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The conformal symmetry

Consider a theory on a curved background 7, (z),
with classical conformal invariance

L=CLcrr + g, O
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The conformal symmetry

Consider a theory on a curved background 7, (z),
with classical conformal invariance

free-field theory  marginal operators
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The conformal symmetry

Consider a theory on a curved background 7, (z),
with classical conformal invariance

L=CLcrr + g, O

The Weyl (=conformal) symmetry

20(x) —o(z)

Yoo = €7y gi(p) — gile 1)

IS broken by the scale dependence of the renormalized couplings
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The conformal symmetry

Consider a theory on a curved background 7, (z),
with classical conformal invariance

L= Lcorr + gi(2)O"

The Weyl (=conformal) symmetry

20(x) —o(z)

Yoo = €7y gi(p) — gile 1)

IS broken by the scale dependence of the renormalized couplings

Trick: promote the coupling constants to space-dependent,
non-propagating fields
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Conformal symmetry and renormalisation

In the presence of external sources (gravity and space-dependent
couplings), additional counterterms are needed in the theory:

- o - | |
W = log /Dq) ezfd x+/—gL P reqularized generating

functional

Et[z - / d°zv/=g 1™ [ZaEQuuw) + 2/ 0y 9it
renormalized generating |
functional

all possible dimension-four diffeomorphism-invariant
operators, including:
< curvature tensors, e.g. Weyl tensor
E(yuw) = R*P° R,yp0 — 4R*'R,,, + R*
Only valid around d = 4 o1, 2 and 4 derivatives of the couplings
space-time dimensions (no diff.-invariant terms with three derivatives)
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The Weyl anomaly

The conformal symmetry is broken at the guantum level

Variation under Weyl transformation:

) 0
A, E]d4$0' x (27 y 5'5—)
( ) L 5,}/#1/ 592

N PV

+8Mow"" ngG‘uV—F...]

In flat space and for constant couplings,
T/ = B (0], with [0'] =
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The Weyl anomaly

The conformal symmetry is broken at the guantum level

Variation under Weyl transformation:

Ay = /d43: o(x) (2’}/,1,115 ° @i)

Yuv 09;

fxf 1

Finstein tensor GH¥ = R* — 57‘“’1%

In flat space and for constant couplings, 5
; Lt %4
T#?:IB%[O], with  [O°] = 5g;
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The Weyl anomaly

The conformal symmetry is broken at the guantum level

Variation under Weyl transformation:

AG — /d4a}' O'(.’E) (2’}’”1/ 5’.;5 r /' 1

~ Functions of
—— the couplings g

. ‘3\\ .
I ! . .
‘” "‘
. o0

Finstein tensor GH* = R* — Efy“”R

In flat space and for constant couplings, 5
; Lt %4
Tﬁ:ﬁz[O], with  [O°] = 5g;
5 /15 CP3 Ol:lglm




The Weyl anomaly

The conformal symmetry is broken at the guantum level

Variation under Weyl transformation:

A, = ] d*z o(z) (2%,, &f

~ Functions of
—— the couplings g

' We neglect here anomalous |

flavor currents that can lead to | A ,
limit cycles i Einstein tensor G*¥ = R*Y — —y*'R
| Fortin, Grinstein, Stergiou (2012) § 2
Luty, Polchinski, Rattazzi (2012) |
- — e e
In flat space and for constant couplings,
- - oW
Ho_ ) 2 . [ 11
T = p:[O"], with [0'] = —59,;
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The Weyl consistency conditions

Jack, Osborn (1990), Osborn (1991)
The Weyl anomaly is abelian:

~ ~

A AW = A AW

Gives a number of consistency relations among the functions
a Xz’j wz’
) ) )y +
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The Weyl consistency conditions

Jack, Osborn (1990), Osborn (1991)
The Weyl anomaly is abelian:

AAW =A AW

Gives a number of consistency relations among the functions

¥ z
A, X~y W, ... ~

da
Note that d— >0 if x” >0
du 8wj) 6 (7 I
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The Weyl consistency conditions

Jack, Osborn (1990), Osborn (1991)
The Weyl anomaly is abelian:

AAW =A AW

Gives a number of consistency relations among the functions
a, XV, W
)

