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Preamble: Intense fields can polarise the vacuum

A . l

” In strong external fields the normal vacuum is unstable and
decays into a new vacuum that contains real particles. ”

Greiner and Muller, QED of Strong Fields
@ The Schwinger limit (E¢; = 10'® V/m)
@ Particles in future linear colliders will see £ — Eq

@ How do we incorporate a strong external field in QFT?
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(W.H.) Furry Picture

@ Separate gauge field into external

: .

A" and quantum A, parts -
ElomED:w(i@—m)'t/z— 1 (F*L,,)Z—e’z;“)(AeXt-&-A) P &
i

EEED:E;FP(iafeAex‘fm)wpr 1 (Fuu)?—edp™ A PP

@ Euler-Lagrange equation — new equations of motion requires
exact (w.r.t. A%%) solutions v

(ia—eAeXt—m,)z/)FP =0 J

@ For certain classes of external fields (plane waves, Coloumb
fields and combinations) exact solutions exist [Volkov Z Physik 94 250
(1935), Bagrov and Gitman Exact solutions of Rel wave equations (1990)]

@ A QFT which is non-perturbative wrt external gauge field A%
and perturbative wrt ™, A
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assorted Furry Picture features

@ External field makes space-time inhomogeneous so propagator
depends on separate space-time points rather than on the
difference between them [Berestetski Lifshitz Pitaevski, QED §109]

@ Normalised IN and OUT states can be formed and LSZ extended
to include such states [Meyer, J Math Phys 11 312 (1970)]

@ Vanishing field strength at ¢ = +00 — stable vacuum

@ Vacuum can be polarised so must include tadpole diagrams
[Schweber Relativistic QFT §15g]

@ Operator and path integral representations for generating
functional [Fradkin, QED in an unstable vacuum]

@ Anomalous magnetic moment (one-loop) in a const crossed field
varies from 23 [Ritus, JETP 30 1181 (1970)]
Y
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This is not a talk about the general structure of the
Furry Picture, rather...applications

1. The Furry picture predicts distinct phenomenology
We are in an era of experimental tests of this phenomenology

The next generation of linear colliders will yield FP phenomena

P 0D

We need solutions of the equations of motion in the particular
field configuration

5. We need to apply the solutions in transition probabilities
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Strong field experiments - SLAC E144 - 1990s

P
1

@ Collided intense laser (10'® W/cm?)

with 46.6 GeV electrons

2

2

e a

@ effective momentum q = p — "

D) i+ nk—qp+ky
n

@ Compton-like scattering (HICS)

‘P

@ Compton edge shifted by multiphoton

effects
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Strong fields at the collider Interaction Point

T =~ 1 sets the strong field

Beamstrahlung

photon scale.

electron” T = La‘(]{ .p)
Chargé Bunch and field mEer

@ Y depends on collider bunch parameters and the pinch effect
@ Future linear colliders will have "strong” IP fields
@ All collider processes are potentially "strong field processes”

| Machine || LEP2 | SLC | ILC \ CLIC \
E (GeV) 94.5 46.6 500 1500
N(x10'0) 334 4 2 0.37
oz,0, (um) [ 190,3 | 2.1,0.9 | 0.49,0.002 | 0.045, 0.001
o, (mm) 20 1.1 0.15 0.044
W 0.00015 | 0.001 0.24 4.9
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(Volkov) Solution of the FP Dirac equation

Solution of the 2nd order Dirac equation with

. oxt Lorenz gauge with condition
external 4-potential A}

A =0 = @ Lax Lk
[D? + m? + ga*“’FW]q/fP =0, D, =0,+ieA™
P

FP _ 67i[1)~41:+$p(k-m)] up

.
£ (k) = ﬁ/ 2 AR p_ 2 A2 | o gy
P 7 7

Volkov phase \/

Volkov spinor
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(Volkov) Solution of the FP Dirac equation

