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IntroductionIntroduction
We'll describe the inclusive scattering reaction

h1(p1) + h2(p2)  F({qi}) + X→

with a final colourless state F(M2,q
T
,y): such as lepton pairs 

(produced by DY mechanism (DY) ), γγ,  vector bosons, Higgs 
boson(s), and so forth.
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IntroductionIntroduction
We'll describe the inclusive scattering reaction

h1(p1) + h2(p2)  F({qi}) + X→

As is well known, in the small-q
T
 region (q

T
 << M) the 

convergence of the fixed order perturbative expansion in powers 
of the QCD coupling α

s 
is spoiled by the presence of large 

logarithmic terms of the type Lnn[M2/q
T
2

 
]. And it is known that 

the predictivity of perturbative QCD can be recovered through the 
summation of these logarithmically-enhanced contributions to all 
order in α

s
.

If  F(M2,q
T
,y) is colourless the large contributions can be 

sistematically resummed to all orders, and the structure of the 
resummed calculation can be organized in a process-independent 
form

Dokshitzer, Diakonov, Troian. (1978)
Parisi, Petronzio (1979)
Curci, Greco, Srivastava (1979)
Collins, Soper (1981)

Kodaira, Trentadue  (1982)
Collins, Soper, Sterman (1985)
Catani, D'Emilio, Trentradue (1988)
de Florian, Grazzini (2000)
Catani, de Florian, Grazzini (2001)
Catani, Grazzini (2011)
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IntroductionIntroduction
Sketchy form of resummation formula

d σ

dqT
∼σF

(0 )x HF (“Log terms”)

Born level
All-order hard 

factor

all-order process 
independent factor

Process dependent

Closely related formulations based on transverse-momentum 
dependent distributions (roughly speaking, they enconde the “log 
terms”)

Mantry, Petriello (2010)
Becher, Neubert (2011)

Echevarria, Idilbi, Scimemi (2012)
Collins, Rogers (2013)
Echevarria, Idilbi, Scimemi (2013)
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MotivationMotivation
The Hard factors The Hard factors HH

cc
(n)F(n)F::

Are a necessary ingredient of the transverse momentum q
T
 

subtraction formalism to perform fully-exclusive perturbative 

calculations at full next-to-next-to-leading-order (NNLO) 
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MotivationMotivation

The q
T 
subtraction formalism has been applied to the NNLO 

computation of Higgs boson and vector boson production, 
associated production of the Higgs boson with a W boson, 

diphoton production, ZZ, Wγ, Zγ production

The Hard factors The Hard factors HH
cc
(n)F(n)F::

Are a necessary ingredient of the transverse momentum q
T
 

subtraction formalism to perform fully-exclusive perturbative 

calculations at full next-to-next-to-leading-order (NNLO) 

Zγ:Grazzini, Kallweit, Rathlev, Torre.  (2013)
γγ:Catani, LC, de Florian, Ferrera, Grazzini. (2012)
WH:Ferrera, Grazzini, Tramontano. (2011)
DY:Catani, LC, Ferrera, de Florian, Grazzini, (2009)
Higgs:Catani, Grazzini. (2007)

[See Grazzini's talk]
[See Ferrera's talk]
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MotivationMotivation

Control NNLO contributions in resummed calculations at full next-

to-next-to-leading logarithmic accuracy (NNLL)

The Hard factors The Hard factors HH
cc
(n)F(n)F::

Are a necessary ingredient of the transverse momentum q
T
 

subtraction formalism to perform fully-exclusive perturbative 

calculations at full next-to-next-to-leading-order (NNLO) 

This permits direct applications to NNLL+NNLO resummed 
calculations for colourless final states. As already was done for the 
cases of SM Higgs boson, Drell-Yan (DY) production, and Higgs 

boson production via bottom quark annihilation

Bozzi, Catani, de Florian, Grazzini  (2006)
de Florian, Ferrera, Grazzini, Tommasini (2011)
Wang, C. Li, Z. Li, Yuan, H. Li. (2012) Bozzi, Catani, Ferrera, de Florian, Grazzini (2011)