—~

da
Note that d— >0 if x? >0
du 8wj) e

\=> & theorem
In general, w* is an exact one-form at the leading orders in
perturbation theory

da ; oa
@ijﬁj <~ /BzNnga

The RG flow is a gradient flow in a space with metric X"
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INn terms of Feynman diagrams

a Is equal to the trace of the energy-momentum tensor
on a 4-sphere:

e (38 O S
Sfl

® ®

W(m) W(x) Voo () Vv ()
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INn terms of Feynman diagrams

a Is equal to the trace of the energy-momentum tensor
on a 4-sphere:

o= (1) = é::? @

’Yp,u(m) ’YW(CU) 7#!/(33) %w(x)
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INn terms of Feynman diagrams

a Is equal to the trace of the energy-momentum tensor
on a 4-sphere:
A(z)

a N T’-L % @ '(I\“-“’::. + o
54 N

B e 8o m%)

Partial derivatives are equivalent to removing one interaction vertex
B, ~ oa o 0
BN 09; 8g; 6g;(x)

\ ’
\ /
\ /
\N /
L 4
=  mmama-m- +... — ): +...
y = = N
/ N
4 N
’ N\
/ .
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Counting loops

& One-loop P function of a scalar quartic interaction

- — -

- =

N 7’ \
\ ,-ﬂ'-\ ,/ ,
\ ’ ~ p ]~ ™~ -, \
Ny, \‘ e / \\f’ \
\ 7 \ f
R LN R 4 n | 4-loops diagram
~ /\ A
,, \\ /7 - A s’ ~ /,
oy ‘.,"' \ \ o ant L SS——
it - M. \ /
~ o —_,"
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Counting loops

& One-loop P function of a scalar quartic interaction

- — -

\7\,
/Z N\
-_—

4-loops diagram

—— \  3-loops diagram
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Counting loops

& One-loop P function of a scalar quartic interaction

4""' ‘\
4 \
- 7/ 7
\ s —~—
/ \N v

\

\ ~ \ vV i :

LN —— l | 4-loops diagram
/

~ 7\
/ “ \ ”’ ~ s’
4

/ “ ” ~ \\-..-o -

-
\
N\
( \ \
_____ : w> |
( !
/
/7
\s_.-"

3-loops diagram

2-loops diagram
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Multiple couplings

What about diagrams involving multiple couplings?

4-loops diagram with
quartic and Yukawa couplings
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Multiple couplings

What about diagrams involving multiple couplings?

4-loops diagram with
quartic and Yukawa couplings

1-loop contribution
to the quartic
B function
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Multiple couplings

What about diagrams involving multiple couplings?

4-loops diagram with
quartic and Yukawa couplings

9
Oy

e

1-loop contribution 7 2-loops contribution
tothe quartic { )}  ====- S to the Yukawa
B function M B function

AN
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Multiple couplings

What about diagrams involving multiple couplings?

4-loops diagram with
quartic and Yukawa couplings

0

AN

1-loop contribution 7 2-loops contribution
tothe quartic { )}  ====- S to the Yukawa
B function M B function
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An example: the Standard Model

Neglecting all Yukawa coupling apart from the top one, the
theory has five couplings:

2 2 2 2
_ 91 92 g3 Yt A
022,05, 00,00 = {(W’ (4m)?’ (4m)?" (4m)?° <4w>2}
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An example: the Standard Model

Neglecting all Yukawa coupling apart from the top one, the

theory has five couplings: A(no square!

2 2 2 2 Q
_ 91 92 g3 Yt A
(22,090 3 = {(W’ (4m)2° (4n)?2’ (4m)?” <4w>2}
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An example: the Standard Model

Neglecting all Yukawa coupling apart from the top one, the
theory has five couplings:

2 2 2 2
_ 91 92 g3 Yt A
{ala &9, O3, ¢, O()‘} — { (471')2 9 (471')2 9 (471')2 9 (471')2 9 (471_)2 }
The metric is diagonal at lowest order Jack, Osborn (1990)

g 1 3 8 2 matches the
“ = dia 4 | €&—
X g(a% ’a% ’a% "oy ) powers of o

Gives a set of relations among the B functions,
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The Standard Model B functions

o] 1 10ng 1  95ng 3 ng 221 163 145ns  5225n2
8 =202 — _ = . - _ — G | o2
A1 “*1{124r 9 +(4+ 54 )al+(4+ 2)"2+ 9 “3+(1152 81 1458 )4

