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the plan
• motivation, 

• hh (ggF) at leading order, 

• brief overview: search strategies, 

• hh (ggF) at higher orders, 

• Monte Carlo event generation, 

• outlook+conclusions.



motivation
• the Higgs boson has been discovered at the LHC 

(already “old” news):

⇠ 125 GeV

• natural next step for LHC: measure its couplings, 
compare to SM expectations.  

(p-values at 
ATLAS & 

CMS)



Higgs self-couplings
• part of this venture: self-couplings of the Higgs 

boson:
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� �̃,�! :   possible deviations from the SM. 

• can be probed @ LHC: only (?) via multi-Higgs 
boson production: hh and hhh final states.  

• however: quartic coupling cannot be probed at the 
LHC: triple Higgs production cross section is tiny! 

�(pp ! hhh@14 TeV) ⇠ 0.04 fb ) 120 events at 3000 fb�1



Higgs boson pair production (LO)
• on the other hand: �(pp ! hh@14 TeV) ⇠ 40 fb

) hard, but worth investigating!

• at leading order, gluon-fusion-dominated.
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• use shrink down the top loop to an effective vertex? 
(i.e. integrate it out)
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Higgs boson pair production (LO)
• on the other hand: �(pp ! hh@14 TeV) ⇠ 40 fb

) hard, but worth investigating!

• at leading order, gluon-fusion-dominated.
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search strategies @ LHC
• Higgs bosons in hh are relatively hard:  

           (pT,peak ~100-200 GeV) 

• can use boosted-jet techniques (+ jet substructure). 

• search for hh final states in:

hh ! (bb̄)(⌧+⌧�)

hh ! (bb̄)(��)

hh ! (bb̄)(W+W�)

hh ! (bb̄)(bb̄)

(+) (-)
low bkgs τ-tagging

v. low bkgs j-to-photon
leptons+Emiss tt̄

highest BR (~1/3) QCD

• possible discovery of SM signal at high-lumi LHC 
(3000 fb-1).

�!



theoretical uncertainty (I)
• unfortunately, theoretical uncertainty on cross 

section predictions is rather large, e.g.:
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Figure 10: The total cross section (black/full) of the process gg → HH + X at the
LHC for MH = 125 GeV as a function of

√
s including the total theoretical uncertainty

(red/dashed). The insert shows the relative deviation from the central cross section.

dominated by soft and collinear gluon effects. They factorize in the Born term and in
the NLO correction contributions, meaning that the K–factor is not strongly affected
from any finite mass effects. Based on the results for the single Higgs case [19] where the
deviation between the exact and asymptotic NLO results amounts to less than 7% for
MH < 700 GeV, we estimate the error from applying an effective field theory approach
for the calculation of the NLO corrections to 10%.

3.1.4 Total uncertainty

In order to obtain the total uncertainty we follow the procedure advocated in Ref. [62].
Since quadratic addition is too optimistic (as stated by the LHC Higgs Cross Section
Working Group, see Ref. [35]), and as the linear uncertainty might be too conservative, the
procedure adopted is a compromise between these two ways of combining the individual
theoretical uncertainties. We first calculate the scale uncertainty and then add on top of
that the PDF+αs uncertainty calculated for the minimal and maximal cross sections with
respect to the scale variation. The LET error is eventually added linearly. This is shown
in Fig. 10 where we display the total cross section including the combined theoretical
uncertainty. It is found to be sizeable, ranging from ∼ +42%/−33% at 8 TeV down to
∼ +30%/−25% at 100 TeV. The numbers can be found in Table 2.

3.2 VBF and Higgs–strahlung processes

We will not repeat the detailed description of the previous uncertainties in this subsection
and only summarize how they affect the VBF and Higgs–strahlung inclusive cross sections.
In both channels, only the scale uncertainties and the PDF+αs errors are taken into
account, the calculation being exact at a given order.
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30-40% 
uncertainty

(scale + PDF + αS)



theoretical uncertainty (II)
• plus: low-energy theorem,               , introduces 

further uncertainty.
Mt ! 1

[Grigo, Hoff, Melnikov, Steinhauser, 1305.7340] 
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Figure 9: Scale dependence of the hadronic production cross section for pp → HH.
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Figure 10: The NLO hadronic cross section at the 14 TeV LHC as a function of
√
scut. Two black curves correspond

to ±20% variation in the triple Higgs boson coupling relative to its SM value. The violet (hatched) band shows the
uncertainty in the SM prediction for pp → HH due to uncalculated 1/Mt corrections.

power corrections. We also note that 1/Mt-corrections change the hadronic K-factor by about 14

percent at
√
scut = 700 GeV and the change decreases for smaller values of scut. The shift in the

√
scut = 700 GeV K-factor due to the last computed 1/Mt correction is close to seven percent.

In Fig. 9, we show the residual dependence of the production cross section pp → HH on the

factorization and renormalization scales that we set equal to each other. The NLO cross section

is computed with all available 1/Mt corrections included. The cut on the partonic center-of-

mass collision energy of 600 GeV is imposed. It follows from Fig. 9 that the NLO QCD cross

section is practically independent of the renormalization and factorization scales in a broad range

of µ. Choosing µ = 2mH as the central value and estimating the uncertainty by increasing and

decreasing µ by a factor of two, we arrive at the NLO cross section estimate σpp→HH = 38+0
−2 fb for

√
scut = 600 GeV to be compared to σpp→HH = 18+6

−4 fb at LO. The scale-dependence uncertainty

of the NLO cross section is therefore close to five percent, a significant improvement compared to

O(30%) uncertainty of the leading order cross section.

16

p
scut : upper cut partonic 

c.o.m. energy.

black: variations of 
the self-coupling by 

20% .±

violet: uncertainty 
due to un-calculated  

         corrections.1/Mt

�! corrections to 
NLO σ up to O(1/M8

t )

O(10%)�!



higher-order corrections
• the “ideal” solution: calculate the full NLO hh 

production.  

• but this is challenging: two loops with two mass 
scales is currently the state-of-the-art + requires time 
and effort.  

• until then: 

• NLO, NNLO in                 (low-energy theorem), 

• resummation.

Mt ! 1



NLO hh
• LO: at one loop, using full top mass dependence.  

• NLO: using the low-energy theorem:

[Plehn, Spira, Zerwas, hep-ph/9603205 and Dawson, Dittmaier, Spira hep-ph/9805244]
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Figure 3: Typical effective diagrams contributing to the (a) virtual and (b) real corrections
to neutral Higgs-boson pair production.

corrections the infrared singularities cancel. However, collinear initial-state singularities
are left over in the partonic cross sections. Those divergences have been absorbed into
the NLO parton densities, defined in the MS scheme with five light-quark flavours. We
end up with finite results, which can be cast into the form

σNLO(pp → φ1φ2 + X) = σLO + ∆σvirt + ∆σgg + ∆σgq + ∆σqq̄, (20)

with the individual contributions

σLO =
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NNLO hh!

• low energy theorem (               ):Mt ! 1
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Figure 1: Feynman rules for the effective interactions of Higgs bosons with gluons in the
heavy-quark limit, including NLO corrections.
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NNLO hh!

[de Florian, Mazzitelli, 1309.6594] �! 2.5% variation on σtotal in 
0 < C(2)

HH < 2C(2)
H

!

• more recently (~2 weeks ago): calculation of the 
three-loop matching coefficient          .
[Grigo, Melnikov, Steinhauser, 1408.2422] 

C(2)
HH

• they find that                            .

• causes ~1% variation on σtotal with respect to 
previous assumption. 

• (but note: interesting change in threshold 
behaviour.)

C(2)
HH/C(2)

H ⇡ 1.8



NNLO hh

[de Florian, Mazzitelli, 
1309.6594] 
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FIG. 2. Higgs pair invariant mass distribution at LO (dotted
blue), NLO (dashed red) and NNLO (solid black) for the LHC
at c.m. energy Ecm = 14TeV. The bands are obtained by
varying µF and µR in the range 0.5Q ≤ µF , µR ≤ 2Q with
the constraint 0.5 ≤ µF /µR ≤ 2.

Again, we already included the counter terms in the

definition of σ̂(c+)
qg and σ̂(c−)

gq . Finally, for the quark-
antiquark subprocess we have

σ̂b
qq̄ =

∫

d cos θ1 dθ2 dy

√

x(x − 4M2
H/s)

512 π4
fqq̄(x, y, θ1, θ2) .

