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1 A little history...

Starobinsky’s motivation was to find a cosmological model without a singularity
in the past. Advances in the area of QFT on curved spaces |[1H5] caused him
to consider quantum correctionsﬂ to the Einstein equations in order to find non
singular solutions.

In his famous model [7], Starobinsky did not a priori introduce a modification
of the R-term in the Einstein-Hilbert action but simply considered the Einstein
equations with then recently proposed quantum corrections to the right-hand-

side, i.e.
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where the constants K7, Ko depend on the number and spins of the quantum
fields taken into account. The Einstein equations can then be solved to yield
a universe where an early de Sitter phase extends infinitely to the past but
comes to an end at a later point, thus the initial singularity is avoided and the
understood evolution of the universe is not spoiled.

Only later, it was realised that Starobinsky’s modification of could be
reproduced by modifying the Einstein-Hilbert action

S = %/d‘*x\/ng (1.3)

with [8]

R — f(R) :R+aR2+6R2lng, (1.4)

where a > 8 and C is an arbitrary constant. So let’s review f(R) theory...

1He took into consideration the one-loop approximation of the interaction of quantum free
matter fields with the gravitational field, see |6] for a comprehensive review.



2 f(R) Theory

The subsequent discussion follows the brilliant treatment of [9]. Consider the
modified Einstein-Hilbert action

S = %/d4x\/jgf(R)+/d4xﬁM(gW,\IlM), (2.1)

where the second term is the matter Lagrangian and R = g"“R,,,,, R = Ry,
Varying the above action with respect to g, yields

F(R) Ry~ 500 (R) = VT f (B) + guOf (R) = T4, (22)

where f'(R) = 0f/0R, O = V*Vu and TP(LJIYI) is the energy-momentum tensor
of matter. Setting f(R) = R — 2A reproduces the Einstein equations with a
cosmological constant term. Taking the trace of (2.2) and considering TM) =

g‘“’T}(LJy) , we find

30 f'(R) +f(R)R—2f(R)=T™), (2.3)
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The above determines the dynamics of the propagating scalar degree of freedonﬂ
f'(R). Considering a vacuum, i.e. T = 0 and imposing a constant R, thus
df'(R) = 0, we find a de Sitter point at which f'R — 2f = 0. The model
f = aR? satisfies this condition and therefore gives rise to exact de Sitter space.
A model of the type f = R + aR? leads to a de Sitter phase for as long as the
R?-term dominates. When the linear term becomes significant, inflationary
expansion ends and a phase of reheating follows in which oscillation of R leads
to gravitational particle production.

Considering a spatially flat FLRW spacetime, i.e.

ds* = g dade” = di* - a*(1)dx”, (2.4)

we have )
R=6 <2H2 + H) , (2.5)

where the dot denotes differentiation with respect to coordinate time ¢ and we
find the field equations

3f/H? = %(f’R — f) = 3Hf" + par, (2.6)
—2f'H = f' = Hf' + (pm + Pur) (2.7)
pv = —3H (par + Pur) (2.8)

with TS0" = diag(par, —Par, —Par, — Par).

2Inspecting lets one recognise the term f’(R)R = xR which indicates a non-minimal
coupling of the Ricci scalar to the field x. When the equation of motion is non-linear in R but
shows a term where R is multiplied by some scalar function, one speaks of the equation being
formulated in the Jordan frame. Strictly speaking, f(R) is not a function of some scalar field
but we will nevertheless refer to this representation as being in the Jordan frame.



3 Inflation in f(R) Theories

Consider models of the type
f(R) =R+ aR", (3.1)
with a,n > 0 in the absence of matter, i.e. pp; = 0. Equation(2.6|) then yields
1 X
3(1 +naR" NYH? = 5(71 —1)aR™ - 3n(n — 1)aHR"2R. (3.2)

Inflation may be realised when the second term of (3.1) dominates, i.e. f' =
1 +naR" ! > 1. We thus can approximate f’ ~ naR"~! and recast (3.2) as

2Nn—1 _ E
H* ~ on (R 6nHR>. (3.3)

For inflation, we require the Hubble parameter to evolve slowly, i.e. |H/H?|,
|H/(HH)| < 1. Then the above reduces to

H —24n
= . 3.4
TTHm T m-D@n-1) (34)
For n = 2, the above equals zero and the exact de Sitter solution is recovered.
Assuming € > 0, the above may be solved to yiekﬂ

