
The Weyl Consistency Conditions
&

Standard Model Vacuum Stability

Marc Gillioz

based on arXiv:1306.3234, in collaboration with
O. Antipin, J. Krog, E. Mølgaard, F. Sannino

DESY Theory Workshop, 25th September 2013



/ 15

Outline

◇ Weyl consistency conditions: definition

◇ Relations among the ß functions

◇ Example: vacuum stability in the Standard Model
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The conformal symmetry
Consider a theory on a curved background           ,
with classical conformal invariance
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The conformal symmetry
Consider a theory on a curved background           ,
with classical conformal invariance

The Weyl (≡conformal) symmetry

is broken by the scale dependence of the renormalized couplings

Trick: promote the coupling constants to space-dependent,
non-propagating fields

3



/ 15

Conformal symmetry and renormalisation
In the presence of external sources (gravity and space-dependent 
couplings), additional counterterms are needed in the theory:

Only valid around d = 4
space-time dimensions

4

regularized generating
functional

renormalized generating
functional all possible dimension-four diffeomorphism-invariant

operators, including:
◇ curvature tensors, e.g. Weyl tensor

◇ 1, 2 and 4 derivatives of the couplings
(no diff.-invariant terms with three derivatives)
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The Weyl anomaly
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The conformal symmetry is broken at the quantum level

Variation under Weyl transformation:

In flat space and for constant couplings,
                                           with
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The Weyl anomaly

5

Einstein tensor

We neglect here anomalous 
flavor currents that can lead to 
limit cycles

Fortin, Grinstein, Stergiou (2012)
Luty, Polchinski, Rattazzi (2012)

The conformal symmetry is broken at the quantum level

Variation under Weyl transformation:

In flat space and for constant couplings,
                                           with

Functions of 
the couplings gi



/ 15

The Weyl consistency conditions
The Weyl anomaly is abelian:

Gives a number of consistency relations among the functions 

6

Jack, Osborn (1990), Osborn (1991)
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The Weyl consistency conditions
The Weyl anomaly is abelian:

Gives a number of consistency relations among the functions 

In general,      is an exact one-form at the leading orders in 
perturbation theory

The RG flow is a gradient flow in a space with metric

6

Jack, Osborn (1990), Osborn (1991)

Note that                if

 theorem
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In terms of Feynman diagrams
a is equal to the trace of the energy-momentum tensor
on a 4-sphere:
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In terms of Feynman diagrams
a is equal to the trace of the energy-momentum tensor
on a 4-sphere:

Partial derivatives are equivalent to removing one interaction vertex

7
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Counting loops
◇ One-loop β function of a scalar quartic interaction

8

4-loops diagram
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Counting loops
◇ One-loop β function of a scalar quartic interaction

◇ One-loop β function of a Yukawa interaction

◇ One-loop β function of a gauge interaction

 
8

4-loops diagram

3-loops diagram

2-loops diagram
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Multiple couplings
What about diagrams involving multiple couplings?

9

4-loops diagram with
quartic and Yukawa couplings
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Multiple couplings
What about diagrams involving multiple couplings?

9

4-loops diagram with
quartic and Yukawa couplings

1-loop contribution
to the quartic
β function

2-loops contribution
to the Yukawa
β function
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An example: the Standard Model
Neglecting all Yukawa coupling apart from the top one, the 
theory has five couplings:
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An example: the Standard Model
Neglecting all Yukawa coupling apart from the top one, the 
theory has five couplings:

10

no square!
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An example: the Standard Model
Neglecting all Yukawa coupling apart from the top one, the 
theory has five couplings:

The metric is diagonal at lowest order

Gives a set of relations among the β functions,
e.g.

10

Jack, Osborn (1990)

matches the
powers of αi

2-loop1-loop
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The Standard Model β functions
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The Standard Model β functions
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relations between the 2-loop gauge β functions
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The Standard Model β functions

11

relations between the 2-loop gauge β functions

relations between the 3-loop gauge
and 1-loop Higgs quartic β functions
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Precision running in the Standard Model
Knowing the value of the Standard Model couplings at an arbitrary scale 
is important: vacuum stability, grand unification, cosmology...

The state-of-the-art computation makes use of the gauge, top Yukawa 
and Higgs quartic β functions at the 3-loops order

Inconsistent with the conformal symmetry at energies E > v ~ 246 GeV!

12

Degrassi et al. (2012), Buttazzo et al. (2013) 
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Precision running in the Standard Model
Knowing the value of the Standard Model couplings at an arbitrary scale 
is important: vacuum stability, grand unification, cosmology...

The state-of-the-art computation makes use of the gauge, top Yukawa 
and Higgs quartic β functions at the 3-loops order

Inconsistent with the conformal symmetry at energies E > v ~ 246 GeV!

Already going to 2 loops in the Higgs quartic β functions means 
including diagrams that contributes to the 4-loop gauge β functions

The best Weyl-consistent running based on the existing computations:
◇ 3 loops in the gauge β functions
◇ 2 loops in the top Yukawa β function
◇ 1 loop in the Higgs quartic β function

12

Degrassi et al. (2012), Buttazzo et al. (2013) 
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Standard Model Vacuum Stability
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Standard Model Vacuum Stability
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Degrassi et al. (2012)

3-2-1 counting scheme
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Importance of precision running
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➝ Higgs inflation?
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➝ Higgs inflation?

With a slightly lower top mass...
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Important uncertainties also in:
◇ matching of MS parameters 

at the electroweak scale
◇ tunneling probability
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Summary & Outlook
◇ The Weyl symmetry constrains the RG flow of a theory

(more in the talks by M. Luty and R. Rattazzi tomorrow?)

◇ For theories with multiple couplings, there are relations 
among the β functions at different loop order

◇ A consistent scheme was established and used in the 
Standard Model to determine the vacuum stability
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Summary & Outlook
◇ The Weyl symmetry constrains the RG flow of a theory

(more in the talks by M. Luty and R. Rattazzi tomorrow?)

◇ For theories with multiple couplings, there are relations 
among the β functions at different loop order

◇ A consistent scheme was established and used in the 
Standard Model to determine the vacuum stability

◇ Important for the search of perturbative fixed points in 
gauge-Yukawa theories

◇ The Weyl consistency conditions could be used to 
determine the SM gauge β functions at 4-loop
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Antipin, Gillioz, Mølgaard, Sannino (2013)


