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A general tactic Symbolic Summation Methods to Solve Coupled Systems

A general tactic

Feynman integrals

1 non-trivial transformations (DESY)

multiple sums

J symbolic summation

compact expression in terms
of special functions
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Tactic 1: Expand and simplify
Tactic 1: Expand and simplify

N
GIVEN F(N) =Y (~1)fe~ 7 (~2 - %),X
k=1
f(N, k)
where —
B(a,b) = T(a 1)
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Tactic 1: Expand and simplify
Tactic 1: Expand and simplify

N
GIVEN F(N) = 3 (~1)ke= " (— 2 %)lx
k=1
€ € e\ (N
x B(2+ k, §)B(—€+k, —e)B(1 - 3 + k14 5) (k:)

f(N, k)

FIND the first coefficients of the e-expansion

2

F(N)=¢e3F 3(N)+e 2F o(N) + e 'F_{(N)+...
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Tactic 1: Expand and simplify
Tactic 1: Expand and simplify

N
GIVEN F(N) = 3 (~1)ke= " (— 2 %)lx
k=1
€ € e\ (N
x B(2+ k, §)B(—€+k, —e)B(1 - 3 + k14 5) (k:)

f(N, k)

Step 1: Compute the first coefficients of the e-expansion

f(N7k): f—3(N’k) %+ f—Q(N7k) e+ f—l(Nak) 671""
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Tactic 1: Expand and simplify
Tactic 1: Expand and simplify

N
GIVEN F(N) = 3 (~1)ke= " (— 2 %)lx
k=1
x B(2+k, %)B(—s +k,—e)B(1 — g +k, 1+ %) (ZZ)
f(N, k)

Step 2: Simplify the sums in

S AV = (a0 (S foaVb))e 4 (S a(N)) ! +
k=1 k=1 k=1

k=1
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Simplify

3k2(1 + k)3 1+k  2(1+k)

iMz

k+1< )((2+3k)(—2+3k+7k2+3k3) 250 |G

where

Sa(N) = Z L? Z

i=1
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Simplify
N
FLi(N) =) (-1)

k=1

por (N (2 +3k)(—2+3k+7k* + 3k%)  28,(k) G
k( 3k2(1 + k)3 1+k 2(1+k))

1 (summation package Sigma.m)

(16N® + 144N” + 413N + 384) (N + 1)>F_1(N)
— (N +2)(2N +5)(16N° + 112N? + 221N + 113) F_ (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_1 (N + 2)

1 _ 5_ 4 3 2
_ = (4N2 + 21N + 29) CQ + 64N° —500N 31(1]\}";11\21)(}2313;? +3516 N+3090
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Simplify

2

et (2+3k)(—2+3k+ Tk +3k%)  25,(k) G
; ( 3k2(1 + k)3 1+k 2(1+k))

1 (summation package Sigma.m)

(16N® + 144N” + 413N + 384) (N + 1)>F_1(N)
— (N +2)(2N +5) (16N> + 112N? 4 221N + 113) F_1 (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_1 (N + 2)

1 2 —64N° —500N*—1133N34203N2+3516 N+3090
=3 (AN? + 21N +29)(C2 + B2 (s

J (summation package Sigma.m)

e 1—4N  —14N-13
N1 T (N2
(4N —1)S1(N) N (1 —4N)Si(N)?> (14N 4 13)S:(N)
N+1 6(N +1) 3(N +1)2
175N? + 334N +155 (1 —4N)S2(N)
le1,c2 € Q}
12(N +1)3 6(N +1) 8(N+ 1)
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Simplify
N (N, (2+3k)(—2+3k+Tk* + 3K%)  28,(k) G
F‘l(N):;(_l)H <k>( 3k2(1+ k)3 1+k 2(1+k))
M
1—4N —14N — 13
loFop e (N +1)2
(AN —1)Si1(N) = (1—4N)Si(N)?> = (14N +13)S:(N)
N+1 + 6(N +1) 3(N +1)2
175N? + 334N + 155 (1 — 4N)S2(N) G2 0
12(N + 1) 6(N +1) sy v e
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Simplify

N
B por (N (2 +3k)(—2+3k+7k* + 3k%)  28,(k) G
F‘l(N)_;(_l)+<k>( 3k2(1+ k)3 1+k 2(1+k))
1 1_,1-4N _ —14N —13
(13~ 5¢) N (N +1)?

(AN —1)S1(N) = (1—4N)S;(N)?> (14N + 13)S1(N)

N+1 6(N +1) 3(N +1)2
175N? + 334N +155 (1 —4N)S2(N) G
12(N +1)3 6(N +1) 8(N +1)
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

].. Creative te|esc0pi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

N: extra parameter

F(N) = Z f(N, k;); f(N, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for F/(NN)
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

].. Creative te|eSCOpi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

N: extra parameter

F(N) = Z f(N, ]g); f(N, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for F/(NN)

2. Recurrence solving
GIVEN a recurrence ao(N),...,aq(N), h(N):

indefinite nested product-sum expressions.

ao(N)F(N) + -+ aq(N)F(N +d) = h(N);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)
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1.

2.

3.

Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Creative te|eSCOpi ng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

F(N) = Z f(N, ]g); f(N, k): indefinite nested product-sum in k;
k=0

N: extra parameter

FIND a recurrence for F/(NN)

Recurrence solving
GIVEN a recurrence ao(N),...,aq(N), h(N):

indefinite nested product-sum expressions.

ao(N)F(N) + -+ aq(N)F(N +d) = h(N);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)

Find a “closed form”

F(N)=combined solutions in terms of indefinite nested sums.
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Consider a massive 3—loop ladder graph (ablinger, Biiimiein, Hasselhuhn Klein, CS,Wissbrock, 2012)

= F 3(N)e 4+ F o(N)e 2+ F_1(N)e™ ! 4| Fy(N)

RISC, J. Kepler University Linz Carsten Schneider



Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

Consider a massive 3—loop ladder graph (ablinger, Biiimiein, Hasselhuhn Klein, CS,Wissbrock, 2012)

OAYE

? F_g(N)e 3+ F_o(N)e 2+ F_y(N)e ™' +
I
J k —j+N-3 —I+N—q—3 —I+N—q—s—3
Z Z Z Z Z Z (_1)fj+k—l+qu*3X
j q=0 s=1

01 r=0
DO E) CT ) ) (Y ) (i N—g—r—s=9)!(s-D)!
8 (L N=g=D G+ N-D)(N—q=r—s-2) (g +s+1)

451(—j+ N —1) —451(—j + N — 2) — 25; (k)

—(SiI(~l+N-q-=2)+S1(-l+N—-q—r—5—-3)—251(r+9))

+2S1(s—1) —251(r+s)

RISC, J. Kepler University Linz

+ 3 further 6—fold sums
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Tactic 1: Expand and simplify Symbolic Summation Methods to Solve Coupled Systems

F() (N) == (using Sigma.m, EvaluateMultiSums.m and J. Ablinger's HarmonicSums.m package)

(17N +5)S1(N)3 35N2 —2N —5  13S2(N)  5(=1)N
3N(N +1) 2N2(N +1)2 2 2N2
_1\N
(- s (RN s 4 (3 o

N 20(=1)N 3 N 2
+ (24 2(=1)")S2,1(N) — 285_9 1(N) + m)sl(N) + (Z + (—1)N)Sz(N)
2(3N —5)

4(-1)N
NN T D) + (26 + 4(-1)N)S1(N) +
(=HDN(B-3N) 5

N+1 )
_1\N

(R 1~ 5v3) 2 + S-a(N) 05y )2 + (A2 D
4(3N — 1))51(N) N 8(-1)N (3N +1)

N(N +1)

16
N(N +1) N(N +1)2 +(_22+6(_1)N)52(N)_m)
(=1)N (9N +5) 19

N Z)Sa(N) + (5 = 2=)N)Sa(N) + (= 6+ 5(-)Y)S-4(N)
% 2 )20 (N) + (204 2(-1)) S22 (N) + (— 17+ 13(-1)) S5 (V)

8(—1)N (2N + 1) + 4(9N + 1)
h N(N +1)

+325_21,1(N) + (351(1\7)2 - ?)SlT(N) + 3(1)]\’52(1\7)) G2
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L5+ SN

—2(=1)NS_2(N)? + S_3(N)(

+ (-

S_21(N) — (24 +4(-1)™)S_31(N) + (3 = 5(=1)")S2,1,1(N)



Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

A general tactic

Feynman integrals

1 non-trivial transformations (DESY)

multiple sums

J symbolic summation
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

N
F(N) =3 (~1)fe™ 5 (-2 %)!B(M—k, %)B(—e-ﬁ—k, —&)B(1- % k14 %) <JZ>

1 (summation package Sigma.m)

2(N + 1)’F(N) + (3¢” + 3eN + 9 — AN® — 12N — 8) F(N + 1)

16, 40 _ 68
TS (2 )+

—(26=N—1)(e+2N+6)F(N+2) = 0>~ 3 3
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

F(N) = ;(—1)’“6‘%1(—2— %)!B(2+k, S)B(—e+k —e)B(1— S +k1+7) <JZ>

1 (summation package Sigma.m)

2(N + 1)’F(N) + (3¢” + 3eN + 9 — AN® — 12N — 8) F(N + 1)

16 _ 40 _ 68
e 2+f8 1—(2C2—§)EO+...

—(26=N—1)(e+2N+6)F(N+2) = 0>~ 3 3

2 _3 11 2 42 79 —1

F(l)ng —KE +Z+ﬂ6 +..‘
8 4 T3 ., (o 1415 _,
F@)=2e3- 2 §2 4 289
@ =g¢ "~ F3 T T
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems
Ansatz (for power series

ao(e, N) [FO(N) + Fy(N)e + Fy(N)e2 + .. }

+ai (e, N) [FO(N F 1)+ Fy(N +1)e+ B(N +1)e2 + .. }
+

+ag(e, N) [FO(N +d)+ Fi(N + d)e + Fa(N + d)e® + .. ]
= hQ(N) + hl(N)é“—i- hl(N)62 + ...

