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Overview

Part | - Setting the Stage
The Static Quark Model
Deep-Inelastic Scattering

Discovery of quarks and colour
The QCD Lagrangian

Discovery of gluons

Part 2 - Working with QCD
Renormalisation

Perturbative QCD
Jets

Factorisation and Parton Distribution Functions
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Part 1



Note On Units

Natural Units

In particle physics, it is customary and convenienttoset 71 =c = /

Implications:

Energy (mc?), momentum (mc) and mass (m): units of GeV

Length (/) and time (7): units of GeV~!

Conversion:
using = 6.582119-10-'¢ eV s

Energy: | GeV = 1.609-10-19]
Momentum: | GeV/c =5.36-10-'" kg-m/s
Mass: | GeV/c?2 = 1.79-10% kg

Length: | GeV-!' = 1.97-10'¢ m = 0.197 fm

1.5

o(b) [fm?2] 1 proton
0.5
0

The Proton:
Mass: ~ | GeV/c2

Size: ~| fm

005 115 2
b[fm]
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The Static Quark Model

The Particle Zoo

In 1960s accumulation of data from many new
baryon and meson resonances: sort them by

their strangeness S and isospin /3

% O

1 +
Spin-Parity JP =
2
‘s
- 0 + + +
4 T PN e (1232)
n 0 p N(939)
S
/ \
/ \ & z° z"
/ \ -® ® ® = |, (1384)
/ 20 \\ R 1 3
>~ rt 2(1193)
& g
— 1\ /3 +1 A(1116) - =0
\ A / @=L @ (1533)
\ /
\ /
\ /
\ /
®—-—12--®
=- =0 £(1318) 0 ® -3 (1672)
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The Static Quark Model

Postulating constituents

The flavour-states build up a symmetry group: SU(3)fiavour

Physical particles: reduce the products 3 x 3 x 3 (baryons) and
3 x 3 (mesons) and combine with SU(2)spin

Flavour B J I Iz § OQ The quantum numbers are

up Voo 4 0 424 related through
1
down % % ¥ Y 0 Wl Q@=g(B+S)+ 1

strange 4 % 0 0 -1 —%| wherethe hypercharge Y =8B +§

The anti-particles have the signs of B, I3,.§ and Q reversed

Masses: mgj—my,; <4 MeV and m; — mys~= |50 MeV
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The Static Quark Model

S
Spin |/2 Baryons: ‘ |
n 0 D N(939) udd uud
o-——|-—-] ® ®
/ \
/ \
/ \
é— z \\ 2t 2(1193) dds d. uus
® ST ® 2 ®
~1y ) fs 41 A(116) - 9®
\ y
\ /
\ /
\ /
®———12-—@ ® ®
he E° £(1318) dss uss
Light Mesons: 1 I3 Wavefunction 0O
(pseudoscalars 1 | +1 ) = |u,d) +1
with JF=0") 1 | -1 ) = —|u,d) -1
1 | 0 1% = 1\2(|d.d) — |u,u)) 0
0| 0 n% = 1N2(|d,d) + |u,u)) 0
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lour JO =2 il gl o g v e

Wave function of A™: |A*) =

M,T> + M,T) + |M,T> e X ®Z+ — /, (1384)
Symmetric in flavour; spin and space (quarks are in ground state: s-wave)

Violates the Pauli Principle!

Solution: one more internal degree of freedom - colour!
A7) = |ut.g) + [wtr) + |u1.0)
u,1,0) + |u1,j) + |u1.k)

Antisymmetric: |A*) =X gk

» With the arguments given, are you convinced that quarks have
physical reality? Why?

» Do colour charges exist?

» How many colours are there!?

» How can we test these assumptions!?

O8
95
# <N
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Deep-Inelastic Scattering

Scattering Experiments

Used to probe the structure
of matter and forces involved

Different high-energy
scattering experiments:

e*e’, pp, e*p

Deep-Inelastic
Scattering (DIS)

Lepton-nucleus scattering at
high energies.

Use the lepton as clean probe
to explore the structure of
matter - initial state well
known.

