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Motivation

Bottom quark mass ml’;TS(m,’YTS):

@ Fundamental parameters of SM
@ Precise determination relevant for:

Flavour physics
GUT physics
Collider physics
Higgs physics
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mp,

@ Is a free parameter of the SM
@ Its value doesn’t follow from a first principle, yet
@ Currently, one can only extract its value from experimental data

Extraction methods
@ Lattice simulations of T bound states/spectrum (N.P.)
[HPQCD*13]
@ EFT predictions for 15 bound state energy (P.T.)
[Penin,Steinhauser‘02][Beneke,Kiyo,Schuller'05]
@ Relativistic T sum rules (P.T.)
[Chetyrkin,Kihn,Maier,Maierhéfer,Marquard,Steinhauser,Sturm(‘12)]

@ Non-relativistic T sum rules (P.T.) O
[Beneke, Bodwin, Braaten, Brambilla, Caswell, Hoang, Kiyo, Kniehl, Kuhn, Lepage, Penin,
Pineda, Pivovarov, Ruiz-Femenia, Schuller, Signer, V.A. Smirnov, Soto, Stahlhofen,

Steinhauser, Vairo, Voloshin, Yelkhovsky, Yndurain, Zaitsev]
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s bound state energy

T1s
Ry(s)
@ Match (p)NRQCD
perturbatively to QCD — H
2 ' N
HC g _6_ — asﬁ . MTIS 2Mb \/g
M r E

1S

@ Find energy Eigenvalue E;s in
dependence of M,

© Find M, such that
2My, + Eis — Mrls(exp) =0

Q M, — ml'S transition
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s bound state energy

Tis R
@ Match ())NRQCD b(5)
perturbatively to QCD — H
© Find energy Eigenvalue Eg in
dependence of M, ||
ImEn
His = Eists, MTls 2My, /s
Hevis = Eisiis, E
Eis = EICS(I—f-...),
M,C202
c VL pQy
Eis = 4n?

@ Find M, such that
2My + E\s — My (exp) =0

Q M, — mMS transition
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s bound state energy

Tis
Ry (s)
@ Match (p)NRQCD
perturbatively to QCD — H | —ﬂ',
@ Find energy Eigenvalue E;s in Mry,s 2My /s
dependence of M, E

@ Find M, such that
2My + E\s — My (exp) =0

Q M, — mMS transition
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s bound state energy

Tis
Ry (s)
@ Match (p)NRQCD l
perturbatively to QCD — H | ,ﬂlI
@ Find energy Eigenvalue E;s in Mry,s 2My /s
dependence of M, E

@ Find M, such that
2My + Ers — Mr,s(exp) =0 @ least matching effort
Q M, — m)S transition @ simple extraction method

@ misses large N.P. effects
~ A‘C‘)CD/(O‘?MZ‘)
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Relativistic T Sum Rules (low moments)
Motivation

g Consider more “inclusive” observables in order to reduce N.P.

effects:
TR (s)ds
2\n b
M, = (4M}) / P}
0
= Optical theorem:
Rp(s) = 12xImII(s + ie)
(upe ~ upI) = 1 [ e 01T, (1,0
Ju = B’yub
= Analytic properties of II(s + ie):
1272 d
M. n! (4M ) ds ”H( s) s=0
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Relativistic T Sum Rules (low moments)

@ Calculate II(s) around z = ~ 0 in pQCD:

H(PZ) ~ ZCNZ”

n>0
th
M ~ C,

@ Obtain experimental measurement for R, (s) — R, " (s)
© Use the analytic id. of the »-th moment to extract m, for

n={1,...,4}
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Relativistic T Sum Rules (low moments)
@ Calculate I1(s) around z = 4— ~ 0 in pQCD:
H(pz) ~ ZCHZ”

n>0
Mth ~ C,,
@ Obtain experimental measurement for R, (s) — R, (s):
g - L om
Opolete = putu~)
© Use the analytic id. of the »-th moment to extract m;, for

n={1,...,4}
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Relativistic T Sum Rules (Iow moments)
@ Calculate II(s) around z = =25 ~ 0 in pQCD:

H(PZ ~ Z C;IZ”

n>0
Mth ~ C
@ Obtain experimental measurement for R,(s) — R; ™ (s):
o) = Lot o)
Opolete = ptu~)
© Use the analytic id. of the n-th moment:
M, (R () = M.(C),
N——— ——
MT® M
to extract m;, for n = {1,...,4}
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Relativistic T Sum Rules (low moments)

@ Calculate I1(s) around z = —*5 =~ 0 in pQCD

4m§
@ Obtain experimental measurement for R, (s) — R, (s)

© Use the analytic id. of the »-th moment to extract m;, for
n=A{1,...,4}

@ Pure pQCD calculation for I1(p)

@ Very small N.P. contributions

@ R, (s) cannot be defined unambiguously (Padé approximations!)

b
@) Sensitive to experimental error dominated s regions
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Relativistic T Sum Rules (low moments)
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Relativistic T Sum Rules (low moments)
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Relativistic T Sum Rules (low moments)

@ Calculate I1(s) around z = —*5 =~ 0 in pQCD

4m§
@ Obtain experimental measurement for R, (s) — R, (s)

© Use the analytic id. of the »-th moment to extract m;, for
n=A{1,...,4}

@ Pure pQCD calculation for I1(p)

@ Very small N.P. contributions
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@) Sensitive to experimental error dominated s regions
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Non-Relativistic T Sum Rules (high moments)

Motivation
V Avoid experimental data above threshold
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Non-Relativistic T Sum Rules (high moments)

Motivation
W Avoid experimental data above threshold
™ Choose “high” » values(6 < 1 < 20):

o0
L[ RYP(s)ds

0
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Non-Relativistic T Sum Rules (high moments)

Motivation
; Avoid experimental data above threshold

™ Choose “high” » values(6 < 1 < 20)

A I1(s) expanded in pQCD («y) around z = ;%5 ~ 0 misses relevant
b
contributions for high 7:
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Non-Relativistic T Sum Rules (high moments)
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Non-Relativistic T Sum Rules (high moments)
Motivation
V Avoid experimental data above threshold

™ Choose “high” » values(6 < 1 < 20)

A I1(s) expanded in pQCD («4) around z = —%; ~ 0 misses relevant
contributions for high »

W Naive o, expansion breaks down close to threshold because of
the non-relativistic scaling \% ~V o~

(5) ~
v

Resummation required. New power counting:
oo « m
LO: (7) , NLO : ( ) 2,
mz::() . Z {v, a5}
NNLO : (—) 2 . NLO: ( ) ’ 3
NI mzzjo S W, apv, a2} mz:() 0, ap? o, ol
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Non-Relativistic T Sum Rules (high moments)
Motivation
; Avoid experimental data above threshold

= Choose “high” » values(6 < 1 < 20)
A II(s) expanded in pQCD («) around z = 2 ~ 0 misses relevant
b
contributions for high »
V Naive o expansion breaks down close to threshold because of

the non-relativistic scaling % ~V o~ g

= Radiative corrections on top of the Coulomb resummation
implemented systematically within (p)NRQCD

82 CF“Z\‘

H =—— -
pNRQCD M, r

14+ O(ay)] + ...

known including ~ o> asz) [Anzai,Kiyo,Sumino‘09][2xSmirnov,Steinhauser09]
S
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Non-Relativistic T Sum Rules (high moments)
Construct MM from Green function

@ Ii(s) (E = /s — 2M), ~ Mp»?)