Guzzi, Nadolsky, Wang. (2013)
Harlander, Tripathi, Wiesemann (2014)

[See Tripathi's talk]
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MotivationMotivation

Control NNLO contributions in resummed calculations at full next-

to-next-to-leading logarithmic accuracy (NNLL)

The Hard factors The Hard factors HH
cc
(n)F(n)F::

Are a necessary ingredient of the transverse momentum q
T
 

subtraction formalism to perform fully-exclusive perturbative 

calculations at full next-to-next-to-leading-order (NNLO) 

Explicitly determine part of logarithmic terms at N3LL accuracy
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MotivationMotivation

Control NNLO contributions in resummed calculations at full next-

to-next-to-leading logarithmic accuracy (NNLL)

The Hard factors The Hard factors HH
cc
(n)F(n)F::

Are a necessary ingredient of the transverse momentum q
T
 

subtraction formalism to perform fully-exclusive perturbative 

calculations at full next-to-next-to-leading-order (NNLO) 

The knowledge of the NNLO hard-virtual term completes the 
q

T
 resummation formalism in explicit form up to full 

NNLL+NNLO accuracy
and

it is a necessary ingredient for resummation at N3LL accuracy

Explicitly determine part of logarithmic terms at N3LL accuracy
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Small-qT resummationSmall-qT resummation

The all-order process-independent form of the resummed calculation 
has a factorized structure, whose resummation factors are the (quark 
and gluon) Sudakov form factor, process-independent collinear factors 
and a process-dependent hard or, more precisely, hard-virtual factor. 

If  F(M2,q
T
,y) is colourless, the LO cross section is controlled by the 

partonic subprocess of quark-antiquark annihilation, and (or) gluon 
fusion. 

Collins, Soper, Sterman (1985) Catani, de Florian, Grazzini (2001) Catani, Grazzini (2011)
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Collins, Soper, Sterman (1985)

Small-qT resummationSmall-qT resummation
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Small-qT resummationSmall-qT resummation
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A(1)
c 
,B(1)

c 
,A(2)

c 
:

B(2)
c 
:

A(3)
c 
:

Kodaira, Trentadue  (1982); Catani, D'Emilio, Trentradue (1988) 

Davies, Stirling (1984); Davies, Webber, Stirling (1985); de Florian, Grazzini (2000) 

Becher, Neubert (2011)

Small-qT resummationSmall-qT resummation
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Catani, de Florian, Grazzini (2001)
different scales

Small-qT resummationSmall-qT resummation

Process 
dependent

Universal
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Small-qT resummationSmall-qT resummation
Process initiated at the Born level by the gluon fusion channel

The physics of the small-qT cross section has a richer structure which is the 
consequence of collinear correlations that are produced by the evolution of the colliding 
hadrons into gluon partonic states. Catani, Grazzini (2011)

Collinear radiation 
from the colliding 
gluons leads to 

spin and azimuthal 
correlations

Depends on spins 
of the colliding 

gluons

The small-qT cross 
section depends on φ(qT) 

plus a contribution in 
function of cos[2 φ(qT)], 

sin[ 2φ(qT) ], cos[4φ(qT) ] 
and sin[4 φ(qT) ]
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These relations imply: the resummation factors C
qaqa

,,
  
SS

c c 
,,
  
HHF   F   are not 

separately defined (and, thus, computable) in an unambiguous way. 
Equivalently, each of these separate factors can be precisely defined only by 
specifying a resummation schemeresummation scheme.