Distance scale in DIS:

r [fm] &

he 0.2
Q  Q[GeV]

where Q is related to the
transferred four-momentum

—h

o
L
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resolved distance [m]
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Elastic Electron Scattering

Electron (charge 1) scatters on a nucleon N with charge Z, mass M.
Take recoil into account (assume point-like particles).

Outgoing electron: k’ = (E’, 0, E’ sin0, E’ cos0)

Variables

Q° = —¢* = 4EF'sin” (6/2) e(k)
Q’ / L

E—FE' = = B =
2M 1+ 22 sin? (%)

Only one independent variable!

. do 5
Mott Scattering: T@ — o B COS <_)

Mott

Assume a Dirac particle with spin 1/2:

do  4ma*Z* F' v Q> . 5[0
— = cos” | — sin” | —
40?2 O* E 2 ] 2P 2
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Proton Form Factors

So far we have assumed a point-like nucleon with spin 1/2.
Now take a proton with Z=1 and allow for a charge distribution (7).

/
Potential becomes: V(r) = / 1 "O(T) ,|d'r' with /p(r')d'r' =1
T|r —r

k’
This introduces two (a priori unknown) (k)

form factors in the cross section: G(Q?), Gar(Q?)  e(k)

Rosenbluth Formula

d_0_47ra222E’ 20 G4 + 7G4, 0 (2 0
102~ 0 E cos™| 5 e - 277G, sin” 5

with 7= Q?/(4M?) > 0 (space-like)

Using the Mott cross section:

do do G% + 7G5y, 5 N
_ (499 - 27G2, tan?( =
(dcp)ela <d@2>MOJ [+ oTCatan (2”

Roman Kogler I QCD




Proton Form Factors

At small 7 < 1, and hence at small Q¢ the electric and magnetic form factors
are just the Fourier-transforms of the charge and magnetic moment

distributions of the proton:

Gr(Q?) z/eiq'rp(r)dr and G (Q%) z/eiq'r,u('r)dr

This means that at 0? = 0 we expect

G (0) :/p(r')dr’ =1 and Gy(0) :/,u(r')d'r' = [

The experimental value of the anomalous magnetic moment of the proton
U, =12.79,so we expect G;(0) = 2.79

Roman Kogler |2 QCD



Proton Form Factors

J.J.Murphy et al.,, Phys. Rev. C9, 2125 (1974)
N R.C.Walker et al., Phys. Rev. D49, 5671 (1994)

TN 20 — 7T T T T

T &
TR BT

0.90 1 \ 0.5 I l | I

0 2 4 6 8 10
0. 03 05 0.7 09 Q? [(GeV/c)?]

q® (fm2)

In fact, we find that 1,Gr(Q%) = Gu(Q?%) = G (0) = p,

This means that the charge distribution is the same as the current spatial
distribution in the proton.

' EFS‘; ' Roman Kogler 13 oCD



Inelastic Electron Scattering

Transferred momentum:

qg=k—k'
e(k) e(k')
Virtuality of exchanged boson:
2 _ 2
Q== >0 v.2%@q)
Squared centre-of-mass energy:
s=(P+k)? -
(P+F) )
Squared mass of the hadronic final state:
P
W2 =(P+q)?=M*+2¢-P—Q° P
L g P . N2 2
Inelasticity: y = P with 0 <y <1 Deep: Q> M
2 Inelastic: W > M
Scaling variable: = = 20 P with 0 <z <1

(=]
e
<N
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Deep-Inelastic Scattering (DIS)

Deep: Q° > M~

2 /2 2 2
Inelastic: W > M Q ( ) (P +q)
_ @ _q-P
Neglect rest masses whenever L= 2q - P Yy = L. p

W >m. W>M
Squared centre-of-mass energy: s = 4 E. E,

Out of Q?, x, y, W only two are independent at fixed centre-of-mass energy,
since they are related through Q? = sxyand W2 = M? + 2 g-P — Q?

Thus, pairs of these variables fully determine the kinematics of the scattering.
Often used: ( Q?, x) and ( Q?%, W?)