Solution of the 2nd order Dirac equation with

. oxt Lorenz gauge with condition
external 4-potential A}

A'=0 = @ La Lk
[Dz +m? 4+ %a"“'FM,]q/;FP =0, D,=0,+ ieAiXt

4P = e~ ilp a P (ko)) up

e
£ (k) = ﬁ/ 2 AR p_ 2 A2 | o gy
- 7 7

Volkov phase \/

Volkov spinor

Orthornormality and Completeness of Volkov solutions [Ritus, Ann Phys 69 552 (1971),
Bergou and Varro, J Phys A 13 2823 (1980), Zakowicz JMathPhys 46 032304 (2005)]

Az SP (kw)— S (ke
/(277)4 A7 (bw) =5 (hor)] =6W(q-p)

d* i[SP (k) — SP (ke (-
B oi[SP (k) =SP (k)] _ 5(4)

J @mt —v)
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Volkov-type solutions

known solutions

@ Single plane wave field [Volkov, Z Phys 1935]

@ Circ/Linearly polarised field, constant field [Nikishov and Ritus, JETP 1964]
@ Elliptically polarised field [Lyulka, JETP 40 p815 1975]

@ 2 collinear orthogonal fields [Lyulka 1975, Pardy 2004]

@ Coulomb fields + combinations [Bagrov Gitman, Exact sols of Rel wave eqns 1990]
General procedure

Klein-Gordon:  (D? +m?) ¢ =0 — Volkov phase
2nd order Dirac: (D2 +m?+ %F“”aw) 1he =0 — Volkov spinor

Dirac: (i) —m) e =0 — particular solution
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Solution of the FP Dirac equation in two fields

top view

oncoming view
Ay = (0,a1,0,0)

k= (w1, 0, kY, k%)

7
g
g
/
|
|
|
|
|
|

ky = (w2, 0, K, k3)

Ay = (0,a2,0,0)
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Solution of the FP Dirac equation in two fields

top view

oncoming view
Ay = (0,a1,0,0)

k= (w1, 0, kY, k%)

Ay = (0,a2,0,0)

@ Transition probabilities are covariant, so choose collinear k1 || k2 reference frame
@ external field is a superposition; rewrite as orthogonal components
A# = Alu(kl'x) =+ Agu(kg-fl') — A+H -+ A—H where A+-A_ =0
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Solution of the FP Dirac equation in two fields

top view

oncoming view
Ay = (0,a1,0,0)

k= (w1, 0, kY, k%)

Ay = (0,a2,0,0)

@ Transition probabilities are covariant, so choose collinear k1 || k2 reference frame
@ external field is a superposition; rewrite as orthogonal components
A# = Alu(kl'x) =+ Agu(kg-fl') — A+H -+ A—H where A+-A_ =0

@ solution is a product of Volkov solutions

o
ey —ed_—m] 9™ =0 = ¢fP = i[P=+E+32 ] ()

p 2eA 4 (0)-])7(22/\4,(0)27(‘% (D) Ky
where §% = / ST do
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Ist order Furry picture process and dressed vertex

FP Feynman diagrams only require a dressed vertex

[ «Pf Pf _[ePi P
P (pg,pe) = & [5F H97 ], i 8R40
P ky
N (pg,pi) = / drydry F' [”/EP(PJ"JH)} glmiBEs A
X .
contribution r1 k1, ro ko from external field enters
into the conservation of momentum, allowing 1 vertex process
§*(py+kf—pi—rik1 —raka) J
R
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Ist order Furry picture process and dressed vertex

FP Feynman diagrams only require a dressed vertex

i[ 4P o gPf _i[gPi 4 gPi
R kf ’)’;FLP(mei) =@ {$+ 82 ]'Yu @ [$+ +57 }

N (pg,pi) = / drydry F' [”/EP(PJ"JH)} glmiBEs A

contribution r1 k1, ro ko from external field enters
into the conservation of momentum, allowing 1 vertex process