IVEN' (in terms of indefinite nested sums and products)
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems
Ansatz (for power series

ao(e, N) [FO(N) + Fy(N)e + Fy(N)e2 + .. }

+ai (e, N) [FO(N F 1)+ Fy(N +1)e+ B(N +1)e2 + .. }
+

+ag(e, N) [FO(N +d)+ Fi(N + d)e + Fa(N + d)e® + .. ]
= ho(N) + hl(N)é“—i- hl(N)62 + ...

U constant terms must agree

a0(0,N)Fo(N) + a1(0, N)Fo(N+1) + - - + aa(0, N) Fo(N+d) = ho(N) |
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems
Ansatz (for power series

ao(e, N) [FO(N) + Fy(N)e + Fy(N)e2 + .. }

+ai (e, N) [FO(N F 1)+ Fy(N +1)e+ B(N +1)e2 + .. }
+

+ag(e, N) [FO(N +d)+ Fi(N + d)e + Fa(N + d)e® + .. ]
= ho(N) + hl(N)é“—i- hl(N)62 + ...

U constant terms must agree

a0(0,N)Fo(N) + a1(0, N)Fo(N+1) + - - + aa(0, N) Fo(N+d) = ho(N) |

REC solver: Using the initial values Fy(1), Fp(2),... determine
Fy(N) in terms of indefinite nested sums and products.
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems
Ansatz (for power series

ao(e, N) [FO(N) + Fy(N)e + Fy(N)e2 + .. }

+ai (e, N) [FO(N F 1)+ Fy(N +1)e+ B(N +1)e2 + .. }
+

+aq(e, N) [FO N +d) + Fi(N + d)e + Fo(N + d)e* + ]
= ho(N) +h1(N)€+h1(N)62 + ...

U constant terms must agree

a0(0,N)Fo(N) + a1(0, N) Fo(N+1) + - + aa(0, N) Fo(N+d) = ho(N) |
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

Ansatz (for power series

= ho(N) +h1(N)€+h1(N)62 + ...

U constant terms must agree

a0(0,N)Fo(N) + a1(0, N) Fo(N+1) + - + aa(0, N) Fo(N+d) = ho(N) |
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

ao(E,N) |:F1(N)E+F2(N)E2 +.. ]

tai(e, N) [Fl(NJrl)e Fy(N+1)e2 + .. ]
_|_

Fag(e, N) [Fl(N~|—d)5 + Fy(N +d)e2 + .. }
= h{(N) + by (N)e + hy(N)e? + ...

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

ag(e, N) [Fl(N)a R (N)E2 + .. }

Fai(e, N) [FI(N—I—l)E + Fy(N+1)e? + .. }
+

+ag4(e,N) [Fl(N+d) + Fy(N +d)e? + .. ]

Devide by ¢

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

ao(e, N) [Fl(N) + Fy(N)e + .. ]
+ai (e, N) [Fl(N 1)+ Fy(N +1)e + .. }
_|_

tag(e,N) [Fl(Ner) + Fy(N+d)e + .. ] = W, (N) + hy(N)e + ...

Now repeat for F(N), F5(N),...
Remark: Works the same for Laurent series.

[Bliimlein, Klein, CS, Stan, 2012; arXiv:1011.2656v2]
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

F(N) = ;(—1)’“6‘%1(—2— %)!B(2+k, S)B(—e+k —e)B(1— S +k1+7) <JZ>

1 (summation package Sigma.m)

2(N + 1)’F(N) + (3¢” + 3eN + 9 — AN® — 12N — 8) F(N + 1)

16 _ 40 _ 68
e 2+f8 1—(2C2—§)EO+...

—(26=N—1)(e+2N+6)F(N+2) = 0>~ 3 3

2 _3 11 2 42 79 —1

F(l)ng —KE +Z+ﬂ6 +..‘
8 4 T3 ., (o 1415 _,
F@)=2e3- 2 §2 4 289
@ =g¢ "~ F3 T T
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Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

F(N) = ;(—1)’“6‘%1(—2— %)13(24—1@ S)B(—e+k —e)B(1— S +k1+7) <JZ>

1 (summation package Sigma.m)

2(N + 1)’F(N) + (3¢” + 3eN + 9 — AN® — 12N — 8) F(N + 1)

16 _ 40 _ 68
e 2—}—*8 1—(2<2—§)EO+...

—(26=N—1)(e+2N+6)F(N+2) = 0>~ 3 3

2 _3 11 2 42 79 —1

F(l):§5 —KE +Z+ﬂ6 +...
8 4 T3 ., (o 1415 _,
F@)=2e3- 2 §2 4 289
@ =g¢ "~ F3 T T

1 (summation package Sigma.m)

4N -3 2(2N+1) aN@EN+3)\ —2
F(N) = s5vme ~ — ( sy 1) + 3(N+1)2 )5

1—4N) 2 N(N2*2 3N+2)(4N+5 1—4N) N -1
(é(NH)Sl(N) - 3(N+1)3) + Caes )Sl(N)—l—é(NH)Sg(N)-i-iz(Nﬂfl))g +..
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Tactic 2: Expand the recurrence
Find a recurrence for the integral /sum

/ / (e, N,x1,x9,...,x7)dx1dxs . .. dT7

F 3(N)e 3 + Fo(N)e 2+ F_ (N)e ! +...