(17)
The expressions for fqg, fgq and fqq̄ can be found in the
appendix.
Summarizing, Eqs. (3), (14), (16) and (17) contain

all the contributions to the partonic cross section up to
NNLO accuracy. We find agreement with Ref. [16] with
respect to the NLO results.†

III. PHENOMENOLOGY

We present, here, the phenomenological results for the
LHC. In all cases we use the MSTW2008 [30] sets of
parton distributions and QCD coupling at each corre-
sponding order. The bands are obtained by varying in-
dependently the factorization and renormalization scales
in the range 0.5Q ≤ µF , µR ≤ 2Q, with the constraint
0.5 ≤ µF /µR ≤ 2. We recall that we always normalize
our results with the exact top- and bottom-mass depen-
dence at LO. We use MH = 126GeV, Mt = 173.18GeV
and Mb = 4.75GeV.
Given that at one-loop order the corrections to the ef-

fective vertex ggHH are the same than those of ggH , we

will assume for the phenomenological results that C(2)
HH =

C(2)
H . We analyzed the impact of this still unknown co-

efficient varying its value in the range 0 ≤ C(2)
HH ≤ 2C(2)

H

† We notice that the exact LO is taken into account in a slightly
different way in Ref. [16]. The numerical effect is anyway small.

20 40 60 80 100

10
20

50
100
200

500
1000
2000

Ecm ! TeV"

Σ
!
fb
"

20 40 60 80 100
0.5
1.0
1.5
2.0
2.5
3.0

K

LO
NLO
NNLO

FIG. 3. Total cross section as a function of the c.m. energy
Ecm for the LO (dotted blue), NLO (dashed red) and NNLO
(solid black) prediction. The bands are obtained by varying
µF and µR as indicated in the main text. The inset plot shows
the corresponding K factors.

and found a variation in the total cross section of less
than 2.5%.
In Figure 2 we show the hadronic cross section for the

LHC as a function of the Higgs pair invariant mass, for
a c.m. energy Ecm =

√
sH = 14TeV, at LO, NLO and

NNLO accuracy. We can observe that it is only at this
order that the first sign of convergence of the pertur-
bative series appears, finding a nonzero overlap between
the NLO and NNLO bands. Second order corrections are
sizeable, this is noticeable already at the level of the total
inclusive cross sections

σLO = 17.8+5.3
−3.8 fb

σNLO = 33.2+5.9
−4.9 fb (18)

σNNLO = 40.2+3.2
−3.5 fb

where the uncertainty arises from the scale variation.
The increase with respect to the NLO result is then of
O(20%), and the K factor with respect to the LO pre-
diction is about KNNLO = 2.3. The scale dependence is
clearly reduced at this order, resulting in a variation of
about ±8% around the central value, compared to a total
variation of O(±20%) at NLO.
In Figure 3 we present the total cross section as a func-

tion of the c.m. energy Ecm, in the range from 8TeV to
100TeV. We can observe that the size of the perturba-
tive corrections is smaller as the c.m. energy increases.
Again, in the whole range of energies the scale depen-
dence is substantially reduced when we consider the sec-
ond order corrections.
In Table I we show the value of the NNLO cross sec-

tion for Ecm = 8, 14, 33 and 100TeV. We consid-
ered three different sources of theoretical uncertainties:
missing higher orders in the QCD perturbative expan-
sion, which are estimated by the scale variation as indi-
cated before, and uncertainties in the determination of
the parton distributions and strong coupling. To esti-
mate the parton flux and coupling constant uncertain-

• scale uncertainty ~20% @ NLO VS ~8% at NNLO 

• PDF+αS ~10%.  

• and convergence of perturbative series is improved!  



resummation
• threshold resummation in Soft-Collinear Effective Theory (SCET).  

• claim: scale uncertainty reduced to ~8%. 

[D. Y. Shao, C. S. Li, H. T. Li, J. Wang, 1301.1245 ] 
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Figure 12. Invariant mass distributions and the associated K-factors for Higgs boson pair produc-
tion at the LHC with

√
S = 14 and 33 TeV. The bands indicate the scale uncertainties. The blue

and red bands are FO results at the LO and NLO, respectively, and the green band includes the
effects of NNLL resummation matched to NLO results. The green solid and red dashed lines are
the K-factors defined as dσNNLL+NLO/dσLO and dσNLO/dσLO, respectively.

When the hard scale µ2
h = −3.6M2 is chosen in the time-like region while the other

matching scales are set equal to the factorization scale µf , only the contributions from

resummation of π2-enhanced terms are retained. As is stated in Sec.3 the corrections from

π2-enhanced terms decrease with the increasing the invariant mass of Higgs boson pair,

which is obviously shown in Fig. 11 (red dashed line). Besides, these enhanced effects

– 17 –

invariant 
mass 

distribution



Monte Carlo event generation

• so far: discussed theoretical calculations of σtotal 
and some theoretical (parton-level) distributions. 

• for detailed experimental analyses: one needs a 
Monte Carlo event generator.  

• at leading order: simply interface to a parton 
shower (Herwig, Pythia, Sherpa, etc.). 

• recently: go beyond using merging (MLM) or 
matching (MC@NLO).



merging via MLM

• supplement the parton shower (PS) (soft/collinear 
QCD radiation) with exact matrix elements (MEs). 

• use a merging scheme to put PS and MEs together, 
avoiding double-counting.  

• MLM method “matches” jets to partons according 
to a “merging” scale and vetoes accordingly.  

[Q. Li, Q. Yan, X. Zhao, 1312.3830]
[P. Maierhöfer, AP, 1401.0007]



merging via MLM

• implementation using MadGraph+Pythia, [Q. Li, Q. Yan, X. 
Zhao, 1312.3830] 

• our implementation: using OpenLoops generator: 
evaluates one-loop MEs efficiently using numerical 
& tensor integral reduction. 

• kinematical description of the first jet at high-pT: via 
exact ME for hh+1 parton. 

• MLM merging performed in Herwig++.

[P. Maierhöfer, AP, 1401.0007]

[F. Cascioli, P. Maierhöfer, 
S. Pozzorini, 1111.5206]

[Q. Li, Q. Yan, X. Zhao, 1312.3830]



merging via MLM
[P. Maierhöfer, AP, 1401.0007]
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Figure 4. The transverse momentum of the di-Higgs system and the transverse momentum of a
Higgs boson, phh? and p

h
? respectively (top), the distance between the two Higgs bosons, �R(h, h),

and the p? of the leading jet (bottom). The merged samples are shown in blue, with the blue line
corresponding to µ = 2(mh + p

hh
? ) and the un-merged samples are shown in red, with the red line

corresponding to µ = 2mh. The bands show the envelope of scale variations between µ = mh + p

hh
?

and µ = 4(mh + p

hh
? ) for the merged sample and µ = mh and µ = 4mh for the un-merged sample.

The merging parameters were chosen to be ĒTclus = 60 GeV, ✏clus = 30 GeV. The ratio sub-plot is
taken with respect to the un-merged sample with µ = 2mh.

will constitute the largest component of the irreducible background, via

pp ! tt̄ ! (⌧�⌫̄⌧ b)(⌧
+

⌫⌧ b̄) . (4.1)

We consider the case of a 14 TeV LHC, and normalise all hh inclusive cross sections to
the NNLO cross section obtained within the effective theory in [20], �

NNLO
hh = 40.2 fb.

We consider four different samples, un-merged with scales set to µ = mh and µ = 2mh

and merged with scales µ = mh + p

hh
? and µ = 2(mh + p

hh
? ). The merging parameters

– 9 –

• scale uncertainty reduction: from leading-log in PS to LO 
in ME for the first jet pT.

• e.g. transverse 
momentum of Higgs 
boson pair. 

• red: parton shower, 
blue: merged sample. 



matching using MC@NLO
[R. Frederix, S. Frixione, V. Hirschi, F. Maltoni, O. Mattelaer, 
P. Torrielli, E. Vryonidou, M. Zaro, 1401.7340]

• use exact LO and real emission MEs (hh+1 parton) as 
was done with merging.  

• use the “two-loop” virtual corrections as obtained using 
the low energy theorem (              ), reweight according to 
exact LO.