§*(py+kf—pi—rik1 —raka) J

l’? two constant crossed fields leads to BesselK functions

A = (ki -m)Fazu(he-z) s F 2P (0gp0)] o Ki 2 (Z)J
3’3

Traces are more complicated, and integration over final states needs care [Hartin and
Moortgat-Pick EPJC (2011)]

[My;|?
vT

' 15 dk ;
:762/ dridra Trl.ri.r2..] (ffif 6(4>(7)/»+k/—pi—mkl—r-gkzg) J
Wiey ’
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Beamstrahlung transition probability

We get a modification to the standard beamstrahlung transition probability

2 00 2
szfﬂ/ _dw /dz+71+(1+u) x Ai(z), u=—4
2¢; Jo (1+u)? |,

1+ u dz € —wy
il u?/3 (k2-pi)?/3 — e A
1 field: z = W7 = W ko = TQ]CQ

. 4273 (k -1),-)2+(k2-pn)2+2al-112(k1-1),-)(k:2-pn)
2fe|d$ _ T i X = 1 i - i 11,‘ i

' # T W p? 4 (k2 p)?11 7 u?/3 [(k1pg)? + (k2 pi)?])?/3

M) ky(Y)
(] —
T P
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Beamstrahlung transition probability

We get a modification to the standard beamstrahlung transition probability

e?m o0 du
W=——— / — /dz+
2¢; Jo @A+ u)? |

w2/3

2= —F743
(k2 p;)2/3’

1 field:

“2/3

[(k1-pi)2 + (ko -pi)2]L/3°

2 fields:

=

1+(1+u)? _ d
1+ u dz

X — (k2-pi

X 2| Ai(z), u=—24

)2/3 .
/CQ = Tgkg

w2/3

_ (k1-pi)?+(k2-pi)? +2a1 -az(k1-p;) (k2 p;)

W73 (k1 -pi)? + (k2 pi)212/°

Ne)

@ Radiation power spectrum alters with the
angle between the fields

@ For Colliders there is little change 6; ~ =

@ Can perform the analysis with laser fields
where 6; can be large

@ Treatment of higher orders beckons

Intensity(wy)
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(e.g.) Generic two vertex Furry picture S channel

Pu

_ _FP
Up_€f Yy €f_

(G R S S
Myi=g192 /‘d'rld’rgdsld(s’g 'DI,+"/F (FoI-(ryten)kyf(rptaz)ks) J

(I + riky + r2k2)?

@ final states momentum F = f_ + f4 initial
state momentum I = p_ + p

@ spin and polarisation sums as usual

@ two dressed vertices 7"

@ 7r1,72,51,s2 momentum contribution from two
external fields at two vertices

@ Phase integral not (much) more complicated
than for 1 vertex process

Mg;|?
| VfT‘ = (g192)? /drldrgdlldlg Tr.ry.r2..]

df_dfy S(F—I—lyky+lgksy)
4wf7wf+ (I +r1ky + roko)?
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(e.g.) Generic two vertex Furry picture S channel

Pu

_ _FP
Up_€f Yy €f_

(G R S S
Myi=g192 /‘d'rld’rgdsld(s’g 'DI,+"/F (FoI-(ryten)kyf(rptaz)ks) J

(I + riky + r2k2)?

@ final states momentum F = f_ + f4 initial
state momentum I = p_ + p

@ spin and polarisation sums as usual

@ two dressed vertices 7"

@ 7r1,72,51,s2 momentum contribution from two
external fields at two vertices

@ Phase integral not (much) more complicated
than for 1 vertex process

Mg;|?
| VfT‘ = (g192)? /drldrgdlldlg Tr.ry.r2..]

df_dfy S(F—I—lyky+lgksy)
4wf7wf+ (I +r1ky + roko)?