ultivariate
Imquist/Zeilberger
(Jakob Ablinger)

ag(e, N)F(N) + ...+ ag(e, N)F(N +d) = h(e, N)|




Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

Find a recurrence for the integral /sum

/ / (e, N,x1,x9,...,x7)dx1dxs . .. dT7

F 3(N)e™ 3+ F_5(N)e _2+<‘11(N)5_1+...

ultivariate
Imquist/Zeilberger

(Jakob Ablinger) Z . Z fle, N, iy, ig, ... i7)

i1 i7

MultiSum Package
(Flavia Stan)

ag(e, N)F(N) .. + ag(e, N)F(N + d) = h(e, N)|

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e, N, x1,x9,...,27)dx1drs . . . dX7

Z F 4(N)e™® + F_o(N)e 2 + FoaNe 4

ultivariate
Imquist/Zeilberger

(Jakob Ablinger) Z . Z fle, N, iy, ig, ... i7)

i1 i7
MultiSum Package Holonomic/difference field Approac!
(Flavia Stan) (Mark Round)

ao(e, N)F(N) .. + aq(e, N)F(N +d) = h(e, N)

RISC, J. Kepler University Linz Carsten Schneider



Tactic 2: Expand the recurrence Symbolic Summation Methods to Solve Coupled Systems

Find a recurrence for the integral /sum

1 1
F(N):/O /0 ®(e, N, x1,x9,...,27)dx1drs . . . dX7

Z F 4(N)e™® + F_o(N)e 2 + FoaN)e 4

e-recurrencs, solver

ultivariate

Imquist/Zeilberger
Jakob Abli . .
(30 mger) Z'”Zf(evNaZhZZa”'aZ'?)
i1 i7
MultiSum Package Holonomic/difference field Approac!
(Flavia Stan) (Mark Round)

ao(e, N)F(N) .. + ag(e, N)F(N + d) = h(e, N)

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

A challenging diagram and

an algorithm for coupled systems

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

A challenging diagram (ladder graph with 6 massive fermion lines)

Strategies:
» Symbolic summation tools: failed (so far)
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A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

A challenging diagram (ladder graph with 6 massive fermion lines)

Strategies:
» Symbolic summation tools: failed (so far)

» Brown's hyperlogarithm algorithm: works for the scalar version where
lim Dy(N) = Fy(N).
e—0

[Ablinger, Bliimlein, Raab, Schneider, Wissbrock, 2014; arXiv:1403.1137 [hep-ph]]

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

A challenging diagram (ladder graph with 6 massive fermion lines)

Strategies:
» Symbolic summation tools: failed (so far)

» Brown's hyperlogarithm algorithm: works for the scalar version where

lim Dy(N) = Fy(N).

e—0
[Ablinger, Bliimlein, Raab, Schneider, Wissbrock, 2014; arXiv:1403.1137 [hep-ph]]

» New approach: for the complete diagram

RISC, J. Kepler University Linz Carsten Schneider



A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

Consider the power series of Dy(N):

(holonomic closure properties)
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A challenging diagram Symbolic Summation Methods to Solve Coupled Systems

Consider the power series of Dy(N):

(holonomic closure properties)
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Solving coupled systems
IBP (extension of REDUZE_ 2, A.v. Manteuffel) gives

- N (154584255:05—14325922s5x4--~+152409612—653184:c) ~
Z Dy(N)z™ = 233282 (z—1)a" Bi(z)
N=0

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes
techniques (DESY colleagues) and symbolic summation (see first slides).

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems
IBP (extension of REDUZE_ 2, A.v. Manteuffel) gives

- N (154584255:05—1432592255x4--~+152409612—653184x) ~
Z Dy(N)z™ = 233282 (z—1)a" Bi(z)
N=0

ﬁ4($) + DBQ (1’) + -+ |:|B52(.%')

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes
techniques (DESY colleagues) and symbolic summation (see first slides).

Eg.,
x) = Z Bl(N l‘N
N=0

with

i B M EC R TP ~)B(- th,—e)B(1— Sk 1+ ) (Y
2 e e 2 T ATk

k=1
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Solving coupled systems Symbolic Summation Methods to Solve Coupled Systems

IBP (extension of REDUZE_ 2, A.v. Manteuffel) gives

- N (154584255:05—1432592255x4--~+152409612—653184x) ~
Z Dy(N)z™ = 233282 (z—1)a" Bi(z)
N=0

ﬁ4($) + DBQ (1’) + -+ |:|B52(.%')

Bi(z),...,Bsy(x) can be handled with sophisticated Mellin-Barnes
techniques (DESY colleagues) and symbolic summation (see first slides).

Eg.,

o]
x) = Z Bl(N l‘N
with N=0
i B M EC R TP ~)B(—e+k B - k1 (Y
= 2 ’ 2 ’ 27\ k
3(;4\f]i1) -3 (2(2N+1)51(N) + 2N(2N+3))6—2 +...

3(N+1) 3(N+1)2

RISC, J. Kepler University Linz Carsten Schneider




Solving coupled systems
IBP (extension of REDUZE_ 2, A.v. Manteuffel) gives

i Dy(N)z = (154584255:05—143222;2?2:1—:;?2409612—653184x) B (2)
N=0
Dy(x) + OBy(z) + - - - + OBsy ()
Ll (12254x37264754961;:304&2490372490) i\ ()
N (5895%3—2012355;1062;;;;1—8966—#963:3—96x) iy (2)
N (58955953—2150955?261—2;;11525+96x3—9630) i)

+0Ly(z) + -+ Olys(x)

However, I} (z), ..., I 5(x) are hard to handle. Luckily...