Mt ! 1

• match via MC@NLO method: removes the double-
counting resulting from combination of hh+PS and hh+1 
parton ME.  



matching using MC@NLO
[R. Frederix, S. Frixione, V. Hirschi, F. Maltoni, O. Mattelaer, 
P. Torrielli, E. Vryonidou, M. Zaro, 1401.7340]

• other hh production processes also included in the 
aMC@NLO framework:
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Figure 2: Total cross sections at the NLO in QCD for the six largest HH production channels at pp colliders. The thickness of the lines
corresponds to the scale and PDF uncertainties added linearly.

scale and PDF uncertainties added linearly. More details
are available in table 1 for selected LHC energies, i.e., 8,
13 and 14 TeV. The first uncertainties (in percent) corre-
sponds to scale variation, while the second (only shown at
the NLO) to PDFs systematics. Several observations are in
order. Firstly, contrary to what happens in single-Higgs
production, the top-pair associated channel is the third-
largest starting at about

√
s =10 TeV, and becomes the

second-largest when c.m. energies approach
√

s =100 TeV.
Secondly, the theoretical uncertainties due to scale varia-
tions in the three most important processes (gluon-gluon
fusion, VBF, and tt̄ associated production) are sizably re-
duced by the inclusion of the NLO corrections. Thirdly,
the K-factor is always slightly larger than one, except for
gluon-gluon fusion where it is of order two, and for the top-
pair associated channel where it is smaller than one. Fi-
nally, PDF uncertainties are comparable to NLO scale un-
certainties, except in the case of gluon-gluon fusion, where
the latter are dominant. In the case of V HH and tjHH
production it is manifest that the standard procedure of
determining uncertainties due to missing higher orders by
varying the scales does not give a reliable estimate, as
NLO corrections for these processes are much larger than
the LO scale dependence band. This is due to two facts:
these processes are purely electro-weak processes at the
LO, and therefore the scale uncertainties are artificially
small; furthermore in the kinematic region probed by these

processes, the quark-gluon initiated channel which opens
up at the NLO can be important.

In fig. 3 we display total LO and NLO cross sections
for the six dominant HH production channels at the LHC
with

√
s =14 TeV, as a function of the self-interaction cou-

pling λ. The dashed (solid) lines and light- (dark-)colour
bands correspond to the LO (NLO) results and to the scale
and PDF uncertainties added linearly. The SM value of
the cross section corresponds to λ/λSM = 1. The sensi-
tivity of the total cross sections to the actual value of λ
depends in a non-trivial way on the relative couplings of
the Higgs to vector bosons and top quarks, and on the
kinematics in a way that is a difficult to predict a priori,
i.e., without an explicit calculation. The reduction of the
scale uncertainties that affect the gg → HH , VBF, and
tt̄HH rates, due to the inclusion of NLO corrections, and
pointed out in table 1 for the SM, is seen here also for
values of λ ̸= λSM.

We then plot typical distributions for all channels and
at the 14 TeV LHC, which we obtain by generating sam-
ples of events at parton level, which are then showered
with Pythia8 (solid) and HERWIG6 (dashes). Being
tiny at the 14 TeV LHC, we do not show the results for
single-top associated production. We present observables
at the NLO+PS accuracy in the main frames of the plots:
the transverse momentum of the hardest (softest) Higgs in
fig. 4 (fig. 5), and the transverse momentum (fig. 6) and the

4



outlook
• the process is still very much under investigation. 

• evidently, there’s still a lot to do: 

• full NLO calculation, 

• investigation of search strategies, 

• preparation of ATLAS/CMS experiments (improved triggers?), 

• studies at future colliders (e+e- or high-energy hadron 
colliders) 

• …



conclusions
• hh production can provide useful information on the 

nature of the Higgs boson through its couplings to 
itself and other SM particles. 

• the relation of hh to single h production could verify 
whether the h is a part of the SM doublet or 
something more exotic.  

• effort is required from both theorists, 
phenomenologists and experimentalists to turn hh 
into a useful tool at the LHC and future experiments.



Thanks for your attention!

(with apologies 
to Peter Higgs)
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Figure 3: Values of s/sSM for the combination (solid vertical line), for individual decay modes
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What about HH, HHH? 
!

26



i. what could we hope to learn 
from multi-Higgs production @ 

LHC?

27



electroweak cooking

28

• ingredients:

SU(2)⇥ U(1) gauge symmetry

+ complex doublet scalar,    �

+ potential for    : � V(�†�)



electroweak cooking, steps
• choose a minimum in a particular direction, maintaining 

U(1) invariance       symmetry breaking.  

29

,!

• fluctuations of scalar field about 
minimum:

• gauge transformation: absorb 
Goldstone modes into the gauge 
bosons. 

� / (0, v +H)

�min. / (0, v)

• recipe makes massive W, Z, massless photons and the 
Higgs scalar (H). Topped with QCD and served with 
fermions to complete the SM.  



Higgs potential
• focus on the resulting potential for the scalar field H:

30

• assuming the SM: we already know everything! 

• SM prediction:                              .

' 125 GeV

• but one wishes to verify the form of the potential in a 
model-independent way.



anomalous couplings

• we may consider anomalous values for these couplings, 
i.e. free parameters. 

• their measurement would be a consistency test for the 
standard model. 

• HH can probe λ and the top Yukawa. 

• (SPOILER ALERT: forget about     through HHH.)

31



the meaning of anomalous couplings

• let’s assume we measure                                 via HH at 
the LHC, e.g. through μ(ΗΗ):

32

1. if δ is small, we may conclude that the SM is self-
consistent.  

2. if δ is large, there may be some new physics in action. 

• (but in reality, this is “only” a consistency test.) 

• other options for HH:  

• use concrete models: constraints on param. space. 

• use an effective theory: constraints on coefficients. 

[e.g. Gupta, Rzehak, Wells, 1305.6397]



an example: dimension-6 EFT (I)

• add dimension-6 Higgs operators, e.g.:

33

and

• parametrised by an unknown mass scale Λ:

• go through electroweak “cooking” again…

[see: e.g. T. Plehn, 0910.4182]

• …find new minima, expand Φ, generate W/Z masses, 
massless photon, etc. 



an example: dimension-6 EFT (II)

34

• the twist is that we have to canonically normalise the 
Higgs boson kinetic term, i.e.

,!

H ! aH + bH2 + cH3 +O(H4) +O
✓

1

⇤4

◆
• one possibility (to avoid momentum-dependent 

interactions in self-couplings): 

• but: this choice introduces new interactions everywhere in 
the SM Lagrangian related to f1. [again, see T. Plehn, 0910.4182]



an example: dimension-6 EFT (III)

35

• let’s drop f1 for the sake of simplicity…

• resulting expressions: (f1=0)

• measuring “effective” self-coupling through HH signal 
strength would constrain:

and

and

• had we kept f1, simple picture of “effective” self-coupling 
through HH production no longer holds due to additional 
interactions.  

• for a complete study, add more operators fi & use other 
experimental results. 



ii. multi-Higgs processes @ 
hadron colliders

36



SM HHH production @ LHC
• triple Higgs boson production at hadron colliders, 

• contributing diagrams:

37
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SM HHH production @ LHC
• triple Higgs boson production at hadron colliders, 

• contributing diagrams:
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SM HH production @ LHC

38

H

H

H

H

g

gg

g

• dominant initial state: gluon-gluon fusion. 

• leading order, two diagrams: 

Q2 & M2

top

t, b

t, b

• effective theory (infinite top mass) insufficient:                    . 

• loop calculation necessary to reproduce kinematical properties. 
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multi-Higgs cross sections  
(14 TeV LHC)

(with apologies to 
Peter Higgs!)
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multi-Higgs cross sections  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multi-Higgs cross sections  
(14 TeV LHC)

(with apologies to 
Peter Higgs!)

(also tiny: 
at a 200 TeV collider: ~10 fb)

?
39



iii. HH production @ LHC, in 
gory detail

40



HH production @ LO

41
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effective theory gone wild
• for HH: FAILS since                               .  

• the K-factor (NLO/LO) at HH threshold is strongly affected by 
power-suppressed              terms.

• does not describe the kinematics of the process properly: 

[Grigo, Hoff, Melnikov, Steinhauser, 1305.7340] 

7
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FIG. 4: Sample Feynman graphs contributing to pp → hh+ j +X. Not shown are the qg, q̄g and qq̄ subprocesses.
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FIG. 5: Comparison of the leading order pT,j spectrum for
pp → hh+ j+X production. Shown are distributions for the
effective interaction (obtained with MadGraph v5 [34] via
FeynRules [45] and Ufo [46]), and the full one-loop matrix
element calculation. We again choose mt = 172.5 GeV and
mb = 4.5 GeV using CTEQ6l1 parton densities and µF =
µR = pT,j + 2mh.

