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Introduction

Exceptional symmetries of maximal supergravities

11D SUGRA

10D Type IIA — SO(1, 1) 10D Type IIB — SL(2) /SO (2)

9D SUGRA — GL (1) x SL(2) /SO (2)

8D SUGRA — SL(2) < sl (3) /SO (2) x SO (3)

I
7D SUGRA — SL(5) /SO (5)
|

6D SUGRA — SO (5, 5) /SO (5) x SO (5)

5D SUGRA — Eg/Usp (8)
[

4D SUGRA — E;/SU (8)
I

3D SUGRA — E5/SO (16)
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Introduction
E11 Dynkin diagram

>—0-0-0-0-0-0-b 00

5D SUGRA — GL (5) x Eg

>—o-0-0-8-0-0-b-0c

11D SUGRA — GL (11)

>—0-0-0-0-0-0-b-00



Introduction

All maximal supergravity theories in every dimension are contained
in the non-linear realisation of the E11 algebra. Theories in
different dimensions correspond to different decompositions of E11
into representations of its simple subalgebras.

E11 conjecture

The non-linear realisation of the E11 algebra is the low energy
effective action of the theory of strings and branes.

P. West, 2001 — 0104081
P. West, 2003 — 0307098
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Non-linear realisations

G D H, H - local subgroup, 1 - vector representation of G

(R RY) = 20, R0, IR, La = — (D)7 L

Regular NLR: g = e k"

NLR of a space-time symmetry group: g = e La gAa R

Symmetries of NLR

> Rigid (global) g — sg,s€ G
> Local g — gh, he H
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Non-linear realisations

The Cartan form

V:g_ldg:VL—i-VE
— dx" (EnA La+ Grja Ra) = dx" En? (La+ G R®)

Ve=P+Q, PecG/H QeH

Transformations of the Cartan form

» Under rigid V — V
» Under local V — h™1Vh+ h1dh

The dynamics
» The action S = [ d9x Tr{P?}

» Direct derivation of the equations of motion



Non-linear realisations

Examples

>

Pions are described by the NLR of SU (2) x SU(2) with a
local subgroup SU (2) (spontaneous breaking of the chiral
symmetry).

Minkowski space is described by the NLR of the Poincare
group with the local subgroup SO (1, D — 1).

Superspace is described by the NLR of the Super-Poincare
group with the local subgroup SO (1, D — 1).

Gravity can be described by the NLR of

IGL(D) = RP x GL(D) with the local subgroup

SO(1, D-1).

In D-dimensional supergravity the scalars belong to the coset
of the NLR of E (11 — D) (SL(2, R) for 10D Type IIB
theory).
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E1lin 11D

E11 is decomposed into representations of GL(11)

>—0-0-0-0-0-0-b-00

Generators of E11 and its vector representation

o a aiapas ai...ae ai...ag, b
R - {7 Ral...aga R3132.337 Ko , R , R , R T }
vV v Ve
negative level level zero positive level
LA — { Pa ’ Zalag7 Zal...a57 Z.al...ay,b7 Zal...ag7 }

level zero positive level



E1lin 11D
The group element g = g, g

gE = eAO‘Ra = ... €

A
g = ¥ La

b
Aal...aﬁ R31---% eA313233 Re19233 eha Kab

a aja aj...a
— eX P, eXa1a2Z 192 eXal...a5Z 1 5



E1lin 11D
The group element g = g, g

8E = ha R —

A
g = &~ La x? P, a1 77122

. eA31~~a6 R?1-+-% eA313233 Re1223 ehab K?p

Xaj...ag Z1:+35

=€ €

Relation to the supergravity

e = (eh)#" - vielbein.

Aay 2025 - the 3-form of 11D SUGRA, couples to the M2 brane.
Az 2 - the 6-form of 11D SUGRA (magnetic dual of the 3-form),
couples to the M5 brane.

L multiplet contains all the brane charges.

We choose the Cartan involution subalgebra of E11, called /. (E11),
to be the local subalgebra of the NLR.

Cartan involution subalgebra is an algebra built from the
generators of the following form: E, — F,.
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AT, Peter West, 2015 — 1601.03974
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E1lin 11D

AT, Peter West, 2015 — 1601.03974

Level 1 /. (E;;) transformation

g—>gh h=1- Aa1a233 <R81aza3 _ 77311?1 nazbz 7733173 Rb1b2b3>

First order vector equation — duality relation between the
3-form and the 6-form

1
E81~~--94 = G[a1yaza3a4] - 478 ‘C:c'111~~--94b1mb7 Gbl,bg...b7 =0

1 )
0Es . 2, = o 531,,,34b1“‘b7 Nbybybs Eb,...b, + gravity part



E1lin 11D

Second order vector equations — 3-form equation of 11D
SUGRA

Eaaas _ % Gp, € Glba12as] 3 Gb’c[31| G[bvc|3233]]_G67bCG[b7313233]

1 1
4 (det e)2 eb'uau G[b, ‘alazéia]_}_E €a1aza3b1...b3 G[bl, bybyba] G[b5, bebrbg] = 0



E1lin 11D

Second order vector equations — 3-form equation of 11D
SUGRA

Eaaas _ % Gp, € Glba12as] 3 Gb’c[31| G[b=C|aza3]]_GqbCG[b,alazasl

d % 1y G[b,ala233] 1 alaza3b1...bgG G _
+( et e) eb 12 +@5 [bl,b2b3b4] [b5,b6b7b8] - 0

1 1
a1a2a3 __ T 1.4l A7 o381 oa2 433 —=
0E =54 € 4 Tepenen Oy, <(det e) 2Ex,. .\, /\,\5,\6,\7)

+210 Ep, . p, Glb1, b2bsba pararas] + § Eb[al \223]b
>

E.® is the gravity (Einstein) equation



E1lin 11D

Gravity equation

Eab - (det e) Rab —48 G[a, ciexcs) G[b7 acal + 455 G[c1,czc3c4] G[CI’C2C3C4]
~—_——

gravity stress-energy tensor

bd d d

Rab =e,'0, w,,,bd eq” —e,'0, wy,” eq” +wa,bc wq,“ — wdvbc w,,

Ultimate check — variation of the gravity equation

o Eab =72 /\Clcz(a Eb)clcz +38 Nab N EC1C263

C1...C10
- 4 E(a G[b), C1C2C3] EC4...C‘7 ACgCgclo

1
c1...c
+ § Nab € 1t G[q, oc3c) EC5...C8 /\C9C10C11



Conclusions

» On the low levels of the NLR of E11 we find the entire field
content of the bosonic sector of 11D SUGRA. The equations
of motion are uniquely determined by the NLR.

» The same kind of analysis can be repeated for any D < 11.
For the 5D case see AT, Peter West, 2015 — 1512.01644

» Apart from the usual supergravity fields the E11 theory
contains an infinite number of higher level fields and
coordinates. Some classes of the fields represent well
understood extensions of the supergravity theories (magnetic
duals of supergravity fields, gauged supergravities), while
other might represent some new phenomena (example: dual
graviton).

» The NLR of E11 is a vast theory that contains all maximal
supergravities at the same time. This means that E11
approach could be the correct way of looking at the
low-energy limit of the theory of strings and branes.
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