The hard scheme : the C(n)
abab 

coefficients do not contain any δ(1-z) 
term

This implies that all the process-dependent virtual corrections to the 
Born level subprocess are embodied in the resummation coefficient HF

cc 

Catani, de Florian, Grazzini (2001)

Small-qT resummationSmall-qT resummation
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Process-independent coefficientsProcess-independent coefficients
(hard scheme)

Davies, Stirling (1984); 
Davies, Webber, Stirling (1985); 
de Florian, Grazzini (2000);
Kauffman (1992);
Yuan (1992)
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Process-independent coefficientsProcess-independent coefficients
(hard scheme)

Catani, Grazzini (2007); Catani, Grazzini (2012)

Catani, LC, de Florian, Ferrera, Grazzini (2009); Catani, LC, de Florian, Ferrera, Grazzini (2012)

Catani, LC, de Florian, Ferrera, Grazzini (2009); Catani, LC, de Florian, Ferrera, Grazzini (2012)
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Hard virtual coefficientsHard virtual coefficients

We consider the partonic elastic-production process

In the hard scheme, this coefficient contains all the information on the 
process-dependent virtual corrections

The renormalized all-loop amplitude has the perturbative (loop) expansion:
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In the hard scheme, this coefficient contains all the information on the 
process-dependent virtual corrections

Then:

All the remaining contributions to  HH
cc
FF  are:

The structure of the hard-virtual termThe structure of the hard-virtual term

factorized

universal (process independent)

Introduce  auxiliary  hard-virtual amplitude  M  and subtraction operator  I
c
:
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The structure of the hard-virtual termThe structure of the hard-virtual term
The subtraction operartor (1- I

c
 )

contains IR divergences (ε-poles) + IR finite terms

originates from universal soft-collinear factorization formulae of 
scattering amplitudes

In the hard scheme

Collinear terms Collinear terms : only ε-poles from collinear counterterm of PDF 
(virtual part of AP splitting functions)

Soft termsSoft terms : both ε-poles and IR finite part

simply proportional to C
c

C
F

C
A

[up to O(α3
S
)]

a single UNIVERSAL 
COEFFICIENT at 
each perturbative 

order δ
qT

, δ(1)

qT

ε poles known from their 
universality  
Catani (1998)
Dixon, Magnea, Sterman (2008)
Becher, Neubert (2009)

Catani, Grazzini (2000); Bern, Del Duca, Kilgore, Shmidt (1999); 
Catani, Grazzini (2000), Campbell, Glover (1998), 
Kosower,Uwer (1999)
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Hard virtual coefficientsHard virtual coefficients
In the hard scheme, this coefficient contains all the information on the 

process-dependent virtual corrections

The (IR divergent and finite) terms are removed from M
cc->F 

originate from 

real emission contributions to the cross section, with the IR subtraction 
operators I(n)

c

At the first order in α
s 
:
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Hard virtual coefficientsHard virtual coefficients
In the hard scheme, this coefficient contains all the information on the 

process-dependent virtual corrections

The (IR divergent and finite) terms are removed from M
cc->F 

originate from 

real emission contributions to the cross section, with the IR subtraction 
operators I(n)

c

It has the perturbative (loop): expansion:
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Hard virtual coefficientsHard virtual coefficients
In the hard scheme, this coefficient contains all the information on the 

process-dependent virtual corrections

At the second order in α
s 
:
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Hard virtual coefficientsHard virtual coefficients
In the hard scheme, this coefficient contains all the information on the 

process-dependent virtual corrections

At the second order in α
s 
:
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Hard virtual coefficientsHard virtual coefficients
In the hard scheme, this coefficient contains all the information on the 

process-dependent virtual corrections

At the second order in α
s 
:
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Soft UNIVERSAL coefficientsSoft UNIVERSAL coefficients
The explicit determination of δ(1)

qT
 requires a detailed calculation

 Such a calculation can be explicitly performed in a general process-independent 
form. (which is based on NNLO soft/collinear factorization formulae)

 extending the analysis in: [de Florian, Grazzini (2001)]

Alternatively, we can exploit our proof of the universality of δ(1)

qT
 and, therefore, we can 

determine the value of δ(1)

qT
from the NNLO calculation of a single specific process. (We 

have followed this approach)
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Soft UNIVERSAL coefficientsSoft UNIVERSAL coefficients
The explicit determination of δ(1)

qT
 requires a detailed calculation

 Such a calculation can be explicitly performed in a general process-independent 
form. (which is based on NNLO soft/collinear factorization formulae)

 extending the analysis in: [de Florian, Grazzini (2001)]

Alternatively, we can exploit our proof of the universality of δ(1)

qT
 and, therefore, we can 

determine the value of δ(1)

qT
from the NNLO calculation of a single specific process. (We 

have followed this approach)

Explicit value from 
the NNLO 

computation of the 
DY cross section at 
small values of q

T
.