τs are generated with Rbb,ττ ≥ 0.2. On the other hand,
the bb̄W−W+ sample is generated inclusively, and is the
same sample used in the unboosted bb̄W−W+ analysis
in the previous section.
The results are shown in Tab. III. The initial back-

ground cross-section looks very large due to it being in-
clusively generated. However, once we take into account
the small branching ratio of W → τν this drops dramati-
cally. After requiring two b-tagged jets which reconstruct
the Higgs mass we are left with an S/B of nearly half for
the ξ = 1 case (and nearly one in for ξ = 0). The cross-
section is also reasonable, corresponding to 95 events for
1000 inverse femtobarns of luminosity. This channel is
hence very promising indeed.

III. HIGGS PAIR PRODUCTION IN
ASSOCIATION WITH A HARD HADRONIC JET

A. Parton-Level considerations

The qualitatively poor agreement of the effective the-
ory of Eq. (3) with the full theory persists if additional
jet radiation is included. Naively we could have expected
that accessing smaller invariant masses in the Higgs sys-
tem due to significant initial state radiation might re-
sult in a better agreement with the effective theory of
Eq. (3). However, especially for hard jet emission, which
allows the Higgs pairs to access large invariant masses
in a new collinear kinematical configuration compared
to pp → hh + X , the disagreement of full and effective
theories is large (Fig. 5).
Given these shortcomings of the effective theory, we

implement the full matrix element in the Vbfnlo frame-
work using FeynArts/FormCalc/LoopTools. We

[Dolan, Englert, Spannowsky 1206.5001]

e.g., spectrum of the hardest jet in 

42



HH production @ (N)NLO

• (N)NLO calculations only available in the infinite top mass 
limit. [Dawson, Dittmaier, Spira, [hep-ph/9805244]],  

• K-factor (w.r.t. LO) in this limit ~ 2. 

•      

43

[de Florian, Mazzitelli, 1309.6594]



HH cross section @ 14 TeV 
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LO

NLO
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mh @GeVD

s
Hgg
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L@fb
D

s =14 TeV, mhhê2 < mF=mR < 2 mhh

(using HPAIR by M. Spira) 
[AP, Li Lin Yang, and José Zurita, 
1209.1489]

�NLO
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improving the Monte Carlo (I)

45

• go beyond LO + parton shower 

• merging/matching (e.g. MLM or CKKW/MC@NLO or 
POWHEG) 

• HH production, no full NLO calculation: use the effective 
theory NLO or merge to higher-multiplicities. 

P. Maierhöfer, AP, 1401.0007

Q. Li, Q. Yan, X. Zhao, 1312.3830

R. Frederix, S. Frixione, V. Hirschi, F. Maltoni, O. Mattelaer, 
P. Torrielli, E. Vryonidou, M. Zaro, 1401.7340

MLM merging up to 1 extra 
parton. 

MC@NLO with NLO EFT. 

• using these improved samples, systematic uncertainties can 
be reduced. 



improving the Monte Carlo (II)

46

• (leading log to LO in first jet pT: similar to improvement in 
scale uncertainty from LO to NLO.)
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Figure 4. The transverse momentum of the di-Higgs system and the transverse momentum of a
Higgs boson, phh? and p

h
? respectively (top), the distance between the two Higgs bosons, �R(h, h),

and the p? of the leading jet (bottom). The merged samples are shown in blue, with the blue line
corresponding to µ = 2(mh + p

hh
? ) and the un-merged samples are shown in red, with the red line

corresponding to µ = 2mh. The bands show the envelope of scale variations between µ = mh + p

hh
?

and µ = 4(mh + p

hh
? ) for the merged sample and µ = mh and µ = 4mh for the un-merged sample.

The merging parameters were chosen to be ĒTclus = 60 GeV, ✏clus = 30 GeV. The ratio sub-plot is
taken with respect to the un-merged sample with µ = 2mh.

will constitute the largest component of the irreducible background, via

pp ! tt̄ ! (⌧�⌫̄⌧ b)(⌧
+

⌫⌧ b̄) . (4.1)

We consider the case of a 14 TeV LHC, and normalise all hh inclusive cross sections to
the NNLO cross section obtained within the effective theory in [20], �

NNLO
hh = 40.2 fb.

We consider four different samples, un-merged with scales set to µ = mh and µ = 2mh

and merged with scales µ = mh + p

hh
? and µ = 2(mh + p

hh
? ). The merging parameters

– 9 –

[P. Maierhöfer, AP, 1401.0007]

•e.g., transverse 
momentum of Higgs 
pair (red: parton 
shower, blue: 
merged sample)



iv. searching for HH @ LHC14
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challenges

48

• small cross section, implying high luminosity (600/fb or 
3000/fb: end-of-lifetime or HL-LHC). 

• + large theoretical uncertainties on this cross section. 

• generating sufficiently large Monte Carlo background samples:  

• Nevents = O(1000/fb) x  O(100 pb) = O(108) 

• simulating experimental efficiencies, 

• jet-to-γ mis-tagging, 

• τ-tagging, b-tagging. 
10075338
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0.8

0.6

NLO QCD, MH = 125 GeV
σ(gg → HH) [fb]

√
s [TeV]

1007550258
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1

Figure 10: The total cross section (black/full) of the process gg → HH + X at the
LHC for MH = 125 GeV as a function of

√
s including the total theoretical uncertainty

(red/dashed). The insert shows the relative deviation from the central cross section.

dominated by soft and collinear gluon effects. They factorize in the Born term and in
the NLO correction contributions, meaning that the K–factor is not strongly affected
from any finite mass effects. Based on the results for the single Higgs case [19] where the
deviation between the exact and asymptotic NLO results amounts to less than 7% for
MH < 700 GeV, we estimate the error from applying an effective field theory approach
for the calculation of the NLO corrections to 10%.

3.1.4 Total uncertainty

In order to obtain the total uncertainty we follow the procedure advocated in Ref. [62].
Since quadratic addition is too optimistic (as stated by the LHC Higgs Cross Section
Working Group, see Ref. [35]), and as the linear uncertainty might be too conservative, the
procedure adopted is a compromise between these two ways of combining the individual
theoretical uncertainties. We first calculate the scale uncertainty and then add on top of
that the PDF+αs uncertainty calculated for the minimal and maximal cross sections with
respect to the scale variation. The LET error is eventually added linearly. This is shown
in Fig. 10 where we display the total cross section including the combined theoretical
uncertainty. It is found to be sizeable, ranging from ∼ +42%/−33% at 8 TeV down to
∼ +30%/−25% at 100 TeV. The numbers can be found in Table 2.

3.2 VBF and Higgs–strahlung processes

We will not repeat the detailed description of the previous uncertainties in this subsection
and only summarize how they affect the VBF and Higgs–strahlung inclusive cross sections.
In both channels, only the scale uncertainties and the PDF+αs errors are taken into
account, the calculation being exact at a given order.

17

[Baglio, Djouadi, 
Gröber, Mühlleitner, 
Quevillon, Spira, 
1212.5581]



branching ratios (MH = 125 GeV)

49

BR[bb̄bb̄] = 33.3%

BR[bb̄WW ] = 24.8%

BR[bb̄⌧⌧ ] = 7.29%

BR[bb̄��] = 0.263%

BR[bb̄ZZ] = 0.305%

BR[WWWW ] = 4.62%

BR[bb̄µµ] = 0.025%

BR[bb̄Z�] = 0.178%

BR[⌧⌧⌧⌧ ] = 0.399%

note: each 1% corresponds to 
~100 events per 300 fb-1 of 

luminosity @ LHC14.

BR[WW ⌧⌧ ] = 2.71%
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• BR = 7.29%, cross section ~ 2.4fb (~700 events @ 300 
fb-1). 

• reconstruction of τ leptons experimentally delicate.  

• backgrounds relatively low: electroweak and top decays 
with taus in the final states. 

• Higgses naturally boosted: use a fat jet: sub-structure of 
the two b-quark system: like in Higgs+vector boson. 
[Butterworth, Davison, Rubin, Salam, 0802.2470]        “BDRS” 

• results promising given a high τ-tagging efficiency (80%), 
b-tagging assumed 70%, low fake rates.  

• S ~ 50 versus B = 100 at 600 fb-1 (~5σ).
50

HH ! bb̄⌧⌧

Dolan, Englert, Spannowsky, [1206.5001], Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira 
[1212.5581]. 



• BR = 0.263%, cross section = 0.09 fb, (~27 events @ 
300 fb-1). 

• low rate but ‘clean’. backgrounds generally low and 
mostly coming from reducible backgrounds due to mis-
identification of b-jets or photons (jet-to-γ). 

• S ~ 30 versus B ~ 60 at 3000 fb-1 (~4σ).