N, E d, 2 E\
M(s) = —< (¢, - =L 1+ =) G0,0:E
(s) 2m2 (C my 6 - ) ( * 2mq) ( )

J/

CX(E)

@ Spectral representation of G*(0,0; E)

o0 2
GS(O,O;E) — Z |wn(0)| P +

< E, — E -
° Mth
th 2 C2(En)|[¢m(0)]* > R(s)ds
M/z - (4mb (127T N Z Zmb—i—E 2/1+3 + Am? sn—l—l
b
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Non-Relativistic T Sum Rules (high moments)
Basic building blocks for M
@ Vector current MC

«
CE)y=1- 2CF?S + (’)(af, v2) 5 1.0[Marquard,Piclum,Seidel, Steinhauser14]

@ Binding energy

a [Pineda,Yndurain‘98]
E, = EC Z ( S) e,(, m) mN3L0 [Penin,V.A.Smirnov,Steinhauser‘05]
m=0 [Beneke,Kiyo,Schuller05]

@ Wave function at origin

[GaOF = [WEOR Y (22)" 6™1un(0) P

m=0

[Beneke,Kiyo,Schuller'’5813]
[Beneke,Kiyo,Penin‘'7]

@ Green function above threshold

G (0,0;E) = G&(0,0; E) + i (%)m 3G 0

m=1
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Non-Relativistic T Sum Rules (high moments)
Basic building blocks for M

@ Vector current MC

@ Binding energy

@ Wave function at origin

@ Green function above threshold

G(0,0; E) = G(0,0; E) +§:< ) §MG
m=1

A Ultrasoft corrections [Beneke,Kiyo'08]

A N*LO coulomb corrections [Beneke,Kiyo,Schuller07]
zj;fs Continuum contribution small (by construction)

= Approximation:

NLO RN}LO NNLO
RY™(s) & PW(S) R (s)
s=M-~(15)

| =
IN
S
IN
&)
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Non-Relativistic T Sum Rules (high moments)

Definition of MS*P

o7 Lo (ms)—i+1-
&P — (4M2)" +...
M Qj02(2Mp) (; M3 )

Very precise data for the first 6 Y,5 resonances [PDG]:

n 1 2 3
My sy (GeV) 9.46030(26) | 10.02326(31) | 10.3552(5)
L (ns)—ete- (KEV) 1.340(18) 0.612(11) 0.443(8)

n 4 5 6
M) (GeV) | 10.5794(12) | 10.876(11) | 11.019(8)
T (us)sere (€V) | 0.272(29) 0.31(7) 0.130(30)
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Non-Relativistic T Sum Rules (high moments)

Extraction of M,

MEP(My) = MM (M, 1) — My(1, 12)
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Non-Relativistic T Sum Rules (high moments)
OS — MS conversion

A OS mass M,, suffers from Renormalon ambiguity (IR sensitive).
Its value does not converge in P.T.

N

=g~ my'° = mj is a short distance mass and is infrared insensitive.
Better convergence in P.T.

= Prescription for OS — MS mass conversion: [Hoang,Ligeti,Manohar1999]

m m+1 ma.(m my,(m,
MY o) = 7, ) o ()

A Constant piece of V29 is currently unknown
g rg:w: large /3y approximation

= r{fnw : renormalon based estimate (default) [Pineda‘01]

My (n, ) — mp(mp) (1, 1)
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Non-Relativistic T Sum Rules (high moments)

Results

{1, 176}

uGeV) s
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Non-Relativistic T Sum Rules (high moments)
Results

n
4.4
u=4GeV
B3 e
>
(]
g \\\\\
i T bl -
l§ ————————————————————————
-
I= e
............. LO
o o
"""" NNLO
NLO*
4.0 ‘ | ‘
10 s .

n
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Non-Relativistic T Sum Rules (high moments)
Results

7!
44
F PP RTPPPPPPPRRPPS
~42f T T Tmmm e } ]
S e
(] .-
<
> 41 E
E
=
|§ 40 e LO B
15 ......... NLO
sp TR e NNLO
N’LO*
38 ‘ ‘ ‘
2 3 4 5 6
u(GeV)
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Non-Relativistic T Sum Rules (high moments)

P.T. Series for m, (my,)

mb(mb) =4.294 (ILO + 0~0262NL0 — 0.0038,\{,\51‘0 + O.OOIONsLO* + .. ) GeV
=4.194GeV
Charm quark mass effects

A All results have been obtained for m. = 0.
First NNLO approximation [Hoang'00] applied to our values:

(1) ek ~ (1) o (25 £ 5)MeV
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Non-Relativistic T Sum Rules (high moments)

Error Estimation in MeV

A exp

Ag,

A,

A

A,

Ap.r.