RISC, J. Kepler University Linz Carsten Schneider



Solving coupled systems Symbolic Summation Methods to Solve Coupled Systems

. there are differential relations among the integrals. E.g.,

DIy (z) = — %f (z) — ﬁlz(x)
+ e (@) +
. 3(e+4)2—22(+4)+40) »
Dyly(z) = (ster )4(90 (1€)Jr = )Il(x)
(e+4)2(62—25)—2(e+4)(172—T75)+48x—224)
+1 ( Ger6)@ D ) Bi(z) +
- 3(e+4)2(z—2)—22(e+4)(z—2)+402—80) »
D, I3(x) = — (22 4(3:(:):():( ) )Il(ff)
+ ((5+4)(?;:€;E)1;;1x+18) j2($> (= (€+42)((: 12))+5;t S)j (z)

(e+4)2(62—25)—2(e+4) (172 —75)+48x—224) ~
( Get6) @Dz )Bl(x) + ...

RISC, J. Kepler University Linz Carsten Schneider
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Solving coupled systems Symbolic Summation Methods to Solve Coupled Systems

. there are differential relations among the integrals. E.g.,

Dyl () = — %I () - ﬁlz(x)
+ o Bilz) +
. 3(e+4)2—22(e+4)+40) »
Dyly(z) = (ster )4(90 (1€)Jr = )Il(x)
(e+4)2(62—25)—2(e+4)(172—T75)+48x—224)
+1 ( Ger6)@ D ) Bi(z) +
S 3(e+4)2(z—2)—22(e+4)(z—2)+402—80) »
D, I3(x) = — (22 4(3:(:):():( ) )Il(ff)
+ ((5+4)(?;:€;E)1;;1x+18) j2($> (= (€+42)((: 12))+5;t S)j (z)

(e+4)2(62—25)—2(e+4) (172 —75)+48x—224) ~
( Get6) @Dz )Bl(x) + ...

RISC, J. Kepler University Linz Carsten Schneider
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Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

Step 1: From a DE system to a REC system

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

Step 1: From a DE system to a REC system

D,y L(N)aN == 250 S n(v)a
N=0

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

Step 1: From a DE system to a REC system

S L(N)NeVT = - D Z L(N
N=1
N=0
N=0

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

Step 1: From a DE system to a REC system

S L(N)NeVT = - D Z L(N
N=1
- (x_21)x Z I2(N):L'N
N=0
1 N
+ 2 Z Bi(N)x
N=0
4 Nth coefficient

NL(N —1)— (e+ N+ 1)[1(N) +2I5(N) = By(N) +

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

. there are differential relations among the integrals. E.g.,

NI;(N —1) = (e+ N + 1)I1(N) + 2I5(N)

=Bi(N)+...
. 3(e+4)2—22(c+4)+40) -
D,fy(r) = BEHPBEIH0) £

+ (—(8+4)2((?;$_—1§;)E+9$—2) fQ(QE) . 2((&‘::—_11)) fg(l‘)
(e+4)%(62—25)—2(e+4) (172—T75)+482—224 ) »

+1 ( Get6)(e—1)z )Bl(x) ..

A~ 2 —_ —_ —_ —_ A
Dyy() = — (3(e+4)2(2—2) jf;i;?;(x 2)-+402-80) i\ ()

+ ((a+4)(§;m(;f)1;zllx+18) jQ(x) . (—(6+42)((;:12));-5x—8) f3(.73)
(e+4)%(62—25)—2(e+4) (172—75)+482—224)

o % ( (5e+6)(z—1)x )Bl (x) o

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

A coupled system of difference equations

NI(N —1) = (e + N 4+ 1)I;(N) + 2I5(N)
=Bi(N) +...

(e + 2N + 2)Io(N) — 2(3c + 2N + 1) (N — 1)
+e(Be+2) (N — 1) — 2(e + 1)I5(N — 1)
2(e+1)(3e+4)
o +6
4(e = N)I5(N) — 2e(3e + 2)[1(N) + e(3e + 2) [, (N — 1)
—2(3e + 1)Io(N — 1) + 2(be + 2)Ir(N)
—2(e—2N+1)I3(N —1)
2(e+1)(3e +4)

=— WBl(N— 1)+ (5e +4)B1(N) + ...

=(5e +4)B1(N) - Bi(N—1)+...

RISC, J. Kepler University Linz Carsten Schneider



Step 1: Transformation to a REC system Symbolic Summation Methods to Solve Coupled Systems

A coupled system of difference equations

NI;(N —1) = (e+ N+ 1)I;(N) 4+ 2I5(N)

|, 4N+2) _—3 2(2N+1 2(6N24+13N+8 9
=+ 3EN+1)5 + ( (N+1))Sl( ) — %)E +...

