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AdS/CFT integrability

2
__ &°N
A= 47'rc

Folded spinning string [Gubser, Kiebanov, Polyakov, 2002; Frolov, Tseytlin, 2002; Belitsky, Gorsky, Korchemsky, 2006; Frolov, Tirziu,

Tseytlin, 2007; Kruczenski, Roiban, Tirziu, Tseytlin, 2008]

Tr(¢D(u1"'Dus)¢) %

l5—>m \LS—)oo

< — &

[m] = - =

DA

nzo Bianchi (HH) Perturbation and numerics of string sigma models



Scattering amplitudes

GKP string

o F = = == DA
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Scattering amplitudes
oy N
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GKP string
o Free energy log Z = leusp(A)V
s ‘e
Square and pentagon [Drummond, Henn, Korchemsky, Sokatchev, 2007]
1 X2
log F4 = —Tcusp(a) Iog2 % + const
4 X54
log Fs =

cusp(a) Z log (

i+2,i+4
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Introduction

Scattering amplitudes

. . GKP string

) A } o Free energy: log Z = Teusp(A)V
= —t I i @ Dispersion relation: E; = Ei(p;) < {E(u), p(u)}
I N @ S-matrix: S(u,v) < P(u|v)

Square and pentagon [Drummond, Henn, Korchemsky, Sokatchev, 2007]

1 X2
log F4 = —Tcusp(a) Iog2 % + const
4 X54

log Fs = cusp(a)ZIog ( b /+2) log (M) + const

Xi i+3 I+2 i+4

Hexagon and higher [gasso, sever, Vieira, 2013]

Jr A =2 9 Wi, = 3 P(OJ4h1) P41 [42) P(42]0)
P1,v2
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Perturbing the string theory side

Motivation

@ Perturbative calculations are essential to give a solid founda-
tion and inspiration to any integrability-based construction,
and thus to guarantee its predictivity.

@ Non-trivial checks of quantum integrability of the AdS/CFT
systems.

@ The choice of the regularization is crucial to find agreement
with results from integrability (not clear for higher loops).

o F = = == DA
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Perturbing the string theory side

Motivation

@ Perturbative calculations are essential to give a solid founda-
tion and inspiration to any integrability-based construction,
and thus to guarantee its predictivity.

@ Non-trivial checks of quantum integrability of the AdS/CFT
systems.

@ The choice of the regularization is crucial to find agreement
with results from integrability (not clear for higher loops).

Strategy ]

o F = = == DA
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The Lagrangian

Asymptotic spectrum

@ Bosons: 1 mode ¢ m? =1; 2 modes x, x* m? = 1/2; 5 modes y? m? = 0.

e Fermions: 8 modes 0,7/ m* = 1.

Scusp = g/dtds {|8tx + %x|2 + Z%|8sx - %X|2 + (atzM + %ZM + Zizz,\m,- (pMN)

1 2y i i i i
5 (02" = 32M) i (0048i + /0y + 0,00+ miden’) = 5 (n'mi)’
+ 2i[z%zMni(pM);j (060 — 10/ — i) (9.x — 3x))

+52"0i(ply)? (9:0; — 30, + Ly (Oox — %X)*)] }

z=e%, M= e®uM, M=1...6
a 1_ly2 5
u = yf7 u® = 4 y? = y)?, a=1,..

,b
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Perturbation theory

Summary of perturbative computations

Free energy (cusp anomaly)

o Computed at two loops in AdSs x S (Giombi, Ricci, Roiban, Tseytlin, Vergu, 2000]
o Computed at two loops in AdS; x CP? (L&, Bianchi, Bres, Forini, Vescovi, 2014]

— Confirmed a conjecture for the exact form of the effective coupling h(\), necessary
ingredient to grant the predictivity of integrability. [Gromov, Sizov, 2014]

[m] = =
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Perturbation theory

Summary of perturbative computations

Free energy (cusp anomaly)

o Computed at two loops in AdSs x S (Giombi, Ricci, Roiban, Tseytlin, Vergu, 2000]
o Computed at two loops in AdS; x CP? (L&, Bianchi, Bres, Forini, Vescovi, 2014]

— Confirmed a conjecture for the exact form of the effective coupling h(\), necessary
ingredient to grant the predictivity of integrability. [Gromov, Sizov, 2014]

v
Quantum dispersion relation
4] Computed at one |oop in AdSs x S5 [Giombi, Ricci, Roiban, Tseytlin, 2010]
e Computed at one loop in AdS; x CP? (&, M. Bianchi, 2015]
— The mapping of the weak and strong coupling excitations is subtle due to
S0(6)-symmetry breaking.
— Up to these subtleties agreement with the integrability predictions is found.
v

