
One very special twist

Evgeny Sobko

GATIS Workshop, Hamburg , 2016

S.Leurent & E.S. [1511.08491] 



First Part of  Introduction
“Excursion into finite temperature 4D Y-M”

• Y-M theory at finite T:

• Holonomy:

Based on 
D.Diakonov [0906.2456] 
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• Main contribution comes from the dilute gas of KvBLL calorons –
neutral clusters of N dyons.

Dyon-induced potential:

where:

Minimum corresponds to:

All criteria of confinement in this limit are satisfied!

• Zero trace of holonomy

• Linear potential

• No massless modes

• etc

[D.Diakonov, N.Gromov, S.Slizovskiy, V.Petrov] 



Second Part of  Introduction
“Resurgence in 2D PCF sigma-model”

• Classical action of SU(N) Principle Chiral Field model:

• Twisted boundary conditions:

• At                 and periodic b.c. the quantum theory has

• Asymptotic freedom: 

- N-1 particles                               labeled by fundamental reps of SU(N)

-



Resurgence at the twist    

Reduction to QM:

Asymptotic series for energy:

Not a Borel summable:

Ambiguity :

Unitons - saddle points consisting of fractons:

Ambiguity from fraction-antifracton: 

Cancelation of ambiguities and confined mass-gap:

[Cherman, Dorigoni, Dunne, Unsal] 



Last Section of  Introduction
“What do I want?”

• I want to analyze this twisted PCF using Integrability and check is there something special about 
that particular twist at any coupling constant.



Twisted TBA

• Vacuum energy:

• Using usual logic of TBA we go to the mirror model:
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• Vacuum energy:

• Using usual logic of TBA we go to the mirror model:

• In the mirror model the twist          acts on one –particle states as                      , 

• TBA equations (                               ):

where chemical potentials defined as:

Twist as a defect-line operator

As usual:



• TBA can be rewritten as a Y-system:

• The asymptotic solution at large L :

• In order to reproduce the right chemical potentials in TBA we need a special epsilon prescription: 



• Let’s see how this prescription works at large L :

• Exponentiating r.h.s we get:

• Epsilon prescription leads to

• And finally:



Exact solution for Vacuum at twist 

• The characters of       in all fundamental representations are zero:                          . What gives

• Zero-characters decouple Y-system in two independent wings, as                does  in the large L limit. 
It means that the large L ansatz turns out to be exact solution at any L : 
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• The characters of       in all fundamental representations are zero:                          . What gives

• Zero-characters decouple Y-system in two independent wings, as                does  in the large L limit. 
It means that the large L ansatz turns out to be exact solution at any L : 

• One loop Casimir energy at arbitrary twist:

• In the periodic case it gives well known result:

• At twist      it gives zero:  

Comparing with week coupling (small L)

[Cherman, Dorigoni, Unsal] 



An interesting open question:
What is the symmetry behind this cancelation? 

From the Integrability point of view this zero is very similar to the vanishing of anomalous 
dimension of BPS operators in the undeformed limit of N=4 SYM. In this case it has very simple 
physical explanation – undeformed case has unbroken supersymmetry. But in our case there is no 
SUSY which could make such miracle cancelation…



ABA. Any twist, any excited state.

• Y-system can be rewritten as Hirota (                               ):

where T-functions are defined up to gauge-transformation:                                                         , 

• We can choose either                                                           What leads to two natural gauges - left(L) and right(R):

• The large L limit corresponds to the spin-chain limit and         can be found from generating function:

and generating function for            differs by substitution  



• Cancelling poles           at                               we get twisted auxiliary Bethe equations:

and similar for the left wing.

• Asymptotic form of the middle-node Y-functions reads as:

and it leads to the massive Bethe equation                             :



Finite L

• General solution of Hirota system can be represented through the Wronskian determinants:

and similar for the left wing.

• are analytic on the lower (resp upper) half plane. In addition                  decreases at 
large      as                                . It allows us to introduce the following parametrization: 

where                     is Cauchy kernel,                           is a real jump density and          are polynomials.

[Krichever, Lipan, Wiegmann, Zabrodin]
[Zabrodin]
[Zabrodin]



SU(2) case. Vacuum and particle in the rest.

• Some states like vacuum or one particle in the rest        have extra symmetry:

where        denotes number of Bethe roots. 

• General twist in SU(2) case: 

• Vacuum :  

• One particle in the rest :              

,                             , 

• Gauge freedom allows to set                  and then one can notice that                                              and write:

which holds for   



Final equation:

where                             ,                                                               and  

We can express all T’s through             and equation (      ) has a form of 

F is contraction mapping and the equation can be solved iteratively. 



Numerics



Does one-particle in the rest give us a mass-gap?

• Making reduction  to QM at small          and using WKB approach or resurgence one

would expect the confined form of the mass-gap:

• However for the one particle in the rest 

we see ideal perturbative mass-gap : 

Open question: Is there contradiction and who is mass-gap?

Potential answer: Probably in the twisted case the mass gap 

realizes by another state.



Outlook

• We constructed finite system of equations for (generally)twisted PCF.

• At the special twist        large L solution turns out to be exact. It gives exactly zero vacuum energy.

• In case of SU(2) energies of vacuum and one particle in the rest was calculated numerically for 
arbitrary twist and different L.

Wish list

• Full analysis of all states in the twisted PCF. Clarifying the nature of mass-gap.

• What is the mechanism behind vanishing vacuum energy at the twist      ?

• Generalization to other sigma-models. What happens at twist        in supersymmetric theories?

• Build connection between integrability and resurgence.

• …



Thank you!