An.p.

A,

2.3

1.9

4.2

2.2

34

2.1

0.8

5.0

Apt 2"”

N‘LO(

/1' %}mb mln n= 20)

Nikolai Zerf (Dep. of Phys. UofA)

mp) —

4
Aw: }mb mba’{'\énLO) my, (M,

NLO
ny,

— (M, p = 2)|
rN“LO)‘

Bo

- mb(mb,n = 10)’

(my)|
A,p.: Gluon condensate estimate [Voloshin95]

Ay, : Unknown contributions from m, # 0 effects. [Hoang'00]

T — m,’;ﬂs (mp)@N3LO™

L&L in QFT 2014

Ay Coherent variation of experimental data within given errors
A,,: as(Mz) = 0.1184 £+ 0.0007 [PDG]

Ay Yy, p = 1)
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Non-Relativistic T Sum Rules (high moments)

Final result

71 (7M) = 4.169 =+ 0.008y, + 0.002,, & 0.002,,,

Comparison with literature

Reference Method Approximation | m () (GeV)
[HPQCD'13] Lattice O(a?) 4.166 + 0.043
[Penin:20022v] Y (1S) mass O(a3) 4.346 +0.070
[Beneke:2005hg] | Y (1S) mass O(a3) 4.2540.08
[Pineda:2006gx] | high moments | partial NNLL | 4.190 4+ 0.060
[Hoang:2012us] | high moments | partial NNLL | 4.235 4+ 0.055
[Chetyrkin:2010ic] | low moments O(ad) 4.163 +0.016
This work | high moments O(ad) 4.169 4 0.009
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Summary and Outlook

Summary
@ N’LO* extraction of () using n.r. T sum rules now available
@ Great stability improvement going from N’/.0 to N3LO*
© We find: mi, () = 4.169 £ 0.008,, £ 0.002,, £ 0.002,y,
© Good agreement with values obtained by complementary methods
Outlook
<I£> N3LO* continuum contribution to the moments

@ m. # 0 effects
@ AViLO
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M. Buffer
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Analytic Properties of I1(s)

Imsa
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Non-Relativistic T Sum Rules (high moments)

[ =4Gev

@)
—
Z
Z
®
=
E= .
s poles
................. continuum
1 both
0 L 1 1 1 -1
10 15 20
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Non-Relativistic T Sum Rules (high moments)

N3LO continuum contribution
V Contribution from continuum is strongly suppressed for high »

=Y Use estimate for the N3LO continuum corrections to G:

)
Zy = CX(E) (1 n ZE—M) o 0)]2

N3LO N3LO
R VA

RNNLO (s) = ZNNLO

s=M~ (15 !

N3LO
RN3L0( ) ~ Zl

~

NNLO ( S)

NNLO
Z 1
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Non-Relativistic T Sum Rules (high moments)

N3LO continuum contribution
V Contribution from continuum is strongly suppressed for high »

=Y Use estimate for the N3LO continuum corrections to G:

-2
E,
2 =) (14 5] (07
RN’LO Z{V3L0
RNNLO (s) ~ ZNNLO
s=Mr (15 !

N3LO Z{V3L0 NNLO !

RY ™ (s) =~ 'OzNNLOR (s) 5 <p<2

1
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p-Variation: 1 < p <2
1L
4.4
43
—~ 4.2
S
[P)
<)
= 4.1
5
=
|E 4.0, -------------- LO 1
B 15 ......... NLO
sof =L NNLO 1
NLO*
3.8 ' ; :
2 3 4 5 6

u]
]
I
ul
it

Nikolai Zerf (Dep. of Phys. UofA) ST — mS(my)@nro*



p-Variation: 1 < p <2

4.4

S
(3]
©)
2
E
=
IS

————— NNLO

NLO*

40 L L L I L L L L I L L L L I L

10 15 20
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Extraction @

T L
() (GeV) @ NNLO
20F 989 Y il
15F -
10F -

5 6
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Extraction @ N’LO*
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