Lorenzo Bianchi (HH) Perturbation and numerics of string sigma models 01/03/2016 6/9



Perturbation theory

Summary of perturbative computations

Free energy (cusp anomaly)

o Computed at two loops in AdSs x S (Giombi, Ricci, Roiban, Tseytlin, Vergu, 2000]
o Computed at two loops in AdS; x CP? (L&, Bianchi, Bres, Forini, Vescovi, 2014]

— Confirmed a conjecture for the exact form of the effective coupling h(\), necessary
ingredient to grant the predictivity of integrability. [Gromov, Sizov, 2014]

Quantum dispersion relation

4] Computed at one |00p in AdSs x S5 [Giombi, Ricci, Roiban, Tseytlin, 2010]
e Computed at one loop in AdS; x CP? (&, M. Bianchi, 2015]

— The mapping of the weak and strong coupling excitations is subtle due to
S0(6)-symmetry breaking.
— Up to these subtleties agreement with the integrability predictions is found.

S-matrix

e Computed at tree-level for four and six legs in AdSs x S® (L&, M. Bianchi 2015]

e Computed at one loop in AdSs x S° for xx-scattering (L&, m. Bianchi 2015)

— The calculation agrees with integrability as long as massless modes are not involved
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Perturbation theory

Discretization and numerics
[LB, M. Bianchi, V.Forini, B.Leder, E. Vescovi, 2016]

Main idea

Discretize the two-dimensional string sigma model on a lattice and study the previous
observables at finite coupling (still in the planar limit)

Various technical complications: fermion doubling, quartic fermionic interactions...
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Perturbation theory

Discretization and numerics
[LB, M. Bianchi, V.Forini, B.Leder, E. Vescovi, 2016]

Main idea

Discretize the two-dimensional string sigma model on a lattice and study the previous
observables at finite coupling (still in the planar limit)

Various technical complications: fermion doubling, quartic fermionic interactions...

Hubbard-Stratonovich
) PN
exp{ /dtds 777],) + (Z%an,-pMNjnl) }}

~ [ Do exp{—g/dtds[é¢2+€¢n2+5(¢m — i R uz (™ )]}

L =10ex + Fx[ +%|0sx — PxH0:2" 452"+ 5 (0:2" =3 2V +5 67 +5 (o) T O )

T _ _ _1
Dy &= J dtdsVTOFY _ pf oy = (det OF Of)+ = [DgDE e | 4= €00)) 2 ¢

There is a sign problem.
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Perturbation theory

Sign problem

0 0
s 06 0102 0 02 01 06 0% T os 05 —0a 0z 0 02 01 05 08 1 O Sis 06 0102 0 02 04 06 08 1 50806 0402 0 02 04 06 08 1

Refe) Be(e'®) Refe) Re(e')

Figure: Histograms for the frequency of the real part of the phase factor e/® of the Pfaffian
1 .
Pf OF = |(det OF)2| e/®, based on the ensembles generated at g = 30,10,5,1 (g = %)

For very large g our simulations are reliable.
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Perturbation theory

The mass of the excitation x

T T
L4f[ol/a =8, g=10 1
oT./a = 10, g—10
1.2 |oL/a = 8, g=30 B
9L/a = 10, g=30
11]“T/a =12, g=30 |
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Figure: Effective mass plot m¢f = 1 |n Cxi(t), as calculated from the correlator
x a  Cx(t+a)

Cu(t) = 324, 5, (x(t,51)x*(0, 52)) of bosonic fields x, x* in presence of Wilson terms.
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The mass of the excitation x
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Figure: Effective mass plot m¢f = 1 |n C(t) , as calculated from the correlator
x a  Cx(t+a)

Cu(t) = 324, 5, (x(t,51)x*(0, 52)) of bosonic fields x, x* in presence of Wilson terms.