1
Hr =, (3.5)
a o t/e. (3.6)

The standard inflationary scenario with decreasing H is realised within the
regime (1 ++/3)/2 <n < 2.
In the following, we will consider a reformulation [10] of Starobinsky’s original
work with
R? .

f(R)—R‘f‘ma (3.7)
where the constant M has dimensions of mass. Considering equations (2.6) and
(2.7), we now have

H— EJFEM?H— —3HH (3.8)
2H 2 N ’ '
R+3HR+ M?R = 0. (3.9)

We immediately see that R has an equation of motion of damped harmonic
oscillator type where the damping is due to Hubble friction. This will eventually
cause the linear R-term to dominate over the quadratic one and thus inflation

3Strictly speaking, solving gives a = apC~™(1 + z/n)", where n = ¢!, 2 = C -t
and C is an appearing constant of integration. Approaching the de Sitter limit gives n — oo
and the definition of the exponential function appears. However, the term C'~" — co or — 0
depending on whether C' < 1 or C' > 1 respectively. Hence, choosing C = Hy with Hy being
the Hubble parameter at the onset of inflation and working in units of Hp, i.e. C = Hp =1,
one recovers a o et which is exponential behaviour in the de Sitter limit as expected.



to end.
During inflation, the first two terms on the left-hand side of (3.10) may be
omitted, hence we have H ~ —M? /6. We then find

M2
a aoeHo(t—to)—(M2/12)(t—t0)2 (3.11)
R=~12H? — M?, (3.12)

where the zero denotes the quantities value at the onset of inflation. Inflation
persists as long as

H M

TTm T me

Inflation ends when H? = M?/6, thus M determines the energy scale of the end

of inflation. From we find inflation to end at t; ~ ¢y + 6Hy/M?. Thus

the number of e-folds of the inflationary phase isﬁ

[ N M? , 3H; 1
N = . HdtNH()(tf t()) 1 (tf t;)° = 2 2e(to)

<1 (3.13)

: (3.14)

So far it looks as if we have a very good candidate for an inflationary model.
However, recalling the last talk, we might ask what mechanism might now be
responsible for generating primordial perturbations as we don’t have a quantum
scalar field that undergoes fluctuations. So consider the following...

4 Conformal Transformations

We now seek an action that entails the physics of the above yet is only linear
in R. But isn’t that against the whole point of f(R)-theories? Consider the
conformal transformation

g;w = Q2gum (41)
where 02 is the conformal factor and a tilde now denotes a quantity in the
Einstein frame. When introducing

ow = 1 —
w=ln Q, aHOJ = @7 0= ﬁ( —gg/" al,W), (42)

one may find B y
R=Q*(R+ 60w — 65" 0,wi,w), (4.3)

where \/—g = Q~*/=g. The action may be recast as
S = /d4x\/jg <;f’R U> + /d4x£m, (4.4)
with U = 1/2(f'R — f). Combining all of the above, one may write
S = / diz\/—g @ F Q2R+ 60w — 65" 0,wd,w) — Q4U>

+/d4$£]y[(ﬂ_2guy,\1’]\/[). (45)

4 Again, note that for de Sitter we have € = 0, hence the expression diverges implying an
ever lasting de Sitter phase.



By inspection, one may then choose Q2 = f/(R) for f/ > 0. We_furthermore
introduce a canonical variable ¢ = /3/2In f/(R) and thus hav w = ¢/V6.
Gauss’ theorem will let a contribution of the type [ d*z+/—§0w vanish and we
can hence formulate the action in the Einstein frame as

Sy — / B/ (;R - %gwa,@am - V<<z>)>

+ / 2 Lar (F7 (D) Yar) . (4.6)
where U 'R
Vo) = 15 =y (4.7)

We have thus found an effective scalar field with the Lagrangian L4 = — % g 0,90, p—
V(¢). Note that the integrand of the above action is identical to the action of
Higgs inflation after canonical normalisation in the Einstein frame at large ¢,

ie.

SR = 50" 0u30,6— V (3), (49)

where the tilde denotes the Higgs field in the Einstein frame and f (@) = 1+(¢2.
The Higgs potentia V($) = f(¢) 22 Au(¢(¢)? — v?) in the Einstein frame is

proportional to q~52 for small ¢ and flat at large ¢.
This behaviour is similar to that of the effective scalar field’s potential in R?
inflation that will be subject of the next section.

