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1 Introduction

Even thought QCD has been well understood at high energies, the low-energy descriptions
still have several problems, which are mainly resulting from the absence of a small expansion
parameter. It has been shown by ’t Hooft that in the large Nc limit of SU(Nc) gauge
theories one can use 1

Nc
as an expansion parameter. Those models (assuming the existence

of a confined phase) reduce to a weakly coupled phase of mesons and glue balls, which
decouple at leading order. One low-energy description of mesons is the non-linear σ-model.
Since this model just describes the lightest meson states and no baryons, Skyrme’s idea
was to extend it and introduce baryons as solitons1. Solitons are defined as classical static
solutions of the Euler-Lagrange equations with nontrivial topology and finite energy.

2 Non-linear σ-model of mesons

The elementary fields of the non-linear σ-model are the Nambu-Goldstone bosons asso-
ciated with the spontaneous breaking of chiral symmetry of QCD SU(2)R × SU(2)L →

1The solitons in the Skyrme model will be called Skyrmions
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SU(2)V . As we want to be as simple as possible we neglect the s-quark in our considera-
tions.

One of the simplifications of the SU(2)f is that the Wess-Zumino-Witten term vanishes.
This can be easily shown by taking

nΓ ∝ Tr(A∂µA∂νA∂ρA∂σA) (1)

and expressing the A in terms of SU(2)-generators A = aaτ
a. This leads to

nΓ ∝ εµνρσaa∂µab∂νac∂ρad∂σae Tr(τaτbτcτdτe) . (2)

As this term is completly anti-symmetric in the Lorentz indices, it must be also anti
symmetrical in the isospin variables b, c, d, e. Since there are only three independent gen-
erators of SU(2) this term must vanish.

Because of the symmetry it is convenient to parametrize the light mesons by an SU(2)-
matrix U(x)

U(x) = exp

[
i

fπ
τττ · πππ

]
, (3)

where τττ are the Pauli matrices, πππ the pion fields and fπ = Fπ
2

is the chiral radius.
The relation of U to the left current Lµ is given by

Lµ = U †∂µU . (4)

In terms of the field U(x) and respectively the left current Lµ the Lagrangian can be
expressed as

L =
f 2
π

4
Tr(∂µU∂

µU †) =
f 2
π

4
Tr(LµL

µ†) = −f
2
π

4
Tr(LµL

µ†) . (5)

A soliton configuration of U(x) can be regarded as a mapping: R3 → SU(2) ∼ S3. The
restriction to finite energy can be fullfilled by the condition

U(|x| → ∞) = 1 . (6)

Since at spatial infinity the field must approach the vacuum, the mapping is topolog-
ical equivalent to U(x) : S3 → S3, which is non-trivial under the third homotopy group
π3(S3) ∼ Z. The topology of the mapping is classified by an integer (winding) number

B :=

∫
d3xB0 , (7)
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where the B0 is the time component of a conserved topological current

Bµ :=
1

24π2
εµναβ Tr(LνLαLβ) . (8)

Skyrme proposed to identify the winding number as the baryon number and thus the
soliton as a baryon. In the simple non-linear σ-model this is impossible, because any static
field configuration of the Euler-Lagrange equations is unstable (Derrick’s theorem). This
can easily be proven by looking at the energy in D spatial dimensions

E =

∫
dDx

f 2
π

4
Tr(∂iU †∂iU) , (9)

which scales as

Eλ = λ2−DE . (10)

In D = 3 it is obvious that the most favorable configurations have zero energy and thus
making all possible solitons unstable against scale transformations.

3 The Skyrme Model

To avoid the collapse of the solitons Skyrme added a higher derivative term, which is called
Skyrme term

LS = −f
2
π

4
Tr(LµL

µ) +
1

32e2
Tr([Lµ, Lν ])

2 , (11)

where e is the Skyrme parameter.
Now take a look at the energy properties of the static solutions of the Skyrme Lan-

grangian. The Skyrme term is a quartic term in the current and will prevent the collapse.
The energy scaling of the Skyrme Lagrangian behaves as

EλS = E2λ
2−D + E4λ

4−D , (12)

which got a true minimum for D ≥ 3 since

dEλS
dλ

= 0⇒ E2

E4

=
−D + 4

D − 2
, (13)

d2EλS
dλ2

⇒ 2(D − 2)E2 > 0 . (14)
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In three dimensions obviously E2 = E4 holds. This also shows that the total energy of
the static solutions is bounded from below, which can be estimated by taking

E =

∫
dx

{
−f

2
π

4
Tr(L2

i )−
1

32e2
Tr([Li, Lj])

2

}
(15)

and applying the Cauchy-Schwartz inequality

E = −f
2
π

4

∫
dxTr(L2

i +
1

8f 2
πe

2
(
√

2εijkLjLk)
2) ≥ f 2

π

4

∫
dx

∣∣∣∣Tr

(
1

efπ
εijkLiLjLk

)∣∣∣∣ . (16)