2(e + 2N + 2)I5(N) — 2(3e + 2N + 1) Io(N — 1)
+eBe+2)[1(N —1) —2(e+ 1) I3(N —1)
=527+ (451 (V) = 2FS (N) + 483(N) + G +6 )= 4.
A(e — N)I5(N) — 2¢(3e + 2)I1(N) + (3= + 2) [, (N — 1)

—2(3e + 1) (N — 1) + 2(5¢ + 2)I(N)
—2(e — 2N + 1)I3(N — 1)

== 57— (55uN) - 4)e 2

- (351(1\/‘)2 — ANED G (N) + 495(N) + G + 6)5_1 ¥

RISC, J. Kepler University Linz Carsten Schneider



Step 2: Uncouple the REC system Symbolic Summation Methods to Solve Coupled Systems

Step 2: Uncouple the system

06 (N — 1) + O (N) + OL(N)
e 3 +0e2+0e +...
OIy(N) + OL(N — 1) + OL (N — 1) + O3(N — 1)
=e 340+ ..
OI3(N) + OL(N) + OL (N — 1) + OL(N) + OL(N - 1)
—Oe 3 +0e2+0e 1 +...

RISC, J. Kepler University Linz Carsten Schneider



Step 2: Uncouple the REC system Symbolic Summation Methods to Solve Coupled Systems
Step 2: Uncouple the system

OL(N —1)+06L(N) +OI(N)
=e 3 4+0e 240+ ...
OI(N) + OI(N — 1) + O (N — 1) + OL(N — 1)
=0e 340 +...
OI3(N) + OL(N) + OL(N — 1) + OL(N) + OI3(N — 1)
—Oe 3 +0e2+0e 1 +...

J (uncoupling algorithms®, S. Gerhold's OrseSys.m)

OL(N)+0OL(N +1)+0L(N +2) +06L(N +3)
=03+ 0240 +. ..
I5(N) = expression in I1(N)
I3(N) = expression in I1(N)

@ We use Ziircher's uncoupling algorithm (1994)

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Symbolic Summation Methods to Solve Coupled Systems

More precisely, we get:

—2(N+1)(N +2)(e+ N +2)1(N) — (N +2)(2¢> = 5eN — 7 — 6N? — 28N — 32)
+ (® + 4’ N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N +8)[1(N + 3)
4N +2) _5 2(4N*+35N® +101N? + 105N +25) _,

T SN+F DN +2(N+3)?  ©

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Symbolic Summation Methods to Solve Coupled Systems

Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+ N +2)1(N) — (N +2)(2¢> = 5eN — 7 — 6N? — 28N — 32)
+ (® + 4’ N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N +8)[1(N + 3)
4N +2) _5 2(4N*+35N® +101N? + 105N +25) _,

=— € €
3(N +3) 3(N +1)(N + 2)(N +3)?
_ 5 163 15C2 1223 —1
Il(l) — 237 12e2 + ( +755 ) +.. using, e.g., an extension of
Il(2> = 2173503 — 562552 —+ (65C2 + 4169:1?) —|— ... MATAD (M. Steinhauser);
__ 169 395 169¢2 | 470071 1 see also A. De Freitas’ talk
L(3) = 3663_3282+( + 20736 Jet+ .

RISC, J. Kepler University Linz Carsten Schneider



Step 3: Solve the scalar recurrence Symbolic Summation Methods to Solve Coupled Systems

Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+ N +2)1(N) — (N +2)(2¢> = 5eN — 7 — 6N? — 28N — 32)
+ (® + 4’ N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N +8)[1(N + 3)
4N +2) _5 2(4N*+35N® +101N? + 105N +25) _,

=— € €
3(N +3) 3(N +1)(N + 2)(N +3)?
_ 5 163 15C2 1223 —1
Il(l) — 237 12e2 + ( +755 ) +.. using, e.g., an extension of
Il(2> = 2173503 — 562552 —+ (65{2 + 4169:1?) —|— ... MATAD (M. Steinhauser);
__ 169 395 169¢2 | 470071 1 see also A. De Freitas’ talk
L(3) = 3663_3282+( + 20736)5 t+...

1 (Sigma.m's recurrence solver, see first slides)

4(3N2+6N+4) 451 (N)\ -3
Ii(N) = ( sz T 3(1\11-‘-1))E

2(20N°4SENHSTN422) | 5y (W)? | 2AN4DEN-1SI(N) _ Sy(N)) -2
- 3(N+1)3 + Nyt 3(N+1)2 ~NgrT J€ T T

RISC, J. Kepler University Linz Carsten Schneider



Step 4: Derive the remaining integrals Symbolic Summation Methods to Solve Coupled Systems

Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed Io(N) and I3(N) by I;(N)

RISC, J. Kepler University Linz Carsten Schneider



Step 4: Derive the remaining integrals Symbolic Summation Methods to Solve Coupled Systems

Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed Io(N) and I3(N) by I;(N), i.e.,
I(N)=0L(N)+0OL(N + 1) +0L(N +2)

2(N+2) -3 6N3+25N2433N+1 —2N-1 9
o 3EN+1;€ + ( 3(—;\[3_1)2—6\]_’_2—)’_ 2 + (3(N+1)) Sl(N))E + ...

I3(N) =05L(N) + OL(N + 1) + OL(N +2)

2(N+2) -3 —2N3-3N243N+3 |, (2N+1) 9
+ 3(N+1)€ + ( 3(N+1)2(;\L[+2)+ + 3(N+1)Sl(N))€ + ...