THANK YOU
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BESSSS——.
CUSp anomaly [Aharony, Bergman, Jafferis, Maldacena, 2008]
Prediction from the Bethe Ansatz (Gromov, Vieira, 2008]

1
fapam(A) = > fv=a(Aym)

VAvyMm

—h(X)

o F = = == DA
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BESSS————
Cusp anomaly [Aharony, Bergman, Jafferis, Maldacena, 2008]
Prediction from the Bethe Ansatz (Gromov, Vieira, 2008]

1
faBam(A) = > frv=4(Avym)

Conjecture for h(\) (Gromov, Sizov, 2014]

2YM _,p(x)
sinh? 27h(\) 1113 .,
A= o 3F2 5,5,5,1,5,—5”'”1 271',7()\)
X log2 —on - 1 T2
h(>‘) ~ 5 - % + (@) ( ? \/27\) A >1 A=A— ﬁ = ? [Bergman, Hirano, 2009]
No genuine two-loop contribution.
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C usp anoma |y [Aharony, Bergman, Jafferis, Maldacena, 2008]

Prediction from the Bethe Ansatz (Gromov, Vieira, 2008]

1
faBam(A) = > frv=4(Avym)

A
MIYM _h(X)

Conjecture for h(\) (Gromov, Sizov, 2014]

L2
) _ sinh 27h(\) F (

i1
o ]

)

N W

;-gnhzznh(A)>

N =
N =

1
27

A log2 - . 1T
h()\) ~ A — % + O (e 27r\/27\) A>1 A=A— 22 = ? [Bergman, Hirano, 2009]

No genuine two-loop contribution.

Cusp anomaly at strong coupling

fagm (:\) = V23— Slog2 _ K + 0 (5\71)

2m 4r2/2%

Confirmed by two-loop computation (L8, M. Bianchi, A. Bres, V. Forini, E. Vescovi, 2014]
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One-loop S-matrix by unitarity [LB, Hoare, Forini, 2013; Engelund, McKeown, Roiban, 2013.]
Standard Unitarity in 4d [Bern, Dixon, Dunbar, Kosower, 1994]

-

p3

P1 N P3 P1 H P3 pP1
e T G+ T G v T
P2 P4 P2 pa
£ -
Glue together the two amplitudes and uplift the integral with

P4
L

s 22 1

imét(p m)_)P——mZ:
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One-loop S-matrix by unitarity [LB, Hoare, Forini, 2013; Engelund, McKeown, Roiban, 2013.]
Standard Unitarity in 4d [Bern, Dixon, Dunbar, Kosower, 1994]

Glue together the two amplitudes and uplift the integral with

1 N P3 pL T P3 pL T P3

- - S

P T pa P2 H P4 P2 o P4
w6t (p? = m?) =

1
ps—m-—ie
Genera“zed Unitarity in 4d [Bern, Dixon, Kosower, 1998; Britto, Cachazo, Feng, 2004]

L . .
A= E Ci Known basis of L-loop scalar integrals
i

Lorenzo Bianchi (HH)

Perturbation and numerics of string sigma models




Standard unitarity in 2d (e, Forini, Hoare, 2013]

One-loop S-matrix by unitarity [LB, Hoare, Forini, 2013; Engelund, McKeown, Roiban, 2013.]

Glue together the two amplitudes and uplift the integral with

p1 T p1 P N P P N p1
Acut + + “—i_...
P2 N P2 P2 N P2 P2 N P2

w6t (p? = m?) =

1
P
Generalized unitarity in 2d (Engelund, Mckeown, Roiban, 2013]

—m*—ie

L . .
A= E Ci Known basis of L-loop scalar integrals
i

N /) :
For L=1 >©< ><[ X = .‘G = Coub
4 \ H
Lorenzo Bianchi (HH)

Perturbation and numerics of string sigma models

[m]

=




s-channel t-channel u-channel

1 SP RQ ’ 1 PS ’ QR 1 1
L TR (R TEQ (b)) + sy TER (PP ) TR,
TR e ) TR (p.p") 22 TUR(PP) Ty (PP + 207 TR (PP ) Ty (P1P) 789 (5 ) TER (")

TOT L TOT+; 5 ! STOT TOT
2m?
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s-channel u-channel

1 SP RQ / 1 PS INTQR( !
TiR (. TES (5, TER . ) TSR
T TR (') 2n? TR T () 5o Thi(PoP) Ton (PP') 780 (5,51 TES (5,0

TOT 21 TOT+5 ! STOT TOT
The result
M _ 9 1 1
T (T@T TOT)+ - T®T+K—T@T+—T@T)
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Solution to the sign problem

z2

1 . i M\ 2 1 i 2
L= 2 (=002 + (im0 o)) = & (=400 + 2oy mn|)
>l = = (") (o i’

Yo =% 4+ ¥

1 -
Lo=— (=40 F207) ¥ £254))

12 2 2w - .
Lo—= Z0’¢+6¢" + “migin’ + =~ (0") e (0 )imun’ + 6]
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