This inequality expressed in the topological charge is given by

E ≥ 6π2

e
fπ|B| . (17)

This relation is often called the Bogomolny bound. The energy will always be larger
than this estimate because the fields that would reach the lower boundary (a self-dual
chiral field) Lsdi = (ε

√
2/fπ)εijkLjLk are not compatible with the Maurer Cartan equation

∂[µLν] + [Lµ, Lν ] = 0 , (18)

which follows from eq. (4).
Now that we have shown that there are finite energy solutions let us discuss the meaning

of the Skyrme term. Skyrme himself just introduced the term by hand to make the solitons
stable, but it can also be regarded as a higher-order correction to the effective chiral
description. In fact the Skyrme term can be related to a ρ − π − π-coupling. The non-
linear σ-model term is unique to order O(p2), but the Skyrme term is not unique to order
O(p4). It is just unique in the sense that it is the only order O(p4) term with a positive
Hamiltonian (and also in the sense of two time-derivatives).

In order to find Skyrmions we take the so called hedgehog (or sometimes Skyrme)
ansatz

U0(x) = exp(iF (r)τττ · x̂̂x̂x) , (19)

where the function F (r) has to satisfy the boundary condition that the winding number
equal to one can be identified with a baryon. With this ansatz baryon (winding) number
is given by

B =

∫
d3xB0 =

1

π
(F (0)− F (∞)) . (20)
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Figure 1: Numerically solution for F (r) in the hedgehog ansatz [2].

Since we know that (6) must hold one finds as boundary conditions for F

F (r = 0) = π , F (r →∞) = 0 . (21)

This leads to the following equation for the energy (basically its mass) of the skyrmion

M =

∫ ∞
0

(4πr2)

[
f 2
π

8

((
∂F

∂r

)2

+ 2
sin2 F

r2

)
+

1

2e2

sin2 F

r2

(
sin2 F

r2
+ 2

(
∂F

∂r

)2
)]

dr (22)

This mass term is often referred to as the hedgehog mass.
The variational equation from this integral is

(
rrr2

4
+ 2 sin2(F )

)
F ′′ +

rrr

2
F ′ + sin(2F )F ′2 − 1

4
sin(2F )− sin2(F ) sin(2F )

rrr2
= 0 , (23)

where the dimensionless variable rrr = εFπr has been introduced. This equation has to
be solved numerically. The shape of F (r) is relatively model-independent. One example is
shown in figure 1.
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It is important to notice that if U0 is a skyrmion solution also a constant SU(2) trans-
formation should be a solution

UA = AU0A
−1 , (24)

where A is an arbitrary constant SU(2)-matrix. A solution of an arbitrary A is not an
eigenstate of spin and isospin, therefor we have to treat A as a quantum mechanical variable.
The easiest way to accomplish that is to write the Lagrangian in terms of a time-dependent
A(t). This procedure allows to write a Hamiltonian which has to be diagonalized. The
eigenstates of proper spin and isospin will correspond to the nucleons and the delta-baryon.
With the the substitution U = A(t)U0A

−1(t) Adkins et al. [2] find

L = −M +


4π

6e3fπ

∫
rrr2 sin2(F )

[
1 + 4F ′2 +

4 sin2 F

rrr2

]
drrr︸ ︷︷ ︸

λ

Tr(∂0A∂0A
−1) (25)

From this Lagrangian one can now construct Hamiltonian and the wave functions of
the Skyrmions afterwards. Rather than doing the explicit steps we just give some aspects
of the final output. One finds for the masses of the baryons

MN = M +
3

8λ
' 36.5

Fπ
e

+ 0.0035Fπe
3, (26)

M∆ = M +
15

8λ
' 36.5

Fπ
e

+ 0.018Fπe
3 . (27)

The resulting masses for the baryons are plotted in figure (2).
There is one important feature concerning the spin statistics of the soliton wave func-

tions. The solutions UA = AU0A
−1 are invariant under the replacement A→ −A. Naively

one would expect that ψ(A) = ψ(−A) would be the correct way to quantize the field, but
in fact there are two consistent ways to quantize the soliton

ψ(A) = ψ(−A) or ψ(A) = −ψ(−A) . (28)

The first choice corresponds to a boson and the second one to a fermion. As we are
interested in a description of baryons we of course take the second choice.

In fact if one takes the strange quark into consideration(and thus extends the flavour
symmetry to SU(3)f ), one does not have a choice anymore. Witten has proven that in
that case the soliton can only be a fermion2 [3].

2In fact the spin statistics depends on the gauge group SU(N). Odd N leads to fermionic skyrmions,
while even N yields bosonic skyrmions.

6



4 5 6 7 8 9 10
e

1500

2000

2500

3000

3500

4000

MassHMeVL

Figure 2: Approximate nucleon and delta masses for different values of the Skyrme param-
eter.