RISC, J. Kepler University Linz Carsten Schneider



Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed Io(N) and I3(N) by I;(N), i.e.,
I(N)=0L(N)+0OL(N + 1) +0L(N +2)

2(N+2) -3 6N3+25N2433N+1 —2N-1 9
- SENJrI;g + ( 3(—;\[:11)2—6\]_’_2—)’_ 2 + (3(N+1)) Sl(N))E + ...

I3(N) =05L(N) + OL(N + 1) + OL(N +2)

2(N+2) -3 —2N3-3N243N+3 | (2N+1) 92
+ 3(N+1)€ + ( 3(N+1)2(]J\r[+2)+ + 3(N+1)Sl(N))€ + ...

This yields

4 2 _
L(N) =55 — 5+ (_ 3S1(N)? + 281(N) — $52(N) + 38355 + %)s R

3(N+1)

2
4 (4N +7N+2) o2
3(N+1)2

%) <t + (0 -

2(4N2+11N+10) 2(12N3+32N2+25N+2)
+ (_ —srnz o) + 3(N+1)3

+ SN + FZSa(N) + G )

RISC, J. Kepler University Linz Carsten Schneider



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

Compute the remaining integrals

1432592255334-~~+152409612—653184x) B

iD (V) (1545842¢%0 —
4 T =

23328z2(z—1)z®

+

_l’_

D4($) -+ DBQ(Q?) + -+ |:|B52(33')

(1226%2% 2647402 4 —304e 42423 —24x)

4ex?

(589€52% 20123522 + -~ 8962 +962° ~ 962 )
16e224

(580523 —21500c%22 + -~ 1152¢+962° — 961 )

1624

+0Ly(z) + -+ Olys(x)

Analogously, all I

Z Ii( =1,...,15 can be computed.
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Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

Final step: Insert all subresults

= N (154584255:55—1432592255334-~~+152409612—653184x) 5
Z Dy(N)z™ = 233282 (z—1)2°
N=0
[)4(&2) -+ DBQ(Q?) + -+ |:|B52(33')
(1226423 2647402 4 —304e +240% —24z) |-
+- 4ex? 1(35)
589223 —20123e522+--—896e+9623 —96x ) |+
+ ( 16e2z4 ) 1o ($)
(580523 21500722+~ 1152c+962° ~962 ) |
+ 3()

1624

+0Ly(z) + -+ Olys(x)

Plugging in all expansion and extracting the N-th coefficient

(using HarmonicSums.m, Sigma.m, EvaluateMultiSum.m, SumProduction.m)

yield

RISC, J. Kepler University Linz Carsten Schneider



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

64 N2+N—1 64S1(N) *3
I4(N) - (3<N+1>(1(V+2)<N+3)>(N+4> - svisov )€

RISC, J. Kepler University Linz Carsten Schnei



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

64 N2+N—1 64S1(N) *3
I4(N) - 3<N+1><1(v+2)<N+3)><N+4> - svisov )€

4(3N5+68N4+379N3 +648 N2 —98N —696
" ( 4(5N+27) S1(N)? — (3N5+ + + )Sl(N)

B(NF2)(N+3)(NF4) 3(N+1)(N+2)2(N+3)2(N+4)2
4(14N%4214N5+1179N% 43050 N3 +4097N2 +3094N +1200) | 4(N+1)(4N+17)S5(N) 5_2
3(N+1)2(N+2)2(N+3)2(N+4)2 T BRI (NFR (N D) )

+

RISC, J. Kepler University Linz Carsten Schnei



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

_ 64(N24N-1) 6457 (N) -3
I4(N) - GaFeT D ~ s )€
4(5N+27) 2 4(3N5+68N4+379N3+648N2—98N—696)
+ (3(N+2)<N+3)(N+4) S1(N)” - 3(NF1)(N+2)2(N+3)2(N+4)2 S1(N)
4(14N%4214N5+1179N% 43050 N3 +4097N2 +3094N +1200) | 4(N+1)(4N+17)S5(N) 872
+ S(NFDZ(N+2) 2 (NF3) 2 (N+ D)2 NS (N (N )
2
—23N2-35N—176 3 2(10N2453N+4106) 8(NZ4N 1)
+ (svit s Bt S10° — strraerra v S20 () + & (v e D
—8N3_95N2_171N—56 2(30N34+469N2 41873 N 42542)
- v 1) + awrn v s 92 (NS + S v v s 98 (V)

+ 25N64213N5 4491 N% —1007N3 —7942N2 — 15988 N —10340 S1(N)2
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

4 —85N0_1469N5 8965 N4 23889 N3 —25644N2 3724 N +5780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

2(94N1042202N9 422629 N8 +133916 N7 +505769 N0+ ++1817100N +563760)
3(N+1)2(N+2)3(N+3)3(N+4)3(N+5)

S1(N)

2(44N11 11696 N10 426555 N9 4230482 N8 4 - ++4371092N+623040) ) -1
3(N+1)3(N+2)3(N+3)3(N+4)3(N+5)

RISC, J. Kepler University Linz Carsten Schneider



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems
(N) -~ 64(N24+N—1) 6451 (NV) )873

.