The pole structure depends on r;, 75> and is not standard
need careful consideration of loops
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Vertex function in (one) external field

. Tdtk! 1// +m p+m
FP . 2 EEY FP FP
I'""=2ie drdsdl o ¥ o 6 +kr—q;—lk
" / " / k/2 (foktlfr'k‘)l —m2 (g4 7k','+,s‘k')277n2 v (qf fF—q )J

e Examine pole structure of the
vertex function
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Vertex function in (one) external field

" " dr k! 7 +m +m
FP_ . 2 EED FP P FP
' =2ie drdsdl % ¥ Y, 0 +ki—qi—lk

e / rase / k2 (Qf —k/ 77»k.)2 —m?2 (g; — Kk’ Fsk')tz —m?2 2 (q‘[ Jo )J

e We combine denominators using
Feynman parameters as normal,

d*k’
/ k'2[(qf — k' —rk)2 —m2][(q; — k' +sk)2 —m2]

L e
= /0 duz:dydz(k/zfA)3 o(z+y+z—1)

e Numerator more complicated than the
usual case - need new tricksbut apart from
the usual divergences we end up with
additional polei in the residual

e Examine pole structure of the

vertex function A(r, s, 5,9, 2)
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Vertex function in (one) external field

" " dr k! 7 +m +m
FP_ . 2 EED FP P FP
' =2ie drdsdl % ¥ Y, 0 +ki—qi—lk

e / rase / k2 (Qf —k/ 77»k.)2 —m?2 (g; — Kk’ Fsk')tz —m?2 2 (q‘[ Jo )J

e We combine denominators using
Feynman parameters as normal,

d*k’
/ k'2[(qf — k' —rk)2 —m2][(q; — k' +sk)2 —m2]

L e
= /0 duz:dydz(k/zfA)3 o(z+y+z—1)

e Numerator more complicated than the
usual case - need new tricksbut apart from
the usual divergences we end up with
additional polei in the residual

e Examine pole structure of the
vertex function Alrs oy 2)

e Additional poles in the residue which match those in the tree level FP processwa
e Vertex function can be same order as tree-level diagram - must include!
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The Furry picture is a semi-classical nonperturbative QFT which treats external
electromagnetic fields exactly

The Furry picture has several interesting features, non-vanishing vacuum
currents, propagators that depend on separate space-time points

For field vanishing at ¢t = +0co LSZ can be extended to the FP and
phenomenology can be calculated

We are in the era of measurable effects, future linear colliders and intense lasers
produce “strong fields”

New exact solutions for charged particles in two external fields applied to the
photon radiation process - power spectrum changes

ALL collider processes are potentially FP processes, need to extend this analysis
to second and higher orders

FP has a unique pole structure, need to include loops and show cancellation to
all orders
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Backup Slides
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Strong field processes at Collider IP

@ 1st order:
e Beamstrahlung & coherent pair production

Ee]
=

X e beam-beam simulations (CAIN,
Guinea-PIG)

@ basis of ISR/FSR simulations

o 1-vertex permitted p; +rk —py —k; =0

-0

@ ALL processes at the IP are "strong field”
£ / f, processes
@ 2nd order:

e "normal processes” in limit E — 0

@ Need Volkov solution in fields of both

bunches
o Need to obtain the cross-section for a
generic 2nd order process

il
+O
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Equiv Photon Approx and Perturbation expansion

@ decompose external field into n equivalent photons

@ sum the series to desired order of accuracy

; @ within certain constraints:
+ + +o e scalar particle
e monochromatic photons
the summation can be
performed (Reiss Eberly
G*=G+GVG+GVGVG +... 1966)

— (2 _ 2\ —1 . .
G=(p” —m’) @ Can the entire summation
V =2eA°® - p— e?A°? be performed in general ?

@ The alternative is the Furry/Feynman method...
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Requirements for a strong field event generator

REQUIREMENTS: SOLUTION:

To simulate a charge bunch collision
and calculate the field strength at  ~<{
each point of production

A PIC code using an efficient
method for modeling the
electrodynamics — crosscheck with
To have a finely scaled simulation in CAIN/GP
order to accurately model disruption,

hour glass effect etc.