87 Tng - 13Tng 3401 83ng 11ni\ 1375ng  242n2\ , ng
Q1 — 1063 + - -

64 72 162 ¢ 384 | 36 8 )2t 5 gl 98T g MM
+ o H 2—827a @a 2—90 - i3-!- 101%: oy | + o ga +§a' :éa
'l 12 576 ' 64 ° 6 ° 39 16 t Al gmt T 42T ™A

. 43 2ng 1 ng 259  49n 163  35ng  55nZ\ .
52:20%{—_4' C+(—+ C)a1+(— + G)az+2n(;aa+( 2 G)ai2

12" 3 4 6 12 6 1152 54 162
187  13ng\ = nc 667111 | 3206nG 415n2, o2
64 @ 24 ) 2T 18t 3456 27 54 2
13n¢ 125ng  22n%
-j- 9 Qo ¥y + ( 6 i 0) a'g
+ « é %a Ea; za + g + don, ;| + o 1a + éa éa
T4 1027 64 2 27T \g2 ! 1e St T M et T gt ™
9 9 3 3 3 ,
8\ = Ea% — iaAag + Ea% — ﬁa-)\a'l + galag -} 120§ + By — da';?' + ...
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The Standard Model B functions

1  10n 1  95n 163  145ng 52252
3. — 9420 G - G . _ G G\ .2
b 2"1{ 27 g9 * (4 T 754 )0‘1 N @t (1152 81 1458 )"‘1
87 Tng - 13Tng \ P 1375ng  242n2\ , ng
(64 72 )a1a2 162 “1 T V3ga T 36 %+ ( 54 gL )3T g 2
Lo [ 17 2827 o 785 29/ (118 10lm) 1 (3 3 3
7127 57601 64 2T AT 32 T 1 )| T g™ T g2 T oM

relations between the 2-loop gauge B functions

43 9n 259  49n 163  35nc 5512
a _o2) G B G _ 35ng  55ng\
B> 20‘2{ 127 73 ( 12 T 6 )ag +2ncas + (1152 54 162 )al
187  Wng) _ _ne_ [ 667111 | 3206ng _415n%)
64 24 1527 g ™13 3456 27 54 2
13n¢ 125na  22n2
+ 9 Qo Cxg + ( 6 - 9 G) a'g
+ 3 %a Ea za + g + sl O | + la + éa éa
T4 1927 B4 2 27T \32 " 16 )¢ Alg T g gt
9 9 3 3 3 ,
8y = Ea% — iaAag + Ea% — Ea-)‘a'l -t galag -} 12cx§ + 6y — da'f + ...
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The Standard Model B functions

1 10 1 95
;31=2a’;’{ + "G+(—+ﬂ)a1+

163 145 5225n2
o + ( ne nG) a%

127 9 4" 54 } ) 1152 81 1458
87  Tng 137n¢ , ,  [1375ng  242n%\ , ng
+ e — —_— ) —_— —_— )
(64 72 )0‘10‘2 162 “1 T V3ga T 36 18 )0‘2+ 54 gL )3T g 2
N 17 2827 78 4 (U3 100w 1. (3, +34 -3
YT 127 5767 64 2 32 T 16 )7t T4 T 42T M

relations between the 2-loop gauge B functions

43  2ng 259  49ng 163 35ng  55n%\
8y =2a3{ — = 2 Ry
B2 az{ TR ( TR )‘”* "Ga3+(1152 54 162 )
187 13n¢\ ne [ 667111 3206nc 4150\
(64 ! )0‘1"‘2 18“1"‘3+( 3456 27 54 )a2
13ng 125ng  22n?
+- 9 aga3+( 6 gc)ag
+ § %a Ea za + g+45nt o
L4 1927t 64 2 27T \32 16 /)"

relations between the 3-loop gauge
and 1-loop Higgs quartic B functions
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Precision running in the Standard Model

Knowing the value of the Standard Model couplings at an arbitrary scale
IS Important: vacuum stability, grand unification, cosmology...

