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Motivation: The success story for N = 4 SYM

Possible to compute observables in the strong coupling regime and in
some cases to even obtain Exact results (for any value of the coupling).

o AdS/CFT (gravity/sigma model description)

o Integrability (The spectral problem is solved) at large N,

o Localization (Exact results: e.x. Circular WL) for any N,

Which of these properties/techniques are transferable to more realistic
gauge theories in 4D with less SUSY?
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Localization

Localization works for A = 2 theories  (Pestun)

The path integral localizes to (a Matrix model) an ordinary integral!

Zss = / [Dd] e S*] = / da|Z(a)|?

An example of exact observable:

1+ + + + - A<<1
Il(f) 192 9216

VA \/gx%eﬂ+... A>>1
the A/ = 4 SYM circular Wilson loop in the planar limit.

W(A) = 2

@ Even if the observable cannot be written in a closed form, one can
always expand both from the weak and from the strong coupling.
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Integrability  (only in the planar limit)

e Perturbation theory: integrable spin chain (Minahan, Zarembo, ... ).
o Gravity side: integrable 2D sigma model (Bena, Polchinski, Roiban,. .. )
@ The spectral problem is solved V) (Gromov, Kazakov, Vieira,. .. )

@ Now other observables: scattering amplitudes, correlation functions. . .

Integrability: 2-body problem — n-body problem

Exact result (V) is due to symmetry:

@ The dispersion relation A — |r| = /1 + h(g)sin® (£)
and the 2-body S- matrix

are fixed due to the SU(2|2) C PSU(2,2|4) symmetry (Beisert).

e For N = 2 theories we also have it: SU(2|2) C SU(2,2/2)!
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AdS/CFT

AdS duals only for a sparse set of 4D theories:
@ D3 branes in critical string theory. (e.g. orbifolds)

@ Adjoint and bifundamental matter. (Flavors in the probe approx.)

It has been argued that:

@ N =1 SQCD in the Seiberg conformal window is dual to 6d
non-critical backgrounds of the form AdSs x S*.
(KIebanov—MaIdacena, Fotopoulos-Niarchos-Prezas, Murthy—Troost,...)

e N =2 SCQCD is dual to 8d non-critical string theory in a
background with an AdSs x S! factor (Gadde-EP-Rastelli)

Checked at the level of the chiral spectrum.
For non-protected quantities there is nothing to compare with!
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Plan of attack

Discover the string from the “bottom up”.

AdSs x St x M

@ Probe the AdSs x S! factor of the geometry: purely gluonic sector

@ Probe the compact S x M factor: sectors with quarks

2 Rﬁds 2 Rgl 2
fl(g ): (2770/)2 ) fZ(g ) = (271'0/)2 ) f3(g ) -

R
(2ra’)?

using:
@ Perturbation theory

@ The spin chain description (Symmetry and Integrability)
o Localization
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The main statement

Elli Pomoni (DESY Theory) Integrability and Exact results in March 1, 2016 7/37



The main statement

© Every N = 2 superconformal gauge theory has a purely gluonic
SU(2,1]2) sector integrable in the planar limit

Hy=2(g) = Hyv=4(8)

@ The Exact Effective coupling (relative finite renormalization of g)
g’ =f(g%) =g +8° (Zv—2— Zv—4)
we compute using localization

Wy—2 (8%) = Wy=4 (8°)

© AdS/CFT: effective string tension f(g?) = T2, = (ﬁ) .
e

Obtain any observable classically in the factor AdSs x S of the
geometry by replacing g2 — f(g?).
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Outline of the rest of the talk

O Review
@ Integrability of the purely gluonic SU(2, 1|2) Sector
© Localization and the Exact Effective couplings

@ Conclusions and outlook
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Review
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N = 2 SuperConformal QCD (SCQCD)

@ ADE classification N/ = 2 SCFT: finite/affine Dynkin diagrams

One parameter family AV = 2 SCFT: product gauge group SU(N) x SU(N)
and two exactly marginal couplings g and g (Gadde-EP-Rastelli)

@ For & — 0 obtain N' =2 SCQCD with Nf = 2N

@ For & = g one finds the well-known Z, orbifold of N’ = 4 SYM, with
an Ad55 X 55/Z2 gravity dual (Kachru-SiIverstein, Lawrence—Nekrasov—Vafa,...)
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N = 2 SuperConformal QCD (SCQCD)

N = 2 hypermultiplet fundamental in SU(N) and U(Nk):

7/1041' e
qi T (@7 QI:(S’*>, i=1,...Nf

(%),

3
[B = fgg (Nf — 2N)] when Nr = 2N exactly marginal coupling!