51

HH ! bb̄��
Baur, Plehn, Rainwater, [hep-ph/031005], Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira [1212.5581]. 



• BR = 24.8%, cross section = 8.0 fb, (~2400 events @ 
300 fb-1). 

• high rate, can have leptons + missing energy in the final 
state.  

• but: huge backgrounds from top-anti-top production.  

• with one leptonic W and one hadronic W was shown to be 
viable using jet sub-structure techniques. [AP, L. L. Yang, and J. 
Zurita, 1209.1489] 

• S = 11 versus B = 7 at 600 fb-1 (~4σ). 

52

HH ! bb̄WW
Dolan, Englert, Spannowsky, [1206.5001], Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira [1212.5581], 
AP, Li Lin Yang, and José Zurita [arXiv:1209.1489] 



more HH channels? (I)
•        : highest BR (σ ~ 10.8 fb), but fully hadronic 

(triggering an issue) and huge QCD backgrounds.

53

bb̄bb̄

• one may use boosted jet techniques to dig out this mode 
from the QCD background. 

[Danilo E. Ferreira de Lima, AP, 
Michael Spannowsky,1404.7139]

Selection hh QCD 4b hW Z ! bb hZ s/b s/
p
b

Event selection 2.31 6941.860 4.854 266.472 3.787 0.000320 1.48

Leading jet SD 0.514 208.728 0.587 5.360 0.439912 0.00239 1.919

Leading jet BDRS 0.0982 54.223 0.0117 0.741 0.123 0.00178 0.724

Both SD-tags 0.0784 4.226 < 0.00096 0.0294 0.00605 0.0184 2.082

Both BDRS-tags 0.0817 6.671 0.000192 0.0593 0.00946 0.0121 1.723

Loose SD and BDRS rec. 0.621 592.145 0.686 17.228 0.627 0.00101 1.376

Loose SD and BDRS 0.0989 17.080 0.000612 0.129 0.0231 0.00574 1.305

Table 3: Expected cross sections after selection for �/�SM = 1. Note that the first row
differs from �basic given in Table 2 due to the additional constraint on the rapidity of the
fat jets, |y| < 2.5. The significance estimate, s/

p
b, given for an integrated luminosity of

3000 fb�1. The two final rows show the results for using Shower Deconstruction on the
leading jet and the BDRS for the Higgs reconstruction on the sub-leading one. In the last
row a final mass cut on the sub-leading Higgs mass is applied.
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Figure 8: The best expected significance of the different Higgs tagger methods for different
values of � at 3000 fb�1 for a 14 TeV LHC.

3.4 Side band analysis

Estimating the background rates and distributions reliably is a very challenging task, as
uncertainties originating from the use of Monte Carlo event generators and other theoretical
calculations are often too large. An alternative method that can work reasonably well
requires an alteration of the selection setup, maximising the background. The background
shape and rate can then be modelled in a region where the signal has little or no effect

– 13 –

• improved triggering 
strategies necessary! 



more HH channels? (II)

54

bb̄µµ̄•         : small initial cross section, essentially found to be 
impossible (σ ~ 0.008 fb). [Baur, Plehn, Rainwater [hep-ph/0304015]].

WWWW•                 : good for high-mass Higgs. for low mass seems 
to be hard due to BR of Ws (σ ~ 1.5 fb).

⌧⌧⌧⌧•          : low rate and τ-tagging (σ ~ 0.13 fb). 

•             : τ-tagging, W BRs (σ ~ 0.86 fb)

bb̄Z� bb̄ZZ•          ,          : low rates and BR for Zs (σ < 0.1 fb).

WW ⌧⌧



v. how can we use HH to 
constrain the self-couplings? 

(focus on anomalous coupling picture)

55



how can we measure λ?
• older studies considered analysis of shapes of 

distributions. [e.g. Baur, Plehn, Rainwater [hep-ph/
0310056]]. 

• shapes may not be so well predicted at the moment. 

• moreover, low number of events: must exploit all 
differences in shapes of distributions to dig signal VS 
background. 

• to start with: use measured rates instead. [F. Goertz, AP, L.L. 
Yang, J. Zurita, arXiv:1301.3492].
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how can we measure λ?
• e.g. using the three channels shown to be potentially viable, 

at 3000 fb-1, LHC@14 TeV:

57

HH ! bb̄⌧⌧

HH ! bb̄��

HH ! bb̄WW

)

)

)

� = 1.00+0.40
�0.31

� = 1.00+0.46
�0.35

� = 1.00+0.87
�0.52

times 
the SM 
value

[F. Goertz, AP, L. L. Yang, J. Zurita, 1301.3492]

• “naively” combining: ~+30%, ~-20% error.



how can we measure λ?
• using the ratio with hZ/ZZ peak in the 4b mode.

58

and subsequently extrapolated to the signal region. With this purpose in mind, the Shower
Deconstruction selection for the leading fat jet is loosened to obtain a much lower efficiency
of 26% and no mass window is applied using the BDRS tagger for the sub-leading fat jet.

The BDRS-reconstructed mass of the sub-leading jet is shown in Fig. 9, including a
model for the leading QCD background using a 5th-order polynomial, shown in the dashed
line. The ratio of the remaining backgrounds to the QCD 4b fit model is shown in the lower
part of the plot with the hh signal and the hZ background weighted by a factor of ten so
that they can be compared.

The background estimate can be done by excluding the signal mass window and the
Z boson mass region for the QCD 4b background model and using the fit to estimate this
background’s content in the signal region. Other significant backgrounds can be estimated
in Monte Carlo simulation and subtracted. These results can be transferred to the signal
region with a tighter Shower Deconstruction configuration.

It is interesting to point out that a comparison of the hh ! (bb̄)(bb̄) signal, which varies
with the self-coupling �, with the hZ ! (bb̄)(bb̄) background as they both appear in Fig. 9,
can be used to estimate the self-coupling as a function of the Higgs-Z coupling.
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Figure 9: A fit of a side band region using a 5th-order polynomial, performed with looser
selection requirements, using Shower Deconstruction for the leading-pT Higgs boson iden-
tification and BDRS for the sub-leading Higgs mass reconstruction.

4 Conclusions

Using the BDRS method and Shower Deconstruction on the (bb̄)(bb̄) final state in Higgs
boson pair production, we have demonstrated that it is possible to obtain meaningful con-
straints on the Higgs boson triple self-coupling.

– 14 –

[Danilo E. Ferreira de 
Lima, AP, Michael 
Spannowsky,
1404.7139]



vi. (… and beyond)
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other production modes?
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Figure 2: Total cross sections at the NLO in QCD for the six largest HH production channels at pp colliders. The thickness of the lines
corresponds to the scale and PDF uncertainties added linearly.

scale and PDF uncertainties added linearly. More details
are available in table 1 for selected LHC energies, i.e., 8,
13 and 14 TeV. The first uncertainties (in percent) corre-
sponds to scale variation, while the second (only shown at
the NLO) to PDFs systematics. Several observations are in
order. Firstly, contrary to what happens in single-Higgs
production, the top-pair associated channel is the third-
largest starting at about

√
s =10 TeV, and becomes the

second-largest when c.m. energies approach
√

s =100 TeV.
Secondly, the theoretical uncertainties due to scale varia-
tions in the three most important processes (gluon-gluon
fusion, VBF, and tt̄ associated production) are sizably re-
duced by the inclusion of the NLO corrections. Thirdly,
the K-factor is always slightly larger than one, except for
gluon-gluon fusion where it is of order two, and for the top-
pair associated channel where it is smaller than one. Fi-
nally, PDF uncertainties are comparable to NLO scale un-
certainties, except in the case of gluon-gluon fusion, where
the latter are dominant. In the case of V HH and tjHH
production it is manifest that the standard procedure of
determining uncertainties due to missing higher orders by
varying the scales does not give a reliable estimate, as
NLO corrections for these processes are much larger than
the LO scale dependence band. This is due to two facts:
these processes are purely electro-weak processes at the
LO, and therefore the scale uncertainties are artificially
small; furthermore in the kinematic region probed by these

processes, the quark-gluon initiated channel which opens
up at the NLO can be important.