-]
n @
-< N
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Deep-Inelastic Scattering Results

| k- 1T "1 "1 "1 71 =

f Early results from SLAC (1969):
\ TuWE% | E=7-177GeV
. s ~=W=35 GeV
60 =10°

07" _ =
E AT : . . .
"\ Elastic cross section falls off rapidly due
- \ to the proton not being point-like
= | \
NLS \ 1 Inelasticc W> M
\ ]
\ Ratio to Mott cross section

‘ nearly flat in O2
|O'3 ELASTIC a y Q
s \_SCAT TERING

(?> dependence becomes weaker for

expected , ,
P N increasing W
\\\‘ ]‘
o4l 11 LN . .
o 12 3 45 & 7 Protonacomposite particle!
q? (GeV/e)

M. Breidenbach et al.,, Phys. Rev. Lett. 23, 935 (1969)

9.
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Partons

Assume that proton consists of partons, then
the electron scatters off a parton with
momentum xP:

Pqg=q+zP
pg = (zP)* = mg =0
= (¢ +aP)°
= —Q% 4+ 22q- P+ (zP)?
, p(P)
)

soO we get & =

2q - P

The variable x can be interpreted as the momentum fraction of the
proton carried by the struck parton

Roman Kogler |7 QCD




DIS Cross Section

The amplitude for the deep inelastic scattering diagram is given by

A= ealk)y"ulk)—5 (X[ (0P

The cross section is proportional to |.A|°
(Fermi’s golden rule)
d?o a?
Al? L,
dQZ’dQQ X ‘ ‘ Q4 B

The leptonic tensor Lys is fully determined by QED:
Lag = 2 (]C kﬁ + kﬁk/ gagk y k/)

Wb

The hadronic tensor Wy5(P,qg) is unknown, since it involves all the structure

of the proton

Was(Poq) = — [ d*ze*(P,S| [j1(2),55(0)] | P, S)
A

= Absorb our ignorance in structure functions F1(x,0%) and F>(x,0?)

-
N
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DIS Cross Section

The DIS cross section then becomes

d?o B Yo%
dQ2dzx  xzQ*
Rewrite the Rosenbluth formula in terms of Q% and y

do  4ma* E' , [0\ G5 + 7G%, o0
102~ OF E {COS <§> T - 271G, sin” (2)}

/

E
with y =1 — - sin?(6/2)

2

(- 0)Fa(.@Y) + L 20Fi(0.GY)

we get (elastic scattering):

G4+ 1G5, 1 }

do 4o 5 0
dQ2 Q4 {(1_” 1+7 | §y_G

F>(x,0?) corresponds to the electromagnetic field of the parton

F1(x,0?) corresponds to the spin of the parton

-
N
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Early F> Data

J.-T. Friedman, H.W. Kendall, Ann. Rev. Nucl. Sci. 22,203 (1972)

0.5 [ | [ ] ' |

04 |- .
o
03 |- + “ # o 9% *%. ‘}é ‘]l‘ )
F>(x,0?) Scaling!
0.2 1
ol L x=025 _
0 1 [ { ! _ f ! 1

O 2 4 © 8
92 (GeV/c)? o

Independence of the structure functions of Q?%: F; (x,0?%) = F; (x)

J).D. Bjorken predicted scaling for Q2 — o as x stays fixed.
Scaling is obtained using Gell-Mann’s current algebra in the quark model.

Scattering from point-like constituents of the proton!

O8
<N
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Callan-Gross Relationship

F1and F; are not independent, but

satisfy the Callan-Gross relationship: 2xF; | | *
QCEFl — Fg L | *& }
obt e
This means that partons are spin |/2 ++++ + f w S}\ 11>
particles! (spin 0, would mean 22 F7 = 0) + + 1
05 |
The cross section now becomes
Spin0
do 4o’ y?
— 1__|__F2$2 TSRO s SR (SN, SO UL /.| S |
dQ?*dz  xQ* T (2, Q) 0 05 1
x = 0%/ 2MV
The electric charge and magnetic moment P. Schmiiser, Feynman-Graphen und
are fixed with respect to each other Eichtheorien flir Experimentalphysiker,

Springer Verlag (1988)
— scattering from point-like Dirac particles

Clear evidence for Quarks!