4
It should have an AdS dual description with A = g%,MN — (RZA—S‘:S> .
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Veneziano expansion

The theory admits a Veneziano expansion:

N — oo and Nf— o0

with &£ and A =g2,N kept fixed.

(Veneziano 1976)
Generalized double line notation:
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Consequences of the Veneziano expansion

The two diagrams are of the same order N ~ Ny

Operators will mix:

O ~Tr(6/9) +Tr (¢ aid)

Closed string states — “generalized single-trace” operators

Tr (¢kle1¢k2...¢anf") . M= q%d,. ab=1,... N
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One parameter family of N' =2 SCFT SU(N) x SU(N)

N = 2 vector multiplet adjoint in SU(N): (gb, )\g, .Faﬂ)a b
. — Y XT ¥ \?
N = 2 vector multiplet adjoint in SU(N): (¢, A .Fag) 5

N = 2 hypermultiplet bifundamental in SU(N) and SU(N):
T = f a A
(Q ) won wa) . 1= 1,2 5U(2)[_
3

For g —0: N =2 SCQCD plus a decoupled free vector multiplet.
symmetry enhancement: SU(2); x SU(N) — U(Nf =2N), (Z, 3) — i
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Constructing the Spin Chain

V site hosts a “letter” from the single ultrashort singleton multiplet:

Ve =D" (X, ¥, Z, % ¥, 2N X, Fus 7o)

The state space V lattice site is Vy = VF and the total space is ®éV@.

N=2 SCQCDI

The state space at each lattice site is co-dim, spanned by
Ve={V, V, H, H}

v:D"(¢,A£,fQB)ab , H:D"(QI,¢,1Z)af

The color index structure imposes restrictions on the total space ®§Vg:

- 00Q00 90 Qpo -
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Elementary excitations come from the vector multiplet

o Choice of vacuum trZ* with A —r =0 (= magnon number).

o 8 + 8 elementary excitations with A — r = 1:

(ML XX, Y.V, Do |with A=1,....4 the SU(4) index.

e A—r>2: 27, Fap, ... are composite states.

N =2 SCQCD I

e Choice of vacuum tr¢f with A —r =10

® 4 + 4 elementary excitations with A — r = 1:

with 7 = 1,2 the SU(2)g index.

e A—r>2:. M, F,3 ... are composite states.
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“Regularizing” N = 2 SCQCD by gauging the flavor

e Consider the SU(N) x SU(N) N =2 SCFT (SCQCD g — 0)
&/g should be thought of as a regulator.

o We regularize by inserting ¢s between the Qs giving the dimeric

impurities the possibility to split:

- 60Q3G - 33066
@ Now the @s can move independently
A—r=1
and can be interpreted as elementary excitations!

@ Back to 8 + 8 elementary excitations with A — r = 1:

LQﬁ, AL and Daq j with Z the SU(2)g and Z the SU(2), index.
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Beisert's all loop Scattering Matrix

SUR)s SU@R)R SUR). SU(2).

SU@)a [ £ 0% P3 o
suk | &, | R’y | 95 | R
SU@). [ P o, ) o
sua | O | ®R, | ST | R,
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Beisert's all loop Scattering Matrix

SUR)s SURR  SUR)a  SU()

SU@)a | L5 Q% Diy AT;
SUQk | S R%, A X}I
SU@a DY X7 L, Q7
su@e N XL s% RE,

@ The broken generators (Goldstone excitations) and correspond to
gapless magnons.
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Beisert's all loop Scattering Matrix

SU@2)a SUR)r SUR)a SUR).

SU@)a | L5 Q% Diy AT;
SUQk | S R%, A X}I
SU@a DY X7 L, Q7
su@e N XL s% RE,

@ The broken generators (Goldstone excitations) and correspond to
gapless magnons.