BTN FD N FHNFD T BNFINFD

4(5N+27) S1(N)? — 4(3N54+68N*4+379N3 1648 N2 —98N —696)

BN (N +3) (N +4) 3(N+1)(N+2)2(N+3)2(N+4)2 S1(N)
4(14N5+214N5+1179N4+3050N3+4097N2+3094N+1200) 4(N+1)(4N+17)S9(N) 872
3(N+1)2(N+2)2(N+3)2(N+4)2 3(NF2) (N +3) (N +4) )

2
—23N2_35N_176 3 2(10N2453N+4106) 8(NZ4N 1)
+ (oA T R s 1N - snrm s S21 () + ¢ (v S D

3 2_ 2(30N34469N2 41873 N 42542
S1(N)) —SN3_95N2ATIN 56 g (n)g, () 4+ 2(BON°L469N241873N +2542)

8
T (NF3)(N¥4) + SN T (N I3 (N+4) (N 15) NI (NI (NI (N 15y 23(V)

+ 25N64213N54491N% —1007N3 —7942N2 15988 N

—10340 2
B(N+1)(N+2)Z(N+3)Z(N+4)Z(N+5) S1(N)

4 —85N0_1469N5 8965 N4 23889 N3 —25644N2 3724 N +5780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

_ 2(94N10+2202N9+22629N8+133916N7+505769N6+---++1817100N+563760)S )
3(N+1)Z(N+2)3 (N+3)3(N+4)3(N+5) !

2(44N11 11696 N10 426555 N9 4230482 N8 4 - 44371092V +623040) \ o ) -1
3(N+1)3(N+2)3(N+3)3(N+4)3 (N +5)

—i—(. . .>50 Arising objects:

G2, (s, (_1)N72Na‘9*3(N)7 Sl(N)752(N)7 SS(N)vs‘l(N):S*?yl(N)v
S2,1(N), S5,1(N)

[J4A4M. Vermaseren, 1998; J. Bliimlein/S. Kurth, 1998]
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.

Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems
(N) -~ 64(N24+N—1) 6451 (NV) )873

BTN FD N FHNFD T BNFINFD

4(5N+27) S1(N)? — 4(3N54+68N*4+379N3 1648 N2 —98N —696)

BN (N +3) (N +4) 3(N+1)(N+2)2(N+3)2(N+4)2 S1(N)
4(14N%4214N5+1179N% 43050 N3 +4097N2 +3094N +1200) | 4(N+1)(4N+17)S5(N) 872
3(N+1)2(N+2)2(N+3)2(N+4)2 3(NF2) (N +3) (N +4) )

—23N2_35N—176 3 2(10N2453N+4106) 8(N2+N— 1)
(s T S1N® - svrntven ey 521 (M) + & (T D

8NN3 _95N2_171N—56 2(30N34+469N2 41873 N 42542)
S1N) + sivrn v v an v +5 52 (NS + Ssr v vr s 98 (V)

8
NFB(NFD)

25N64213N54491N% —1007N3 —7942N2 15988 N
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

—10340 S1 (N)2

—85N0_1469N5 8965 N4 23889 N3 —25644N2 3724 N +5780
3(N+1)(N+2)2(N+3)2(N+4)2(N+5)

Sa(N)

2(94N1042202N9 422629 N8 +133916 N7 +505769 N0+ ++1817100N +563760) S1(N)
3(N+1)Z(N+2)3 (N+3)3(N+4)3(N+5) !

2(44N11 11696 N10 426555 N9 4230482 N8 4 - 44371092V +623040) \ o ) -1
3(N+1)3(N+2)3(N+3)3(N+4)3 (N +5)

—i—(. . .>50 Arising objects:
G2, Gs, ()N, 2%, S_3(N), S1(N), S2(N), S3(N), Sa(N), S—2,1(N),
So, 1(N) S3,1(N), S1(3,N),51(2,N), Ss(3, ) S1a(1,%,N),
511(2,3,N),8211(N),S2.1(3,1,N),S2,1(1,5,N),831(5,2,N),
S111(1,1,5,N),8211(1,4,2,N),81.11.1(2,3,1,1,N)



Final step: calculate D4 (N) Symbolic Summation Methods to Solve Coupled Systems

64(N24N-1) 6451 (N) -3
I4( ) = G T I ~ WD )€
4(5N+27) 2 4(3N5468N%+379N3 1648 N2 —98N —696)
+ (smwevrantwr S1 (N’ - S S vtz S
4

(14N64214N541179N* 3050 N3 44097 N2 +3094N+1200) | 4(N+1)(4N+17)So(N) 872
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We presented a new method to solve coupled systems of differential
and difference equations which emerge in massive Feynman diagram
calculations.

We obtained the e-expansions of rather complicated master integrals.

Using these expansions we calculated easily the most complicated
ladder graphs with 6 massive fermion lines

(using Sigma.m, HarmonicSums.m, EvaluateMultiSums.m, SumProduction.m).

All ladder-topologies for 3-loop massive operator matrix elements can
be calculated in this way.

The mass production is ready for graphs depending on the same
master integrals.

We used this technology for a few integrals emerging in the
pure-singlet case.

More involved massive 3-loop topologies are currently investigated.
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