(=]
95®
<N
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Quark Parton Model (QPM)

Elastic electron-quark scattering: e(k) e(k’)
do  4ma’el Y2 same as e-(
dQ2 - 04 <1 YT ) scattering with

charge ¢,
Assumptions

q (p) q @)
* Single photon exchange

* incoherent scattering of quarks from the proton

* take gi(x)dx to be the probability to find quark of type i inside the
proton with momentum fraction between x and x+dx

do 4o T 5 ’
— 1 —y+ 2 2.
dQ%dzr ~ QF ( a 2) i 4i()

1

Compare with: | Fo(x) = Z e2q;(x)

do 4 y?
_ 1 | F 2

Roman Kogler 22 QCD




How Does F2(x) Look?

Fa(x) 4 Fa(x) 4
Single Dirac Three static
proton quarks
> >
* s X
Fo(x) 4 | Fa(x) s
Three i | :
quraefklsnteractmg +higher orders
% %

[
»
a» "
L

3 1 X

9.
' ?’FSY ' Roman Kogler 23 OCD
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Early Experimental Resuits on F;

A.Bodek, et al., Phys. Rev. D20, 1471 (1974)

5 0.50 T T | I E— I T T T
Fy(z,Q7) = 045 | 2 . -
- Q<2 2.0 GeV
~do r(Q* 1 040 | W2 2.0 GeV N
o 2 2 2 Lapet -
d@Q?dx 4ma? (1 — y + y?/2) 035 iy,
030 | MR T -
' ible! Fa(x) o 7‘&(‘{‘
Experimentally accessible! osL ' ’;H% )
it
. . 0.20 | f -
In the QPM Fx(x) is directly M.
o — ! ‘s —
proportional to the quark O lﬁ.\;
i, ,
distributions gi(x) 0.10 - . -
, o:.;.‘
0.05 .":"‘5:;, -
0 | | ] | i | { .ﬁ*"h | . )
0 02 04 06 08 10
X
FIG. 38. Values of vW§, »i—and—pH4 plotted

against x. The errors shown are purely random,

' ‘.F' ' Roman Kogler 24 QCD




The QPM - Mini Summary

Proton consists of 3 partons, which can be
identified with spin-1/2 quarks

Electron-proton scattering is then a sum of
incoherent electron-quark scatterings with
single photon exchange

Proton structure is defined by
parton distributions ¢;(z)

The Structure function is directly proportional
to the quark content of the proton

Iy(x) = CEZG?%(@

Roman Kogler 25 QCD



What’s Missing?

/01 fﬁﬁsz”’ _ /01 . (gu(az‘) + %d(x)) dx

4 1 !
= —fut+=fa with [y, = ru(zx)de
9 9 0
1
n 1 4 . .
Fy(z)dx = §fu + §fd (assume isospin symmetry)

0 neutron 050 [T
fu and fy are the fractions of the proton or neutron om0 Veroa
momenta carried by the up or down quarks F oz | ;ﬂ?ﬁf".‘?w

1 0.25 |- ’;”W. | .
F‘p 1 n 0.20 ??:"“‘. .
Exp.: o(x)dr ~ 0.18 and Fy(z)dr =~ 0.12 o= % 1
0 0 0:05 - ) 2":“‘.3,;,& .
ol v Mt
= fl/t — 036 and fd — 018 | 0 0.2 o.4x 06 08 10

In the proton up-quark carry twice as much momentum as down-quarks \/

What about colour ?