@ These magnons transform in the fundamental of SU(2|2)

|r|:2C:\/ + h(g)sin? (’2’)

@ The two-body S-matrix is fixed by Beisert's centrally extended
SU(2|2) x SU(2|2) symmetry. (Beisert)
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N = 2 all loop Scattering Matrix

SUR)s SU@R)r SUR). SU(2)L

SU@)a [ L4 Q% PY
SU@R | S RE, Q%
SU)a | P} Q% £
SU(2), RL
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N = 2 all loop Scattering Matrix

Choice of vacuum tret:

SUR)a  SUR)r  SUR)a  SU(2)L

SU@)s | L% Q% Dl Pl
SUQRR [ S5 R%; A Q%
SU(2)a DY N7 L%

SU(2). W QY R,

The broken generators — Goldstone excitations — Gapless magnons
Non-existing generators—non-Goldstone excitations—Gapped magnons
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N = 2 all loop Scattering Matrix

Choice of vacuum tret:

SUR)a  SUR)r  SUR)a  SU(2)L

SU(2)4 L7 Q% Dl Pl
SUQRR [ S5 R%; A Q%
SU(2)a DY N7 L%

SU(2). W QY R,

The broken generators — Goldstone excitations — Gapless magnons
Non-existing generators—non-Goldstone excitations—Gapped magnons

20y = /1+8g2sin? (2) 2Cq. = /1+2(g — §)* + 8gésin” (2)
g=flg.& =g+ (8—8)’=h(g.8)=(g—&°+
g=1fgg =8+ gE=h(g.8) =g+

The S-matrix of highest weight states in SU(2), and SU(2); is fixed by
the centrally extended SU(2|2). (Gadde, Rastelli)
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Integrability of the purely
gluonic SU(2,1|2) Sector

¢7 )\Iap—i—d
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A diagrammatic observation

The only possible way to make diagrams with external fields in
the vector mult. different from the AV = 4 ones is to make a loop
with hyper’'s and then in this loop let a checked vector propagate!

(EP-Sieg)
7S\
B ————— P
\ y,
The same with N/ = 4 SYM Different from N/ = 4 SYM
but finite !!
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A diagrammatic observation

The only possible way to make diagrams with external fields in
the vector mult. different from the AV = 4 ones is to make a loop
with hyper’'s and then in this loop let a checked vector propagate!

(EP-Sieg)
7S
B ————— P
\ y
The same with N' =4 SYM Different from N = 4 SYM
but finite !!
Novel Regularization prescription: (Arkani-Hamed-Murayama)

For every individual N' = 2 diagram subtract its N' = 4 counterpart.
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WAV
AL

HE L) - HD, 00~ HP, ) = HD, 00 =HE, (F)
with F(A) = A +.cA3

ANV =
AMVW D
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Operator renormalization in the Background Field Gauge

Background Field Method: v —=>A+Q

where A the classical background and @ the quantum fluctuation

8bare = Zg 8ren s Abare = \/ ZA Aren Qbare = V Zq Qren s Ebare = Z.E Eren

In the Background Field Gauge | Z;1/Z4 = 1| and
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Operator renormalization in the Background Field Gauge

Background Field Method: v —=>A+Q

where A the classical background and @ the quantum fluctuation

8bare = Zg 8ren s Abare = \/ ZA Aren Qbare = V Zq Qren s Ebare = Z.E Eren

In the Background Field Gauge | Z;1/Z4 = 1| and

o Compute (O(y)A(x1) - A(x)) for O ~ tr (ph).

+ more diagrams

A(x) Ax) Axa)A(xm)  Alxm+1)A(xe)

Wick contract O7*" (Qren , Aren) = 3_; ZijOJbare <Z(1?/2Qa Zj\/2A>

Elli Pomoni (DESY Theory) Integrability and Exact results in A = 2 March 1, 2016 24 / 37



Background Field Method: No Q’s outside, no A’s inside!

A(x1)A(xm) A(xm+1)A(xL)

(QQAA) renormalize as Zé/2Zj/2(QQAA>

@ The Q propagators as Zi1

1/2

the O™" has two more Z;

all Zg will cancel V individual diagram (We knew it - gauge invariance!)

@ Only Z=Z2 = Z,", the combinatorics the same as in N = 4:

(Hy—o(g) = Hy-a(g) with g°=f(g% &%) =g>+&°(Zv=o— Zv-d)]
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New non-Holomorphic vertices cannot contribute

= rren. tree 1 rneW = /d40]:(W) +c.c. + / d40d40_H (W, V_V)
@ [ ren tree: vertex and self-energy renormalization
all encoded in Z = Zg2 = Z;l

@ [hew : New non-Holomorphic vertices cannot contribute due to the
non-renormalization theorem (Fiamberti, Santambrogio, Sieg, Zanon)

¢ ¢ ¢ ¢

R P = -
|
|
4
|
!
———— — - R S,

- - -
—————
————
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Localization
and
Exact Effective couplings
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Pestun Localization on the sphere

(¢) = diag (a1, ..., an)
Zss = /[da] | Znek(a,e1 = r™tea = r )

1

€12 = r - omega deformation parameters serve as an IR regulator

|Og (ZNek(a, €1, 62)) ~ —L}"(a)

€1€2

e The UV divergences on the sphere are the same as those on R*.