In fig. 3 we display total LO and NLO cross sections
for the six dominant HH production channels at the LHC
with

√
s =14 TeV, as a function of the self-interaction cou-

pling λ. The dashed (solid) lines and light- (dark-)colour
bands correspond to the LO (NLO) results and to the scale
and PDF uncertainties added linearly. The SM value of
the cross section corresponds to λ/λSM = 1. The sensi-
tivity of the total cross sections to the actual value of λ
depends in a non-trivial way on the relative couplings of
the Higgs to vector bosons and top quarks, and on the
kinematics in a way that is a difficult to predict a priori,
i.e., without an explicit calculation. The reduction of the
scale uncertainties that affect the gg → HH , VBF, and
tt̄HH rates, due to the inclusion of NLO corrections, and
pointed out in table 1 for the SM, is seen here also for
values of λ ̸= λSM.

We then plot typical distributions for all channels and
at the 14 TeV LHC, which we obtain by generating sam-
ples of events at parton level, which are then showered
with Pythia8 (solid) and HERWIG6 (dashes). Being
tiny at the 14 TeV LHC, we do not show the results for
single-top associated production. We present observables
at the NLO+PS accuracy in the main frames of the plots:
the transverse momentum of the hardest (softest) Higgs in
fig. 4 (fig. 5), and the transverse momentum (fig. 6) and the

4

• several associated production modes exist:

• (note: behaviour w.r.t. λ is different for each channel.) 

• with decays                      , could be looked into with sub-
structure techniques, but initial cross section low.

HH ! bb̄bb̄

[R. Frederix, S. Frixione, 
V. Hirschi, F. Maltoni, O. 
Mattelaer, P. Torrielli, E. 
Vryonidou, M. Zaro, 
1401.7340]



 triple coupl. @ lin. colliders (I)

• at a linear collider, a few studies exist, 

• based on processes such as:
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 triple coupl. @ lin. colliders (II)

• e.g. ILC [1306.6352] or TESLA TDR [hep-ph/0106315]:

62

e+e� ! ZHH

with:

�(
p
S = 500 GeV) ' 0.15 fb MH ' 125 GeVfor:

(and both              )    H ! bb̄

TESLA TDR (2001): cross section with ~20% error, 

and    with accuracy ~20%: at                   .�

ILC TDR (2013): cross section with ~27% error, 

and    with accuracy ~44%: at                   .� 2000 fb�1

1000 fb�1 ILC discrepancy: 
‘mis-clustering of 
color-singlet groups’)

‘A new jet clustering 
algorithm is now 
being developed.’

http://arxiv.org/abs/arXiv:1306.6352


 triple coupl. @ future colliders

Patrick Janot 
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Fig. 18: Expected relative statistical accuracy in % on the trilinear Higgs self-coupling for e+e� (blue) and
pp (red) colliders at the high-energy frontier. The accuracy estimates are given, from left to right, for ILC500,
TLEP500, HL-LHC, ILC1000, HE-LHC, CLIC and VHE-LHC, for integrated luminosities of 0.5, 1, 3, 1, 3, 2,
and 3 ab�1, respectively.

could have a say on the quartic self-coupling [85], needed to fully understand Electroweak Symmetry
Breaking.
In summary, the potential of the FCC project for Higgs physics cannot be challenged by any other projects
on the market.

5.3 Direct search for new physics
As seen above, the case for e+e� collisions with centre-of-mass energy of 500 GeV and above is not
compelling for the study of the H(126) particle alone. A stronger motivation would exist if a new particle
were found (or inferred) at LHC during the next run at 13-14 TeV, if and only if e+e� collisions could
bring substantial new information about it.

Typically, e+e� colliders can pair-produce new particles with masses up to half the centre-of-mass
energy, if they are either electrically charged or have a non-vanishing coupling to the Z. The reach of
ILC500, ILC1000 and CLIC is therefore limited to particles lighter than 250, 500 and 1500 GeV, respec-
tively. The lowest threshold for new particles could be that for pair-production of dark matter particles,
such as the lightest neutralinos of supersymmetric models, through their Z or Higgs couplings, in asso-
ciation with an initial-state-radiation photon. This search was performed at LEP, but was limited by the
kinematic reach and the large background from conventional neutrinos. Similar searches are performed
at the LHC (mono-photon, mono-jet, accompanied with missing energy), but are competitive with as-
trophysical searches only for very small dark-matter particle masses. The high luminosity of TLEP up
to centre-of-mass energies of 350 to 500 GeV, associated with the absence of photon background from
beamstrahlung, may provide a promising opportunity to extend the sensitivity of such single-photon
searches for dark matter.

The absence of new phenomena at the LHC so far has reduced the prospects for direct new physics
discovery in e+e� collisions below 1 TeV in the centre of mass (with few exceptions like the aforemen-
tioned possible observation of light dark matter). The next LHC run at 13-14 TeV, to start in 2015, will

37

HE-LHC: 33 TeV 

VHE-LHC: 100 TeV

[TLEP Design WG, 
1308.6176]



indirect constraints? (I)
• e.g. contributions to observables such as the W mass @ 

two loops via:

64

• but SUM of all the bosonic contributions only has (in the 
SM): 

• compare to ~15 MeV, current experimental uncert. (or 
factor of 2-3 better in future experiments). 

• can never provide constraints  (?). 

[e.g. Awramik, Czakon, Freitas, Weiglein, hep-ph/0311148] 

(�MW )2�loop

bos. = O(0.1 MeV)



indirect constraints? (II)
• e.g. contributions to single Higgs observables through 

higher-order corrections. 

• e.g. e+e- @ 240 GeV: 

65

2

can constrain a linear combination of the deviations in
the self-coupling, �h, and the hZZ coupling, �Z , as

�240
� = 100 (2�Z + 0.014�h) % , (1)

but not the self-coupling alone. Thus in order to set a
constraint on �h from a single measurement it is necessary
to make assumptions on �Z . This is a general weakness
of indirect constraints with a single measurement, and
demonstrates that such a constraint can only be consid-
ered complimentary to a direct measurement at the LHC
or ILC. Furthermore, an indirect constraint cannot un-
ambiguously single out a modified Higgs self-coupling as
the cause of a deviation in the cross section. On the
other hand a direct measurement can potentially iden-
tify the cause using kinematic distributions [17]. How-
ever, the coe�cient of �h in Eq. (1) is energy depen-
dent, hence cross-section measurements at di↵erent en-
ergies constrain di↵erent linear combinations of �Z and
�h, and an ellipse in �Z � �h space may be constrained.1

CONSTRAINING THE HIGGS SELF-COUPLING

In studies aimed at measuring the Higgs self-coupling
through di-Higgs production it is often assumed that all
other Higgs couplings take SM values and the Higgs is
not coupled to any new BSM fields. This is a useful
assumption since at hadron colliders a number of di↵er-
ent Higgs couplings, and fields, enter the di-Higgs pro-
duction process, leading to some degeneracy between the
e↵ects of a modified Higgs self-coupling and other mod-
ified Higgs couplings. This ambiguity is inherently large
for the indirect constraint discussed here, and reduced in
direct measurements at the LHC and ILC. For calcula-
tional simplicity this simplifying assumption is employed
in this section and the reliability of this assumption is
discussed later. The relevant interactions are given by
the following Lagrangian

L = LSM � 1

3!
�hAh,SMh3 . (2)

Such a modification can arise from the following non-
renormalizable contribution to the Higgs potential

Vh = Vh,SM +
1

⇤2

�
v2 � |H|2�3 , (3)

where the scale ⇤ is associated with the scale of new
physics in the Higgs sector, such as the mass scale of new
fields or the scale of strong dynamics. This modification
enters the calculation of Higgs processes at LO and NLO.
Eq. (3) shows that scenarios which are purely SM-like

1
I am grateful to Jesse Thaler for suggesting this approach.

1 1 1

h h

h h

Z

e�

e+ e+

e�

Z

FIG. 1: NLO vertex corrections to the associated production
cross section which depend on the Higgs self-coupling. These
terms lead to a linear dependence on modifications of the self-
coupling �h.

with the exception of non SM-like Higgs self-couplings are
in fact completely consistent with electroweak symmetry
in the UV. Thus no pathologies related to the underlying
gauge symmetry will arise with a modified self-coupling.
If processes involving the Higgs self-coupling at tree-level
are considered, such as in di-Higgs production, then the
modified coupling can be simply included in LO calcu-
lations. However if an NLO calculation encounters the
Higgs self-coupling at LO and at NLO, as in di-Higgs
production, then a suitable counter-term for the irrel-
evant operator in Eq. (3) must be calculated following
procedures for loop calculations in e↵ective field theories
[18]. In processes where the Higgs self-coupling does not
contribute at LO but does enter at NLO, as in the sin-
gle Higgs production considered here, the modified self-
coupling can be included in one-loop diagrams without
recourse to the details of renormalization of the irrelevant
operator in Eq. (3), however proceeding to NNLO in this
case would require the counter-term to this operator.