[Catani, LC, de Florian, Ferrera, 
Grazzini (2009)]

The scattering 

amplitude M
qq->DY

 

for the DY process 
was computed long 

ago up to the
two-loop level

[Gonsalves(1983);Kramer
,Lampe(1987);Matsuura, 

van Neerven (1988); 
Matsuura, van der Marck, 

van Neerven (1989)]

 linearly depends on δ(1)

qT
 

In the case of the DY process
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Soft UNIVERSAL coefficientsSoft UNIVERSAL coefficients
The explicit determination of δ(1)

qT
 requires a detailed calculation

 Such a calculation can be explicitly performed in a general process-independent 
form. (which is based on NNLO soft/collinear factorization formulae)

 extending the analysis in: [de Florian, Grazzini (2001)]

Alternatively, we can exploit our proof of the universality of δ(1)

qT
 and, therefore, we can 

determine the value of δ(1)

qT
from the NNLO calculation of a single specific process. (We 

have followed this approach)

In the case of the  Higgs boson production

The same procedure can be applied to extract the value of  δ(1)

qT
 from Higgs boson 

production by gluon fusion. Because HH(2)

g 
is known  [Catani, Grazzini (2012)] and also 

the two-loops matrix elements  [Harlander (2000); Ravindran, Smith, van Neerven (2005)] 

Using these results, we confirm the value of δ(1)

qT
 that we have extracted from the 

DY process.  highly non-trivial check!

Since we are considering two processes that are controlled by the quark-antiquark 
annihilation channel and the gluon fusion channel (δ(1)

qT 
is instead independent of the 

specific channel).
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  Transverse momentum Transverse momentum 
dependent (TMD) factorizationdependent (TMD) factorization

Gehrmann, Lubbert, Yang (2012),(2014)

Similar results were obtained in a completely different approach to qT-
resummation, based on a different factorization into individual contributions

The building blocks of the resummed cross section can not be compared 
one-by-one between the two approaches

Both approaches must agree on the scheme-independent (“physical”) 
expression for the resummed cross section

they are scheme-dependent

In our case

In TMD
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  Transverse momentum Transverse momentum 
dependent (TMD) factorizationdependent (TMD) factorization

Gehrmann, Lubbert, Yang (2012),(2014)

Similar results were obtained in a completely different approach to qT-
resummation, based on a different factorization into individual contributions

The building blocks of the resummed cross section can not be compared 
one-by-one between the two approaches

Both approaches must agree on the scheme-independent (“physical”) 
expression for the resummed cross section

they are scheme-dependent

In our case

In TMD

These results provide a remarkable and fully independent 
check of our results in a completely different approach
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Results/examplesResults/examples
In the case of the DY process (production of a vector boson V=γ*,W±,Z, and the 
subsequent leptonic decay)

Catani, LC, Ferrera, de Florian, Grazzini, (2012)

In the case of the Higgs boson production (through the gluon fusion channel)

Catani, Grazzini, (2011)
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In the case of the diphoton production: Catani, LC, Ferrera, de Florian, Grazzini, (2013)

Catani, LC, Ferrera, de Florian, Grazzini, (2013)

The HH
qq

γγ(γγ(1)1) was known: Balazs, Berger, Mrenna, Yuan (1998)

Results/examplesResults/examples

v=-u/s=-u/M2
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In the case of the diphoton production: Catani, LC, Ferrera, de Florian, Grazzini, (2013)

Catani, LC, Ferrera, de Florian, Grazzini, (2013)

The HH
qq

γγ(γγ(1)1) was known: Balazs, Berger, Mrenna, Yuan (1998)