The state-of-the-art computation makes use of the gauge, top Yukawa
and Higgs quartic B functions at the 3-loops order
Degrassi et al. (2012), Buttazzo et al. (2013)

Inconsistent with the conformal symmetry at energies E > v ~ 246 GeV!
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Precision running in the Standard Model

Knowing the value of the Standard Model couplings at an arbitrary scale
IS Important: vacuum stability, grand unification, cosmology...

The state-of-the-art computation makes use of the gauge, top Yukawa
and Higgs quartic B functions at the 3-loops order
Degrassi et al. (2012), Buttazzo et al. (2013)

Inconsistent with the conformal symmetry at energies E > v ~ 246 GeV!

Already going to 2 loops in the Higgs quartic B functions means
including diagrams that contributes to the 4-loop gauge B functions
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Precision running in the Standard Model

Knowing the value of the Standard Model couplings at an arbitrary scale
IS Important: vacuum stability, grand unification, cosmology...

The state-of-the-art computation makes use of the gauge, top Yukawa

and Higgs quartic B functions at the 3-loops order
Degrassi et al. (2012), Buttazzo et al. (2013)

Inconsistent with the conformal symmetry at energies E > v ~ 246 GeV!

Already going to 2 loops in the Higgs quartic B functions means
including diagrams that contributes to the 4-loop gauge B functions

The best Weyl-consistent running based on the existing computations:

¢ 3 loops in the gauge P functions
& 2 loops in the top Yukawa B function
< 1 loop in the Higgs quartic B function
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Standard Model Vacuum Stability
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Standard Model Vacuum Stability
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Standard Model Vacuum Stability
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Importance of precision running

“Coincidence” in the SM: 0015p
X 0010 M,=1735 GeV
| My=1257 GeV
A(p) =0 and d—(p) =0 0.005} a,(M7)=0.1184
K Mg 0-000f
happen around the same scale 0 005l
— Higgs inflation? ]

~0.010}

RS
~
~
S
~

321
Aeff

N~~
-~
-~
-~
~~-
-
———————————

~0.015}
103 10  10”% 10% 10 1088
RG scale u (GeV)
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Importance of precision running

“Coincidence” in the SM:

dA
p— d B —
AMlp) =0 an m (n) =0

happen around the same scale "
— Higgs inflation?

With a slightly lower top mass...

0.008},
N M =171.27 GeV }
| @y(Mz)=0.1184
0.004} o
Aeff \\\\
0002} N\ e
| N N e
0.000} \ """""
—0.00210'12 10'14 10'16 10'18
RG scale u (GeV)
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0.008}
| Mi=171.27 GeV }
| y(M7)=0.1184
0.004}
Aetf |
0.002} -
0.000} \ ___________
—0.00210'12 10'14 10'16 10'18
RG scale u (GeV)
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Importance of precision running

“Coincidence” in the SM:

2w =0

= d
AMlp) =0 an i

Ae
happen around the same scale ™"

— Higgs inflation?

With a slightly lower top mass...

00150
0.010}
0.005}
0.000}
—0.005}
_0.010}
_0.015}
108

M,=173.5 GeV
My=125.7 GeV
as(Mz)=0.1184
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Aeff

Important uncertainties also in: |
| © matching of MS parameters

- ¢ tunneling probability

10.12 1(;14 10.16 10.18

RG scale u (GeV)

10.10

— —
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|
Il

at the electroweak scale
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Summary & Outlook

< The Weyl symmetry constrains the RG flow of a theory
(more in the talks by M. Luty and R. Rattazzi tomorrow?)

<& For theories with multiple couplings, there are relations
among the B functions at different loop order

& A consistent scheme was established and used in the
Standard Model to determine the vacuum stability
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Summary & Outlook

The Weyl symmetry constrains the RG flow of a theory

(more in the talks by M. Luty and R. Rattazzi tomorrow?)

For theories with multiple couplings, there are relations
among the B functions at different loop order

A consistent scheme was established and used Iin the
Standard Model to determine the vacuum stability

Important for the search of perturbative fixed points in
gauge-Yukawa theories  Antipin, Gillioz, Melgaard, Sannino (2013)

The Weyl consistency conditions could be used to
determine the SM gauge B functions at 4-loop
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