The circular wilson loop can be computed

W(g) = 23 [ 1da (LZ) Zna(. )

and is given by a matrix model calculation.
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e For N/ = 4 the matrix model is Gaussian (Erickson, Semenoff, Zarembo)

(4w
Wi=s(g) = 1(27ng)

@ For A/ = 2 theories we have a more complicated multi-matrix model

WN:2(g7é) = WN:4(f(gag))

o) = { g% +2 (2% - g2) [6¢(3)g* —200(5)g* (8> +382) | + O(e™)

RS
ek 4 0(1)

o Checked with Feynman diagrams calculation (up to 4-loops)

- ~ - ~
4 \ '( \
‘o ’ \ ’

- rd

o Agrees with AdS/CFT (Gadde-EP-Rastelli) (Gadde-Liendo-Rastelli-Yan)
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Hama-Hosomichi Localization on the ellipsoid

Deformation parameter b = \/;—T =,/2
2 €1

Zgs = /[da] | Zek (3, €1, €2)|

e The UV divergences on the ellipsoid are the same as those on R*.

@ Two parameter IR regularization

D=

Two supersymmetric wilson loops (WE_, (g2 b)) = % +O((b—1)?)

Wi_,(g% b)) = Wy_,(f(g% b))
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Cusp anomalous dimension and Bremsstrahlung function

Analytically continue to Minkowski signature ¢ = i:

~Teusp() log 2
W, ~e MR with Ayv and A the UV and IR cutoff.

o For big ¢: light-like cusp anomalous dimension

rcusP(Sa) ~ Ky

leading log behavior of the anomalous dims of finite twist operators
A—-S~Klog$ as S—

@ For small ¢:
rcusp(@p) = 8902 + 0(904)
B  the energy emitted by an uniformly accelerating probe quark
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Bremsstrahlung function from localization

Follow (Levvkovvycz—l\/laldacena) and ( Fiol—Gerchkovitz—Komargodski)

_ 1 d +
B = ZEH% |0g<W (b)>’b=1

o For N =4

_ gh(4gm)

By—s(e’) = wh(4gm)

@ For A/ = 2 theories we have a more complicated multi-matrix model

Bn=2(g,&) = Bv=4a(f(g,&))

2 g% —g° 4 4 (52 2 10
f(g, &) —{ é;g;fg(l) &) {64(3)g 20¢(5)g* (&* +3g )} + 0(g'?)

g+&

The same up to four-loops and the leading term in strong coupling!
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Discrepancies from 5-loops and scheme dependance

Af—fB—fWNfO(C()

@ Discrepancies depend on how we cut-off the low energy momenta

Five loops: order g'0
D =2 (g8 —gb) gt [704(7) (gé' +5gigs + 8g{‘) —2(6¢(3)) (gé‘ —gig + 2g{’)
—~40¢(2)¢(5)e |

We compute on sphere, or on ellipsoid some fields become massive:
scheme dependance due to IR regularization!

A = —14¢(7) — 120(3)C(4) + 36¢(2)C(5)
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Conclusions
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Conclusions and outlook

e V observable in the purely gluonic SU(2,1|2) sector (AdSs x S!)

take the N/ = 4 answer and replace g2 — g2 = f(g?) = ﬁ

We need more data! (EP—Mitev), (Leoni—Mauri—Santambrogio) and (Fraser)
Fcusp (go,gz) =0 ((p, K(gz)) (Grozin—Henn—Korchemsky—I\/Iarquard)

Use the “Exact correlation functions” (Baggio—Niarchos—Papadodimas).

@ Similar story for:

o asymptotically conformal A/ = 2 theories (massive quarks) and

o N'=1SCFTsin 4D  (EP-Rotek)

o theories in 3D: compare ABJ with ABJM (localization powerful in 3D)
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Conclusions and Lessons

@ Lesson: Think of N'=4 SYM as a regulator! (A Hamed-Murayama)
The integrable N' = 4 model knows all about the combinatorics.

For N/ = 2: relative finite renormalization encoded in g? = f(g?).

@ Even explicit calculation the Feynman diagrams is not so hard:

Only calculate the difference:
g> = f(g?) = g% + g% (Znv=2 — Zn=4)

Only very particular finite integrals:

RO R Y ) S/ | IR o

(Broadhurst)
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Thank you!
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