The dominant Higgs production process at an e+e�

collider at the energies considered here is Higgs associ-
ated production. At NLO the Higgs self-coupling en-
ters the associated production amplitude in two ways. It
enters quadratically via a modified Higgs wavefunction
counter-term, feeding into associated production at NLO
as a modification of the hZZ coupling. The self-coupling
also enters into the amplitude linearly through diagrams
such as Fig. 1. Depending on gauge choice there are also
diagrams with internal Goldstone lines.

The full NLO corrections to e+e� ! hZ are cal-
culated using the FeynArts, FormCalc, and Loop-

Tools suite of packages [19, 20]. The counter-terms
for all SM-Higgs couplings are calculated automatically
following the electroweak renormalization prescription of
[21]. Gauge invariance has been checked analytically in
the general R⇠ gauges and it has also been checked that
the final result is also UV-finite.

At various CM energies the fractional corrections to
the associated production cross section, ��h(e+e� !
hZ), relative to the SM rate are found to be

�240,350,500
� =

��h 6=0

��h=0

� 1 = 1.4, 0.3,�0.2 ⇥ �h% , (4)

[M. McCullough, 1312.3322] 

• may determine triple coupling within ~30% at 10/ab.



summary/conclusions

• I have discussed… 

i.  multi-Higgs processes at the LHC, 

ii. and what we would hope to learn. 

iii. specifically: HH production, 

iv. how to go about searching for it, and what possible 
constraints we could expect. 

v. prospects for going beyond gluon fusion HH@LHC.
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• HH is an interesting channel for HL-LHC and future 
colliders! 

• further work: 

• theoretically: improving description of the kinematics 
and the total cross section (full NLO?), investigate 
effective theory description,  

• in phenomenology: re-examine channels, search new, or 
use indirect constraints, 

• experimentally: assess the viability of the promising 
channels/methods, improve triggering for this channel!
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auxiliary slides
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how do we (actually) measure the 
triple coupling λ?  
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using differential distributions

• (as seen in: Baur, Plehn, Rainwater [hep-ph/
0310056]) 

• perform the analysis, e.g. for          . 

• construct a differential distribution for 
signal and background using Monte Carlo.  

• compare to Monte Carlo events to get 
expected bounds on the self-coupling. 

71

bb̄��



using differential distributions (an example 
from Baur, Plehn, Rainwater):

72

Figure 3. The visible invariant mass distribution, mvis, in pp → bb̄γγ, after all kinematic cuts
(Eqs. (3) and (4)), for the conservative (short dashed) and optimistic (long dashed) QCD back-

grounds and a SM signal of mH = 120 GeV (solid) at the LHC. The dotted and short dash-dotted
lines show the signal cross section for λHHH = λ/λSM = 0 and 2, respectively. To illustrate how

the reducible backgrounds dominate the analysis, we also show the irreducible QCD bb̄γγ back-
ground by itself (long dash-dotted). We include the NLO K-factor for the signal and a factor 1.3
for the QCD backgrounds.

normalization uncertainty of 10% for the SM signal plus background rate. We express limits
on the deviation of the Higgs self-coupling from the SM value in terms of ∆λHHH , where

∆λHHH = λHHH − 1 =
λ

λSM
− 1 . (7)

We summarize our results in Table IV. The bounds obtained using the conservative
background estimate (labeled “hi”) are 10 − 20% less stringent than those found using the
more optimistic scenario (labeled “lo”). At the SLHC, for mH = 120 GeV, a vanishing Higgs
self-coupling can be ruled out at the 90% CL. Limits for mH = 140 GeV are a factor 1.2 – 2
weaker than those for mH = 120 GeV.

It may be possible to subtract large parts of the reducible backgrounds which do not
involve charm quarks using the following technique. Due to the their large cross sections
(see Tables II and III), one can fairly accurately determine the mvis distributions of the
individual processes, Hjj, bb̄γj, bb̄jj, jjγγ, γjjj and jjjj production, imposing the same
cuts as in the HH → bb̄γγ analysis (Eqs. (3) and (4)). If the photon–jet and light jet–b
misidentification probabilities are independently measured in other processes such as prompt
photon [43] and W+ jets production, one can simply subtract these backgrounds. For the
background processes involving charm quarks, on the other hand, this procedure will be
more difficult to realize, since the smaller charm quark mass and the shorter charm lifetime
result in a charm quark tagging efficiency much lower than that for b-quarks. The columns
labeled “bgd. sub.” list the limits achievable if the non-charm reducible contributions to the

11



using rates (i.e. cross sections)
• differential distributions for both signal and background 

may not be very well modeled. 

• we can use the total rate predictions for signal and 
background instead.  

• BUT: these can be dominated by large systematic 
uncertainties, originating either from: 

• unknown higher-order corrections, 

• parton density function uncertainties, 

• experimental errors, 

• + more.
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using ratios of cross sections 

• consider:                                            ,

74

CHH =
�(gg ! HH)

�(gg ! H)

• single Higgs production may possess similar higher-order 
QCD corrections to Higgs pair production.  

• these may cancel out in the ratio, leading to a more stable 
prediction. 

• moreover, experimental systematic uncertainties may 
cancel out, e.g. the luminosity uncertainty. 

• we can check the degree to which extent the scale and pdf 
uncertainties cancel out.



leading order

75

of variation of the scale. This is an approximation that is justified since the two

processes possess similar topologies, and is in fact one of the main insights in favour

of using CHH . We also show, in the ratio, the resulting PDF uncertainty, calculated

using the MSTW2008nlo68cl error sets according to the prescription found in [54].

Figure 2: The cross sections for single and double Higgs boson production at leading

order using the MSTW2008lo68cl PDF set. In the lower plot, the fractional uncertainty

due to scale variation is shown in the blue band, as well as the PDF uncertainty in the

green band.

Several observations on the behaviour of the CHH ratio can be made. First of

all, it is evident that the fractional uncertainty due to scale variation is reduced with

respect to the individual calculations in both leading and next-to-leading orders:

for the LO case, the individual cross sections have a ⇠ ±16% (single Higgs boson

production) and⇠ ±25% (double Higgs boson production) scale uncertainty, whereas

the ratio has a ⇠ ±9% scale uncertainty. For the NLO case, it is reduced from

⇠ ±17% (single and double Higgs boson production) to ⇠ ±1.5% for the ratio.3

Furthermore, we can explicitly see that the uncertainty due to the QCD correc-

tions partially cancels out: even though the individual K-factors in the cross sections

�H and �HH are large, they are also very similar, both being ⇠ 2. As a consequence,

the central value of the ratio only decreases by a small amount from ⇠1.25 to ⇠1.0.

This is an indication that higher order corrections are quite likely to change the ratio

by an even smaller fraction than the change from LO to NLO, when it is consid-

ered at NNLO, whereas the single cross section has a K-factor of about ⇠1.5 [59]

3Note that in Ref. [55], threshold resummation e↵ects in SM Higgs pair-production in soft-
collinear e↵ective theory were considered. The authors claim a reduction of the scale uncertainty
to 3%. For other resummation studies in single Higgs production see, for example [56–58].

– 5 –



next-to-leading order
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Figure 3: The cross sections for single and double Higgs boson production at next-to-

leading order using the MSTW2008nlo68cl PDF set. In the lower plot, the fractional

uncertainty due to scale variation is shown in the blue band, as well as the PDF uncertainty

in the green band.

with respect to the NLO calculation.4 These findings support the idea of employing

the fully correlated scale variation described before as a realistic estimate for the

theoretical error.5

The PDF uncertainties for the cross sections themselves are not shown since they

are of the order of a few % and hence subdominant. The PDF uncertainty is also

sub-dominant in the case of the LO ratio, as shown in Fig. 2. In the case of the NLO

ratio, the PDF uncertainty becomes comparable to the scale uncertainty as can be

seen in Fig. 3. Combining the two errors in quadrature would induce an error of

±O(3%), still smaller than the ⇠ ±17% error on the NLO Higgs pair production

cross section. To remain conservative, we will assume that the theoretical errors on

CHH and �HH are ±5% and ±20%, respectively, in what follows.

4. Constraining the self-coupling

In the studies conducted in Refs. [32, 37], the Higgs self-coupling was constrained

using the final states bb̄��, bb̄µ+µ� and W+W�W+W� (in the high Higgs mass

region). The constraints were obtained by fitting the visible mass distributions in

each process for the signal and backgrounds.