Ny

MPI using openMPI or GPU
To perform a relatively complex programming
cross-section calculation at each
point of production

T-BMT with higher order corrections
to AMM, Sokolov-Ternov and higher
order helicity amplitudes

Y

To have full spin tracking ———|

To be flexible enough to include new
higher order processes B

'

Allow new processes to be loaded
externally
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IPstrong - towards a strong field event generator

@ Fortran 2003 with openMPI (Fortran

2008 has inbuilt gpu)
! @ 3D electrostatic poisson solver (MPI)

(g Adaptive grid .
\ pves @ Furry picture processes replace all other

i processes
Distribute charges to grid . . .

i @ output in multiple formats (stdhep, Icio)
‘ Poisson solver ‘ @ cross-checks with existing programs

i 40

35
‘ Furry Pic monte carlo |
\

—‘ Move particles ‘

10
QOutput events s
o

20000 40000 60000 80000 100000 120000 140000 160000
Macro particles

execution time (s)
3
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Infinite momentum frame

@ QED can be formulated in a Lorentz frame moving at the limit of
the speed of light (Kogut & Soper Phys Rev D 1(10) 2901 (1970))

@ regular coordinates (¢, x,y, z) can be expressed in light cone
coordinates z4 = 5(t +2); 2, =(x,y)

@ light cone dirac matrices separate into sub-algebras whose
members anti-commute y+v, = —v1 v+

@ light cone scalar products are a.b = 2a4b_ +2a_by —a,.by
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Collider strong field physics

Beamstrahlung
photon

. : Radiating
~._ electron

Chargé Bunch and field

” Strong field processes are physics processes calculated
simultaneously in the normal perturbation theory as well as
exactly with respect to a strong electromagnetic field. ”

” Such calculations are necessary when the external field
seen by a particle approaches or exceeds E. ”
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Strong fields at the collider IP

@ moving charge has longitudinal length
contraction

@ relativistic charge bunch produces constant
crossed plane wave field

‘i“\I/i,.

(1/1“ = (O, d’)

A, =ai,(k-x) J

JY —F>v

@ particle p sees a field strength parameter T @

~ N
Y= R N E

mFer
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Volkov-type solutions in two external fields

@ both incoming bunches contribute
external fields

@ external field wavevectors are
generally anti-collinear

@ Need new Volkov-type solution

e strategy is to first solve Klein-Gordon equation (D? + m?, )¢

+
Pe 22|

L : . (r—1)?
= \/ﬁ /dr exp {—pr -x —ireA, — } J
€p

@ For constant crossed field Dirac equation solution proceeds from
the Klein-Gordon solution
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W boson Volkov Solution

@ Equation of motion for the W W
boson
W,

(D? + m¥)W, +i2eFX W, =0, DFW, =0 J

e with solution 1, = E}" ¢~ " w, where

w _ B . o e? e2
EP o (gﬂ’/+ ]CAp/FHV Q(k‘p)QA kltkl’)

.exp{ Z(k‘ ™) (2€(A p) — 62A82>}

@ similar solutions can be found for other particles that couple to A®
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Beamstrahlung, incoherent/coherent pair production

@ IP beam-beam simulators - CAIN,
P ke Guinea-Pig

X @ beamstrahlung & coherent pair production
calculated via quasi-classical approx

@ incoherent pairs calculated with
beamstrahlung photon and equivalent
P photon approx (EPA)

@ more exactly these are 1st and 2nd order

P P, Furry picture processes
| bkgd pairs | current | proposed |
X coherent | quasi-classical 1 vertex
Furry picture
incoherent EPA 2 vertex
k; Furry picture
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Formation length

” distance travelled by a charged particle while a radiated
photon moves one wavelength in front of it ”

A bad argument: " If the bunch is sufficiently short we dont need to
worry about strong field effects”

@ classical argument that only applies to the beamstrahlung

@ strong field propagator integrated over all length scales
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