’f) 2 St~ o A s |

0
ome(x) A4 (x)

+V,.0(x) IH?V“)\I

I
|
[ ]
B
8
=
-
N——
|

/ 'z o(z) Alz)

1 1
® 2m°% = 2mP(68 +7) + SR+ d A+ §E?JVMAIV“>\J

¢ A(x) = all possible dim 4 covariant terms
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Easy to derive local CS eq. in ordinary (near free) QFT using dim reg

So = Silfields, sources| + S [sources]

® 5 obviously Weyl invariant

A s eer @)\ 6o (AN = B!

® Scr not Weyl invariant (unless new sources added)

5O'SCT — O'.A
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Redundancies in source parametrization

—_ , O 0 A 0 a0
Oy = o) [29“’ sgv () on(m) TV aa) T 5m“(x)] "
a 1 0 A 0 a 0
+V ,o(z) lﬁlvﬂ)\ Sma(z) S 5A;j‘(:c)] — Qo (x)t 5 (2)
1 T,ul/ — T,ul/ -+ fa(a,uav — Nuv

Or — Or+ 01,10,

t* —t* + f°

scheme choice

07 — 07 + f7
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4L

“Flavor freedom” in defining Weyl transformation

0y = 00 + Ogan"

local flavor rotation

with Lie parameter 04

ozA()\) =

51 o (CVATA)\)I

BI
~ a A ~\a _
T i
pr + O pA
SA o OéA
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Flavor adjoint constructed with couplings

5] . (SATA)\)I
m® — (SATam)°
,0}4 + a]SA



The Weyl transformation operator can be finally simplified as

0 0 0 ~ 0
v . nl o Av I a W =

up to contact terms: T = Z B'O;
I

(g,uy — Nuv, Vlu)\l — A;‘ = m, = O)

CFT Bl =0

SFT Bl = N4 (T4 )\)I — pure flavor rotation
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[5017502] = 0

Two types of consistency conditions

Thursday, September 26, 2013



I. On coefficients of () o

0
o m BIPIA — ()
T(2)T(y) = -+ 6%z — y) B PO J4,
0

® similar story

oma

Thursday, September 26, 2013



I1. genuine WZ condition: / 01(4) 00, () AY) — 02(2) 00, (1) A(z)] = 0
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II. genuine WZ condition: / 01(Y) 05y () A(Yy) — 02(2)d0, () A(z)] = 0

1 _ 2 I R e
—\/__gaA =0 (ﬂaW + GvE4 + gﬁcR ) Véo (BdR)

1 1 1
+a(§x‘}V“/\I VAR + 2x] VN VAN R+ x4 GV, X0, 0
1 1

+ lx‘}JVZAIv%\J + §x‘} e VX VEX VAR 4+ ng st VaX VXN AV AE

2
1

+Vto (G#,,wIV”/\I + %RY,V“A’ + Sp VAV + 5T,JKV,,/\’ VRN )

Vo (UIVZA’ - %Vuv,,,\’ VeA! )

| 1 1
+0'(-2-pab7ha'ﬁ’bb -+ m? (—qaR -+ raIVQ)\I -+ —SaIJV#)\IV#/\J) )

3 2
+V 0 (M%Gar V) — V30 (k)

+o GMBF;},FBH" + %gA”F;},VﬂA’ VAR ) + VHo (narF5, VY AT (2.49)

10 differential constraints involving 25 tensorial coefhicients
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all but a few constraints can be “solved”

non-trivial

*
A = .ARZ + AWQ + AE4 - AFQ T 5WeylFlacal
W W
manifestly consistent trivial

(scheme dep)
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1 1 1 1
—0Ap2 = 0 —babHaHb -+ —ba]JHaHIJ —+ —b[JKLHIJHKL
NG 2 ) 4

' = v, A'vFA7 — BUAY) 1
| > A (DAJ + 6BJR(g)>

1
[ = m" — <t“R(g) - 67A’

o, 11" =0 (...)+V,uo(...)+Va(...)

absence of derivative terms: consistency is manifest
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1 1 1 1
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Non-trivial anomalies

1 1
—Ap, = 0aE; + 0 ox1Gu VNV + ViewGu, VAT +

V9

1 1 1
—=Ap = 0 kA F PP 40 S Cars Fi, VN VYN 4+ Vo na F, VI +

NG 4

5
S
=,
||

—8dra + X]JBJ

Lnar) = kaPP + CargB” — x4 ,(TaN)’

0 = narB' +wi(TaN)?!
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Gradient flow equation

1
a = a + éUJ}BI

0ra = (XIJ + Jrwy — dywr + P[AUAJ) B’

* non-trivial constraint on perturbative expansion of B g
e at fixed points a(\) is stationary

* along line of fixed points a = a = const

da
]
M

— 8315’[& — X]JBIBJ
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(O1(z)0;(0)) = - - O(0B, B) by unitarity  x;; > 0
e
Su— = x1sB'B’ >0
ap
- - I e I J
a(\(u)) ~ 3\(u2)) = 5 [ i B'BY dlnp
M1

~

since @ is finite the only possible asymptotics must satisfy B! = ()

CFT, free or interacting, is the only possible asymptotics
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The story with dilatons and dispersion relations
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K.S. scattering amplitudes
(aI...T) -—> of background dilaton

Juv = Q(w)%ﬁw

analize
counterterms at =0

W[2*n,,] is finite up to CC term

Luty, Polchinski, RR 2012

forward
amp?iftude z:z A(s) = —a(A(Vs))s* + A

CFT limit A(s) = —8as”
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O
N
VA
N—"
/]

N | =
O\A\:]
o)
O
O
N
Vs
CD@

S

1 » > (0 by unitarity
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Local Callan-Symanzik elucidates both sides of dispersion relation

a(s) = 8a(s) + O(B?)

this ensure a scheme choice exists where ~ @(s) = 8a(s)

1

Ima(s) = — Z |<\IJ\BI(5IJ +91B”)Os(p1 + p2) + BIBJOI(pl)OJ(p2)‘O>|2
v

S

— B'B’ Gy,

1
Gry = » (0|01 + 0rB*OL + B O1OL|V)(¥]|0; + 0;BX Ok + BX0;0k[0) > 0
v

g 2
Sd&(s) — —G[JBIBJ
ds 7
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There thus exists a scheme where

Grg >0

4
a = a x1g = —Grj+Apy
T A; ;BB =0

(Gry is the 4D analogue of Zamolodchikov metric in 2D

but 2D case simpler G N0 IO ()]0
(just 2-point funtions) T p? %x Orp)HTIOs)I0)

without dilaton as guideline harder to figure things out in 4D
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Near CFT fixed point, irreversibility of RG flow concretely expressed by

da
]
e

= 8B19;a4 = y;;B'B’ Xrs >0
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Near CFT fixed point, irreversibility of RG flow concretely expressed by

da
1

— SBI(?]EL — X]JBIBJ X1y > 0

3
o
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Near CFT fixed point, irreversibility of RG flow concretely expressed by

da
1

— SBI(?]EL — X]JBIBJ X1y > 0

3
o

>
A
CFTir
> Only option
CFTuv Luty, Polchinski, RR 2012

Fortin, Grinstein, Stergiou 2012
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More on the local Callan-Symanzik equation:

* Any lessons hidden in the remaining consistency condition?
* What about the special case of supersymmetry?

® What about flows around CFT that break parity?
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