3.1 properties and limitations of this model

The numerical results for Skyrmions of two different groups as well as experimental results
are shown table 1. As one can see some values are significantly off. In more complicated
models one can do a lot better. One of the problems of the SU(2)f -model is that the
Skyrme-Lagrangian is more symmetric than the QCD-Lagrangian. The Skyrme model is
invariant under the transformations

P0 : x↔ −x, t↔ t, U ↔ U, (29)

J : x↔ x, t↔ t, U ↔ U−1 . (30)

QCD does not respect both symmetries separately but only the combination of both.
A solution would be to take a SU(3)f -symmetry, because with this flavour symmetry the
Wess-Zumino-Witten term does not vanish and the additional symmetry is lost.

Another problem of the chosen Lagrangian is that it oversimplifies the interactions of
mesons and quarks. The complete reduction to mesons is only true in the large N limit
and therefor one has to expect large corrections of order 1/Nc ' 30%3.

A more modern study of the skyrmion parameters including corrections from Nc = 3,
SU(3)f , ... yields much better results as shown in table 2.

3Witten claims the expansion parameter contains another factor 1
4π , which would reduce this factor.
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Table 1: Table with numerical results for (simple) skyrmion models [5]

Physical parameter Skyrme Model experimental value
MN 946 MeV 939 MeV
µI=1 2.24 2.35
r2
E,I=0 0.51 fm2 0.62 fm2

r2
M,I=0 0.64 fm2 0.73 fm2

gA 0.66 1.26

Table 2: Comparison of the results from [7] with experiment
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4 Skyrmions in composite Higgs models

Skyrmions may appear not only appear in low-energy QCD, but in many other models
which can be described by a non-linear σ-model. The presently most discussed class of
those models are the composite Higgs models.

The question is if and in which cases one can write down an analogue of the Skyrme
term and also find stable particles.

If these models contain skyrmions depends on the third homotopy group of the mapping
H → G, where G, (H) are the (un-)broken symmetry groups. If it is non-trivial, the model
contains skyrmions. It can be shown that there are several models which satisfy this
condition ((SU(N)×SU(N))→ SU(N), (SO(N)×SO(N))→ SO(N), SU(N)→ SO(N))
while others do not (SU(N)→ SU(N − 1), SO(N)→ SO(N − 1), SU(2N)→ Sp(2N)).

Since there are very many free parameters in the composite Higgs models it is not
possible to make general statements about skyrmions. In order to be able to make general
statements we restrict to the class of QCD-like models SU(N)×SU(N)→ SU(N) with a
gauge group SU(Nc). As mentioned before the spin statistics is entirely determined by the
integer Nc. From this behaviour one also can estimate the masses of the lightest skyrmion
excitations. For fermions the same formula as for QCD is valid for any 2 ≤ Nc+1

2
∈ N.

For bosons the story is even simpler: The lightest mass just equals the hedgehog mass.
The reason for this universality is that the lowest energy skyrmions always live in SU(2)
subsets.

One important check is the charge of the lightest skyrmion. Models with charged
skyrmions are are in conflict with cosmology ! If one checks the charge it turns out that it
is given by the number of colors and the hypercharge of the fermion doublet

q = y0Nc , (31)

but for fermionic skyrmions there is an additional contribution from the Wess-Zumino-
Witten term. This results in the following restriction on the hypercharge of the fermion
doublet

bosons : q = y0Nc → y0 = 0 , (32)

fermions : q = y0Nc ±
1

2
→ y0 = ± 1

2Nc

. (33)

From this equation one can see that the skyrmion charges really does coincide with the
ones of the nucleons.

4.1 Skyrmions as dark matter candidate

As we have seen there are several different composite Higgs models that naturally yield
skyrmions. The question is if those can be viable dark matter candidates. First of all
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one has to address the question of stability. On classical level these field configurations
are exactly stable, but quantizing these leads to a different result due to the coupling to
the gauge fields. This instability originates in instanton effects, where the winding of the
Higgs field is transferred into a winding of the gauge field . This mechanism leads to an
approximate lifetime of the Skyrmion of order

τsky =
1

Γsky
∼ e16π2/g2

M0

� τuniverse . (34)

The next thing one has to check is if one can arrive at the correct relic abundance. As
shown in [6] this is possible for a big parameter space (10 . e . 100). Actually all models
with smaller values of the Skyrme parameter are also viable from the cosmological point of
view, just the origin of dark matter has to be a different one. Models with a higher value
for e are somehow excluded, since the skyrmions mass would be too light and thus they
would be overproduced in the early universe.

5 Conclusions

• We have seen that in the non-linear σ-models there exist soliton solutions, which can
be stabilized by the introduction of a higher derivative term e.g. the Skyrme term.

• The stability of the skyrmions arise from the conservation of the topological winding
number, which can be identified with the baryon number.

• Also in other models represented by a non-linear σ-model it is possible to find
skyrmion solutions. We briefly discussed some of the properties of skyrmions in
composite Higgsa models.

• In those models we have shown that for a large parameter space it is possible to
explain the observed dark matter content of the universe as skyrmions.
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