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Motivation

Time consuming/costly analyses (some examples):

PDF (uncertainty) studies

b-PDF fits

scale uncertainties

analysis with respect to variation of e.g. top mass or other input
parameters

⇒need for fast evaluation of cross sections!

One possible tool: HATHOR (for inclusive hadronic cross sections)

fast by construction (only convolution with PDFs left to do)

easy to use (specialized for the task, graphical interface, ...)

aim for new release: extension by inclusive single top cross section up
to approximate NNLO accuracy
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The Program HATHOR

What is HATHOR?

HAdronic Top and Heavy quarks crOss section
calculatoR

so far able to calculate inclusive hadronic
tt̄-production cross section very fast up to NNLO
[M. Aliev et al, Comput.Phys.Commun.182:
1034-1046,2011]

separate variations of the factorization and
renormalization scales and other parameters

evaluation with different PDF-sets easy and fast

possibility to obtain the cross section as a
function of the running top-quark mass Meyers Konversationslexikon

(1885–90)
[copyrights expired]
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The Program HATHOR

How does HATHOR work?

structure of inclusive hadronic cross sections

σhad =
∑
i,j

∫
dx1dx2Fi/H1

(x1, µf )Fj/H2
(x2, µf )σ̂ij(ŝ ≡ x1x2shad ;µf )

structure of inclusive partonic cross section (example: leading order)

σ̂ij
LO(ŝ) =

∫
dΦndσ

ij
LO = 1

2̂s

∫
dΦn(ŝ → p1, ..., pn) |MLO(i , j → 1, ..., n)|2

phase space integration can be done once and for all
⇒ inclusive partonic cross section as a function of ŝ

only convolution with PDFs left to do
⇒ inclusive hadronic cross section

also obtain dependence on other parameters (top mass, couplings,...)
⇒ fast analysis with respect to variations of these parameters

however: restricted to total cross section
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Single Top Production (in HATHOR)

Theoretical home position

Single top production (leading order processes)

expansion up to NNLO accuracy (s,t: k = 0, Wt: k = 1)

σ̂ij (ŝ;αs(µR), µf ) = αs(µR)k σ̂ij
LO(ŝ)+αs(µR)k+1 σ̂ij

NLO(ŝ;µR , µf )+αs(µR)k+2 σ̂ij
NNLO(ŝ;µR , µf )

NLO calculation known and documented in literature
[e.g. Phys.Rev. D66 (2002) 054024] as well as implemented in public
code [e.g. MCFM] but no analytic result for σ̂ijNLO available
NNLO approximate predictions at NNLL (next-to-next-to-leading
logarithm) accuracy given in literature
[Phys. Rev. D 83, 091503]
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Single Top Production (in HATHOR)

How to calculate σ̂ij
NLO : a closer look

”NLO = (virtual) + (real) + (factorization of initial state singularities)︸ ︷︷ ︸
KLN-theorem ⇒ finite

”

αs(µR)k+1 σ̂ij
NLO =

∫
dΦn

dσij
V

dΦn︸ ︷︷ ︸
IR div.

+

∫
dΦn+1

dσij
R

dΦn+1︸ ︷︷ ︸
IR div.

+

∫
dx dΦn

dσij
fac,x

dΦn︸ ︷︷ ︸
IR div.

Catani-
=

Seymour

∫
dΦn

[
dσij

V

dΦn
+

∫
dΦ1

dσij
A

dΦn+1

]
︸ ︷︷ ︸

finite

+

∫
dΦn+1

[
dσij

R

dΦn+1
−

dσij
A

dΦn+1

]
︸ ︷︷ ︸

finite but time consuming

+

∫
dΦn

dσij
C

dΦn︸ ︷︷ ︸
finite

partonic phase space integrations time consuming
⇒ do once for fixed values of ŝ and tabulate

3 different approaches: calculation from scratch (s- and t-channel),
pseudo-PDFs with MCFM, ”adjustment” of MCFM
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Single Top Production (in HATHOR)

1) Pseudo-PDFs (universally applicable)
[ see also FastNLO for a somewhat similar approach]

σhad =
∑
i ,j

∫
dx1dx2Fi (x1, µf )Fj(x2, µf )σ̂ij(ŝ ≡ x1x2shad ;µf )

run MCFM with normalized, narrow Gaussian distributions

Fi (x , µ0) = 1√
2πδ

exp
(
− (x−x0)2

2δ2

)
as PDFs to extract

σhad(s;µ0, µ0)
∣∣∣
pseudo-PDFs

= σ̂ij(x2
0 s;µ0, µ0) +O(δ2)

Self-consistency check: use different values for δ
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Single Top Production (in HATHOR)

2) Hack MCFM (method used in the HATHOR single top extension)

σhad =
∑
i ,j

∫
dx1dx2Fi (x1, µf )Fj(x2, µf )σ̂ij(ŝ ≡ x1x2shad ;µf )

study internal structure of MCFM and identify partonic cross sections

remove integration over PDFs and restrict numerical integration to
the phase space and convolution integrals

3) Do the math (at least for s- and t-channel)

implement analytic form of σ̂ijNLO from building blocks given in
literature

⇒ Results from the three methods agree within less than 1h X
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Single Top Production (in HATHOR)

determination of σ̂ijNLO for a grid of ŝ and mt (µR = µf = mt fixed)

interpolation ⇒ σ̂ijNLO(ŝ,mt)

σ̂ijNLO vs.
√
ŝ for mt = 172.5 GeV (t-channel, u : up-type, b : down-type)
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Single Top Production (in HATHOR)

Now we are able to evaluate:

σNLOhad = αs(µR)k+1
∑
i ,j

∫
dx1dx2Fi (x1, µf )Fj(x2, µf )σ̂ijNLO(ŝ;µR , µf )

for µR = µf = mt fixed!