5 Dynamics in the Einstein Frame

In the Einstein frame, the metric is given by

d3? = O2ds® = f/(dt? — a?dx?) = di* — adx?, (5.1)

1 1!
= H+ —]. 2
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The effective scalar field is

/3 ;3 R
¢\/;lnf\/;ln<1+3M2>. (5.3)
Considering the above, one has
3M? 2
V=08 (1 V)’ »

which, as pointed out earlier, behaves similarly to the Higgs potential in the
Einstein frame given as

from which we deduce

H

ISH R

&/ &

V(g) = % (1 - e‘m¢)2 . (5.5)

5Obviously, we now may also express f’ in terms of ¢, namely f’(¢) = exp(1/2/3¢).
6For a comprehensive discussion of Higgs inflation, see desy.de/~westphal/workshop_
seminar_fall_2010/Higgs_Inflation.pdf.
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The potential is flat for large field values thus leading to slow roll inflation and
quadratic for low values of the field causing the field to oscillate around its
minimum.

Now recalling R = 6(2H? + H) ~ 12H?, we may write

R a2
T=14 —— ~4—. 5.6
! + 3M? M? (56)
Therefore, the time variable ¢ in the Einstein frame can be cast as

2

- /tt dt/F ~ % (Ho(t o) — %(t _ t0)2> . (5.7)

Furthermore, we find

M2 Mi)2
a = (1 - 12H02Mt) age , (5.8)
where a9 = 2Hpag/M. At last, the Hubble parameter in the Einstein frame is
given as
M M? M2 NP
Hx —|1—-— (1—-— —=5Mt 5.9
2 l 6H2 ( 1202 ) : (5.9)

which for which ﬁ < 0. The field equations for the action (4.6]) are

S — % (fﬁ) +V(4), (5.10)

2o _~dp dV
—= - —_— = 07 5.11
dt? N dt - d¢ ( )

which are of standard form. As usual, we can define the slow-roll parameters

_ dHJdE 1 (dV/d\®
E= 72 2( v ) = €, (5.12)
d2¢/dt? 92V /9¢?
f]z~¢/ — A€ — {d) =1,. (5.13)
H(d¢/dt) 3H?
The number of e-folds in the Einstein frame is
. tr
N:[ Hdt, (5.14)
to

which we relate to the number of e-folds in the Jordan frame via

Hdi = 1, <H+f/> Vfdt

VT 2f!
H
= Hdt <1 + H?>
—1
= dN,



thus the number of e-folds during slow-roll is equal in both frames. Evaluating
the slow-roll parameters with the potential of the effective scalar field in the
Einstein frame and combining the results with the expression for the number of
e-folds in terms of the potential

N b0 v/

N=[ Lo (5.15)
o; Vo

as well as the approximation H ~ M /2, we find

3 1
€ R ——, Ty & —, 5.16
e PR (5.16)

which will be of use later on.

6 Density Perturbations

In the Jordan frame, we cannot rely on the quantum fluctuations of a scalar
field to provide a mechanism for the creation of primordial perturbations. The
Einstein equations may hence only be perturbed with

F — F +0F, (6.1)

where the bar denotes the unperturbed background value. Unlike the case with
the scalar field, the physical origin of the perturbation remains unspecified.
Nevertheless, one obtains a familiar result, namely a scale invariant spectrum
of the curvature perturbation R

1 (H\?
Pr ~ 0. (277) (6.2)

with Q, = ¢?/H?. For f(R) = R+ R?/(6M?), we furthermore obtain the
results

1
Ni. ~ 6.3
k 2€(t*)7 ( )
N2 [ M\?
Pr~—2* | — 6.4
R 3 (mpl) ’ (6.4)
2
~1-— 6.5
- (63)
12
e N (6.6)

where ¢, is the time of (event) horizon exit of the perturbations we now observe
in the CMB and N, is the number of e-folds before the end of inflation for the
horizon exit of those perturbations. WMAP five year data constraints Pr =
(2.445 £ 0.096) - 1079 and thus M =~ 3-10"%m, ~ 10'3GeV. For Nj = 55,
the spectral index is n = 1 — 2/55 = 0.964 and the scalar-to-tensor ration
r ~ 0.004 which are in perfect agreement with the results published by the
Planck collaboration.

It may also be shown that the curvature perturbation R is conformally invariant,
hence the observables remain unchanged under the change from Jordan to the
Einstein frame.
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