Where are 50% of the proton momentum /

O8
<N
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Discovering Colour

Rate for efe"—hadrons

e
M(ete” = ptp™) = M(eTe” —qq) =
2 €4 1ot Yty (0~ Ay
Z—Q[U(6+)”}/MU(€_)][U(,LL+)”7MU(/L_)] 5 (e )Y ule™)][v(g)v u(qg))
» Ignoring differences in the phase space,
Lo 9 CM energy available R with
B o(e f — ha:i_rons) _ N e_g [GeV] quark pairs | Nc =3
(7(6 c — U pu ) € 1 <As<3 u,d,s 2

» R directly sensitive to N¢

. 4<s<9 u,d,s,c 10/3
» Number of available flavours depends on

s = g2, with \s > 2m, for a quark of flavour | +s>10 u,d,s,c,b | 11/3

g to be produced

-]
T+
n'®
-< N
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Discovering Colour

J. Beringer, et al.(Particle Data Group), Phys. Rev. D86, 10001 (20I2)

— \ T T ‘ \ \ \ I ‘ \ \ \ \ T T ‘ —
: Y ¢ i
10°1 7| [(28) (I
— /A “ =
10 ° = ,': \“\ =
E w ¢ I' ‘\‘:‘\ E
R : l j/ \ :
10 ? ‘)“ : , M \\h;
; s" \ l ‘ TP L st i Pttt .
AL V. S A f 5
=/ 2 10/3 11/3 -
- a-* p -
T | | | ]
Ll | I O | I | I
10 2
1 10 10
\/g [GGV}

» Compendium of many measurements from e*e™ colliders
» Consistent with N¢=3
» Resonances at quark production thresholds: qg-bound states

» At Vs > 100 GeV contributions from Z-exchange

9.

| DESY |
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More Evidence

Also 1’ — 2y is sensitive to number of colours N¢

A AYAYaY ’Y
U
i | Every quark colour
> u . .
" contributes in the loop
[
Y
2 9 3 2
N, a“m N,
[0 —29) = | =2 =776 () eV
3 647 f = 3

S 131 -1 0.500 o
2 chiral . A
. T 12 ———— Anomaly —0.542 T
Experimentally, average of several TE S

measurements: = Eha

[(n® — 2y)=7.74+£0.37 eV i3 1

9 0723

a:_L______T___I______I_______+; 0.813

— - . t ’
= NC 299 T 011 70 T ' I —0.929
5: I | I I I | I | :1084

A. Bernstein,A.Holstein, arXiv:1112.4809 (2011)

9.
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Constructing the QCD Lagrangian

Instead of SU(3)fiavour We use SU(3)colour, theory must be invariant under
gauge transformations in colour space

Theory is fully determined by the Lagrangian

S = /dtL — /dtd%z — /d%ﬁ(gb, 0,6) = |0, (a(gf¢)> = g—g

Euler-Lagrange equations: lead to equations of motion

Quark fields: three colours ¥, = | s

V3

Construct the Lagrangian analogous to QED:

Free Lagrangian: L, = 1/ [im@” — m}@b

O8
<N
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Constructing the QCD Lagrangian

Require invariance under SU(3). gauge transformations:

W) — Y(x) = U(a)
With U =exp | ig Z Ha(:z;)% and Gu(x) a real functionand a = 1,..,8

Eight generators 7, = 4./ 2 of SU(3), with the Gell-Mann matrices

Lie algebra:
(0 1 0) (0 —i 0) (1 0 0) 5
tr{\.} =0
>\1: 1 0 O 7)\2: Z O O 9 )\3: 0_1 O 9
= 2
>0 0 o< >o 0 0< >0 00 tr{ s Ap} = 2 dap
>\a7/\ = 21 ac/\c
0 0 1 0 0 —i 00 0) s o] =20 o
M=10 0 O0]l,., =100 0], =10 0 11, structure constants:
>1oo< \z'oo) \010) fia3 =1
0O 0 O /1 0 O\ Jiar = — f156 = Joas = Jos7 =
Ar=10 0 — ’)\8:% 01 0 :f345:_f367:%
UK o) \ 0 0—2) 3
Jass = fers = 5
‘.F", Roman Kogler 31 QCD




Constructing the QCD Lagrangian

Lagrangian has to stay invariant under transformations

Infinitessimal gauge transformation:
U=exp| ig Z O.(x)ty| =1+ ig Z 0.(x)t,
Ja( ) = wa( ) +ig Z Hb(x)tb@ba(x)

Derivative of the transformed field:

0’“‘1;@(:1;) = 0", (x) + ngthb )OH ), (x ngtb (010 (x

transforms differently than the field = £y is not gauge-lnvarlant
Solution: Introduction of eight gauge fi f'eIdS° Aa(x)

Gauge transformation A* = UA*U " + - (8“U)U_
g

Al(z) = Ali(x) +1ig Y faneOy(x) AL (x) — 804 ()

Ya ()

Roman Kogler 32 QCD




Constructing the QCD Lagrangian

Similarly to QED construct the covariant derivative

DH = o# —l-ngA““

Gauge invariance given b D“wa — 8%&@ + 19 A“ tbwa
g g y

We find that D,uwa = D,uwa + Zgz 9 taD'uwa =U (D“¢a)

= the derivative transforms S|m|Iar to the quark fields

We arrive at the Lagrangian £ = ¢ (iv*D, — m ;)¢ — lF“ Fr

4
with F* =0t A7 — 0" AL
BUT this Lagrangian is again not invariant under SU(3).!

Reason: transformation of field strength tensor

Ab(z) = Ab(2) + 19 Y fabely(x) AL (2) — 0"04(2)

-
N
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Constructing the QCD Lagrangian

Add an additional term: Al
Gl = AL~ 0" A+ 9 ) func Ay A

And finally we have the full Lagrangian of QCD % Yor

oA 1 a v
L= wa(z,-yﬂpu - mf)wf - ZGW/GZ
f

Gauge invariance lead to

» introduction of 8 gluon fields: {3} x {3} =8 ® 1 possible fields, but
only the octet fields carry colour

» gluons are massless, since a termmy Al A would violate gauge
Invariance

» same coupling strength g for quark-gluon and gluon-gluon interaction

» renormalisability - a non-Abelian gauge theory is renormalisable if it is
gauge invariant (t'Hooft)

-
N
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The Missing Piece: Gluons

Decay of the Y(9.46) b
If gluons existed, the primary decay would be % ;
through three gluons )

b

Decay width (from DORIS):
(T — ggg — hadrons)  (10m* — 90)

3
s ~ 34 (the) 05 -

['(T —ete™) B 81%63042 T . ; i}
[(Y — ggg — hadrons) 39T, . b o L e
(T — ete) 1.29 + 0.14 -

o
w
I

Event shape: Sphericity

AVERAGE SPHERICITY
o
~N

33 P2
S = 2 o< S<1 |
QZPE 0.1_—

| W S

4%//%%5—0 S=1 S e RN e
W (Gev)
P. Soding, G.Wolf, Ann.Rev.Nucl.Part.Sci.31,231 (1981)

-]
T+
n'®
-< N
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The Missing Piece: Gluons

Three-Jet Events in ee~

Radiation of a gluon leads to 3-jet

structure
et g
e \ q T T T T
(b)
10 | -
First observed at PETRA (higher CMS % 274 +30+316Gev
446 EVENTS
energy than at DORIS)
| —
OblateneSS: 0 — Fmajor — Fminor 318 \\\
_Iz NS
. . Y QQG
O is small for 2-jet events and becomes Ol I~ (Py> =425 Mev A, :
N
larger for 3-jet events, proportional to the <P =328 MV Do
Pr of the radiated gluon o a 02 03 o4
D. P. Barber (Mark-]), Phys.Lett.B89, 139(1979)
9. UH
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Summary of Part |

We saw that...

Quarks - 6 flavours, massive spin-1/2 particles v/
Gluons - massless spin | particles é

3 colours . 4

Hadrons: composite particles made of g
5 2 e
quarks and gluons v A

/\

.
.
.
.
.
-
)
.
F)
.
.
.
.
.
"
.
"
.
"
n
"
»
x
x
u
3
3
-
0
Q
Q
Q
Q
Q
Q
5 o
’ K
Q
Iy -
/ r Q
P *
P Q
p *
3 o
o
o*
.
-
.
.
*
.
d f d QC D “

Beautiful field theory with local gauge invariance, but can it explain

» quasi-free partons observed in DIS ?
» non-observation of free quarks and gluons ?

» formation of jets and production of hadrons in particle collisions ?

9.

| DESY |
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