Results/examplesResults/examples

v=-u/s=-u/M2

Anastasiou, Glover , Tejeda-Yeomans (2002)
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In the case of                   : Harlander, Tripathi, Wiesemann (2014)

Results/examplesResults/examples
[See Tripathi's talk]

And also, the same universal formula was used in the following cases:

ZZ, Wγ, Zγ production at 
NNLO [See Massimiliano's talk]
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SummarySummary
We have shown that  HH

cc

FF is directly related in a universal way to the IR finite part 

of the all order virtual amplitude M
cc->F

Therefore, the all-order scattering amplitude M
cc->F

  is the sole process-

dependent information that is eventually required by the all-order resummation 
formula         

The relation between HH
cc

F F  and M
cc->F

 follows from an universal all-order 

factorization formula that originates from factorization properties of soft (and 
collinear)  parton radiation    

The presented results complete the qT subtraction formalism in explicit form up 
to full NNLL and NNLO accuracy.

The presented results constitute a necessary ingredient for resummation at N3LL 
accuracy
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Backup slidesBackup slides
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Universality and threshold resummationUniversality and threshold resummation
The total cross section for the production of the system F has the form
Sterman (1987); Catani, Trentadue (1989)

The Mellin transform of the partonic cross section is defined as:

and has an universal all-order structure

Sterman (1987); Catani, Trentadue (1989); Catani, de Florian, Grazzini, Nason (2003); 
Moch, Vermaseren, Vogt (2005)
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Universality and threshold resummationUniversality and threshold resummation
The total cross section for the production of the system F has the form:
Sterman (1987); Catani, Trentadue (1989)

Sterman (1987); Catani, Trentadue (1989); Catani, de Florian, Grazzini, Nason (2003); 
Moch, Vermaseren, Vogt (2005)

For n < 3:  A
cc

th th = = A
cc

For n = 3:  A
cc

th(3) th(3) = = A
cc

(3)(3)
Catani,Trentadue (1989); Catani,Webber (1989);

Moch, Vermaseren, Vogt (2004) and (2005)
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Universality and threshold resummationUniversality and threshold resummation
The total cross section for the production of the system F has the form:
Sterman (1987); Catani, Trentadue (1989)

Sterman (1987); Catani, Trentadue (1989); Catani, de Florian, Grazzini, Nason (2003); 
Moch, Vermaseren, Vogt (2005)

D
cc

(1) (1) = 0= 0

D
cc

(1) (1) ,D,D
cc

(2)(2) →  → Moch, Vogt (2005); Laenen, Magnea (2006)

Vogt (2001); Catani, de Florian, Grazzini (2001);
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Universality and threshold resummationUniversality and threshold resummation
The total cross section for the production of the system F has the form
Sterman (1987); Catani, Trentadue (1989)

Sterman (1987); Catani, Trentadue (1989); Catani, de Florian, Grazzini, Nason (2003); 
Moch, Vermaseren, Vogt (2005)
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Universality and threshold resummationUniversality and threshold resummation
We can write in a factorized form:

in the same way that we did in the case of the q
T
 resummation formalism

with the following replacements:

The close correspondence between HH
cc
FF and CCthth

cc->F cc->F 
can be expressed: 
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  Transverse momentum Transverse momentum 
dependent (TMD) factorizationdependent (TMD) factorization

Gehrmann, Lubbert, Yang (2012),(2014)

In our case

In TMD

 Catani, Grazzini (2012) in full agreement with the results in

 in full agreement with the results in Catani, LC, de Florian, Ferrera, Grazzini (2009);

gluon matching tensor

matching kernel
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  Transverse momentum Transverse momentum 
dependent (TMD) factorizationdependent (TMD) factorization

Gehrmann, Lubbert, Yang (2012),(2014)

In our case

In TMD

These results constitute a fully independent validation of 
them in a completely

different calculational approach

 Catani, Grazzini (2012) in full agreement with the results in

 in full agreement with the results in Catani, LC, de Florian, Ferrera, Grazzini (2009);
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