What about evaluation at arbitrary scales?

need scale dependence of σ̂ijNLO(ŝ;µR , µf )!

Use scale independence of σhad :

dσNLO
had

d ln(µR)
=

dσNLOhad

d ln(µf )
= O(αk+2

s )

dσNNLO
had

d ln(µR)
=

dσNNLOhad

d ln(µf )
= O(αk+3

s )
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Single Top Production (in HATHOR)

σhad =
∑
i ,j

∫
dx1dx2Fi (x1, µf )Fj(x2, µf )σ̂ij(ŝ;µf ) =

∑
ij
Fi ⊗ Fj ⊗ σ̂ij

[
(f ⊗ g)(x) :=

∫
dy
∫
dz f (y)g(z)δ(x − yz)

]
⇒ scale dependence for a given order of σ̂ij can be restored from:

DGLAP evolution equation of the PDFs Fi : Pij : Altarelli-Parisi splitting kernels

dFi (x ,µ)
d ln(µ2)

= αs(µ)
2π

∑
j
Pij ⊗ Fi (x , µ) (µ = µf = µR)

and the renormalization group equation (QCD beta function):

1
2π

dαs(µR)
d ln(µ2

R)
= −β(αs

2π ) = − α2
s

4π2 (β0 + αs
2πβ1 + ...)

which allows to deduce:

αs(µf ) = αs(µR)
(

1 + β0 ln(
µ2
R

µ2
f

)αs(µR)
2π + [β1 ln(

µ2
R

µ2
f

) + β2
0 ln2(

µ2
R

µ2
f

)]α
2
s (µR)
4π2

)
+...

so that µf and µR can be varied independently

T. Martini (PEP – HU Berlin) Helmholtz Alliance, KA 13 11 / 19



Single Top Production (in HATHOR)

scale dependence up to NNLO (αk+2
s ):

σ̂ijLO(ŝ) = f
(0)
ij ,

σ̂ijNLO(ŝ;µR , µf ) = f
(10)
ij + ln(

µ2
f

m2
t
)f

(11)
ij + kβ0ln(

µ2
R

µ2
f

)f
(0)
ij ,

σ̂ijNNLO(ŝ;µR , µf ) = f
(20)
ij + ln(

µ2
f

m2
t
)f

(21)
ij + ln2(

µ2
f

m2
t
)f

(22)
ij + kβ1ln(

µ2
R

µ2
f

)f
(0)
ij

+(k + 1)β0ln(
µ2
R

µ2
f

)
(
f

(10)
ij + ln(

µ2
f

m2
t
)f

(11)
ij

)
+ k(k+1)

2 β2
0 ln2(

µ2
R

µ2
f

)f
(0)
ij

with the scale independent functions

f
(11)
ij = −

∑
m

(
P

(0)
mi ⊗ f

(0)
mj + P

(0)
mj ⊗ f

(0)
im

)
+ kβ0f

(0)
ij , m ∈ {q, q̄, g}

f
(21)
ij = −

∑
m

(
P

(1)
mi ⊗ f

(0)
mj + P

(1)
mj ⊗ f

(0)
im

)
+ kβ1f

(0)
ij

−
∑
m

(
P

(0)
mi ⊗ f

(10)
mj + P

(0)
mj ⊗ f

(10)
im

)
+ (k + 1)β0f

(10)
ij ,

2f
(22)
ij = −

∑
m

(
P

(0)
mi ⊗ f

(11)
mj + P

(0)
mj ⊗ f

(11)
im

)
+ (k + 1)β0f

(11)
ij

⇒ Scale dependence constructed from lower order building blocks!
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Single Top Production (in HATHOR)

separate variation of µf and µR :

e.g. σhad up to NLO accuracy
estimated scale uncertainty:
mt/2 < µ = µR = µf < 2mt
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Single Top Production (in HATHOR)

Validation HATHOR/MCFM @
√
s = 14 TeV

uncertainty bands indicate statistical integration error of MCFM
accuracy mostly better than 0.5h
HATHOR computation time: ≈ 1 hour
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Single Top Production (in HATHOR)

Changeable and fixed parameters for single top production in HATHOR
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Numerical Results

Mass dependence of different top quark production cross sections
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Numerical Results
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uncertainty bands
include uncertainties
from PDF fits as well as
αs dependence

time
consuming/expensive
analysis: ≈ 100
error-PDFs
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Numerical Results

Hadronic cross section for t-channel production vs. hadronic cms-energy
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uncertainty bands indicate full scale uncertainty for NLO
HATHOR computation time on standard 2.4 GHz Xeon CPU: ≈ 35 min
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Conclusion

Conclusion

HATHOR for single top/anti-top production (s-, t- and Wt-channel):

NLO corrections to inclusive cross section (consistent with MCFM within 1h)

possible variation of

cms-energy
factorization and renormalization scale
couplings (αs , α, sin θW )
PDFs
top mass
CKM matrix

scale dependence up to NNLO

Outlook: inclusion of approximate NNLO corrections
Future goal: inclusion of NNLO corrections when available

Thanks to our colleagues from Wuppertal, in particular Wolfgang Wagner and Dominik
Hirschbühl for constructive feedback on preliminary versions of the HATHOR program
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backup slide I

cut on transverse momentum of b-quark from top-decay in Wt-production
at NLO necessary to suppresses the contribution from tt̄-production (e.g.
[JHEP 0911 (2009) 074])

Wt LO:

Wt NLO:
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