Here we chose to follow a di↵erent strategy: taking into account the facts that

the di↵erent signal channels possess a relatively low number of events and that the
4An equivalent calculation at NNLO does not presently exist for Higgs pair production.
5Note that a detailed study of the scale and parton density function uncertainties in Higgs pair

production can be found in Ref. [35].

– 6 –



comments on ratio

• assuming that the scale uncertainties are correlated is a 
reasonable assumption. 

• ratio goes from ~1.25 to ~1.0 from LO to NLO even 
though the K-factor is ~2.  

• a total theoretical uncertainty of ~5% is not unreasonable 
for the ratio, as opposed to ~20% for the cross section 
itself.  

• we used the ratio, along with conservative expected 
experimental uncertainties to construct expected 
exclusion regions. 
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H+V, BDRS Analysis
• “BDRS” analysis: 

• Higgs decays to two b-quarks. 

• Cambridge/Aachen jet algorithm, R=1.2, get “fat jets”. 

• apply a “mass-drop” condition on a hard jet:  

• picks up the decay of a massive particle, e.g.  

• “filter” the jet: re-apply the jet algorithm with a smaller R, on 
the “fat” jet constituents, take three hardest “sub-jets”. 

• ask for the two hardest “sub-jets” to contain b-tags. 

• “filtering” reduces the effective area of the “Higgs”-jet, 

• hence reduces pollution from Underlying Event.

78

[Butterworth, Davison, Rubin, Salam, 0802.2470]

H ! bb̄



BDRS analysis on H+H
• the Higgs bosons in HH are naturally boosted:
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FIG. 2: Comparison of the (normalized) pT,h distributions in pp → hh+X at LO for different multiples of the trilinear Higgs
coupling λ (mt = 172.5 GeV and mb = 4.5 GeV using CTEQ6l1 parton densities).
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FIG. 3: Comparison of pp → hh + X at LO. We choose
mt = 175 GeV as in Ref. [15], from which we also obtain
the dashed blue reference line, and mb = 4.5 GeV and we use
the CTEQ6l1 parton distributions.

The resulting inclusive hadronic cross sections are plot-
ted in Fig. 3, where we also show results for non-SM tri-
linear couplings, varied around the SM value (see Eq. (1))

λSM =

√

η

2
mh . (4)

Note that choosing a value different from λSM does not
yield a meaningful potential in terms of Eq. (1), but al-
lows to constrain λ in hypothesis tests using, e.g., the
CLs method [24].
We also show the result of Ref. [15] for comparison

and find excellent agreement in total, keeping in mind
that the results of Ref. [15] were obtained using the GRV
parametrizations of parton luminosities [25], which are
different from the CTEQ6l1 [26] set that we employ for
the remainder of this paper§.

§Using the integration-mode of FormCalc/LoopTools with the

Interference between the different non-zero contribu-
tions depicted in Fig. 3 becomes obvious for the differ-
ently chosen Higgs self-couplings. We also learn from
Fig. 3 that the dihiggs cross section has a fairly large
dependence on the particular value of the trilinear cou-
pling for a mh = 125 GeV Higgs boson. The qualitative
Higgs mass dependence for different values of the trilinear
self-coupling in Fig. 3 is easy to understand: The Higgs
propagator in Fig. 1 (c) is always probed off-shell at fairly
large invariant masses; this renders the triangle contribu-
tions subdominant compared to the box contributions of
Fig. 1 (b). For Higgs masses close to the mass of the loop-
dominating top quark, we have s ≃ 4m2

t , which results
in resonant contributions of the three-point functions of
Fig. 1 (c), well-known from one-loop gg → h produc-
tion [27]. This ameliorates the s-channel suppression of
the trilinear coupling-sensitive triangle graphs and causes
the dependence of the cross section on the trilinear cou-
pling to become large at around mh

<∼ mt.
To gain sensitivity beyond total event counts, it is im-

portant to isolate the region of phase space which is most
sensitive to modifications of the trilinear coupling in or-
der to set up an analysis strategy which targets the tri-
linear self-coupling most effectively. At the parton level,
there is only a single phenomenologically relevant observ-
able to hh production, which can be chosen as the Higgs
transverse momentum pT,h. In Fig. 2 we show the dif-
ferential pT,h distribution for different values of λ and
mh = 125 GeV. The dip structure for λ > λSM results
again from phase space regions characterized by s ∼ 4m2

t ,
which are available if mh < mt, and the resulting maxi-
mally destructive interference with the box contributions.
The above points suffice to give a qualitative assess-

ment of the prospects of measurements of λ in the pp →
hh+X channel:

• the Higgs bosons from inclusive dihiggs productions

CTEQ6l1 set we obtain perfect agreement.

• + other arguments of BDRS technique apply.

[ Dolan, Englert, 
Spannowsky, 1206.5001]



H+V
• “BDRS” analysis, pictorially:
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2

b Rbb Rfilt

Rbbg

b
R

mass drop filter

FIG. 1: The three stages of our jet analysis: starting from a hard massive jet on angular scale R, one identifies the Higgs
neighbourhood within it by undoing the clustering (effectively shrinking the jet radius) until the jet splits into two subjets
each with a significantly lower mass; within this region one then further reduces the radius to Rfilt and takes the three hardest
subjets, so as to filter away UE contamination while retaining hard perturbative radiation from the Higgs decay products.

objects (particles) i and j, recombines the closest pair,
updates the set of distances and repeats the procedure
until all objects are separated by a ∆Rij > R, where R
is a parameter of the algorithm. It provides a hierarchical
structure for the clustering, like the K⊥algorithm [9, 10],
but in angles rather than in relative transverse momenta
(both are implemented in FastJet 2.3[11]).

Given a hard jet j, obtained with some radius R, we
then use the following new iterative decomposition proce-
dure to search for a generic boosted heavy-particle decay.
It involves two dimensionless parameters, µ and ycut:

1. Break the jet j into two subjets by undoing its last
stage of clustering. Label the two subjets j1, j2 such
that mj1 > mj2 .

2. If there was a significant mass drop (MD), mj1 <
µmj, and the splitting is not too asymmetric, y =
min(p2

tj1
,p2

tj2
)

m2

j

∆R2
j1,j2

> ycut, then deem j to be the

heavy-particle neighbourhood and exit the loop.
Note that y ≃ min(ptj1 , ptj2)/ max(ptj1 , ptj2).

1

3. Otherwise redefine j to be equal to j1 and go back
to step 1.

The final jet j is to be considered as the candidate Higgs
boson if both j1 and j2 have b tags. One can then identify
Rbb̄ with ∆Rj1j2 . The effective size of jet j will thus be
just sufficient to contain the QCD radiation from the
Higgs decay, which, because of angular ordering [12, 13,
14], will almost entirely be emitted in the two angular
cones of size Rbb̄ around the b quarks.

The two parameters µ and ycut may be chosen inde-
pendently of the Higgs mass and pT . Taking µ ! 1/

√
3

ensures that if, in its rest frame, the Higgs decays to a
Mercedes bb̄g configuration, then it will still trigger the
mass drop condition (we actually take µ = 0.67). The cut
on y ≃ min(zj1 , zj2)/ max(zj1 , zj2) eliminates the asym-
metric configurations that most commonly generate sig-
nificant jet masses in non-b or single-b jets, due to the

1 Note also that this ycut is related to, but not the same as, that
used to calculate the splitting scale in [5, 6], which takes the jet
pT as the reference scale rather than the jet mass.

Jet definition σS/fb σB/fb S/
√

B · fb

C/A, R = 1.2, MD-F 0.57 0.51 0.80

K⊥, R = 1.0, ycut 0.19 0.74 0.22

SISCone, R = 0.8 0.49 1.33 0.42

TABLE I: Cross section for signal and the Z+jets background
in the leptonic Z channel for 200 < pTZ/GeV < 600 and
110 < mJ/GeV < 125, with perfect b-tagging; shown for
our jet definition, and other standard ones at near optimal R
values.

soft gluon divergence. It can be shown that the maxi-
mum S/

√
B for a Higgs boson compared to mistagged

light jets is to be obtained with ycut ≃ 0.15. Since we
have mixed tagged and mistagged backgrounds, we use a
slightly smaller value, ycut = 0.09.

In practice the above procedure is not yet optimal
for LHC at the transverse momenta of interest, pT ∼
200 − 300 GeV because, from eq. (1), Rbb̄ ! 2mh/pT is
still quite large and the resulting Higgs mass peak is sub-
ject to significant degradation from the underlying event
(UE), which scales as R4

bb̄
[15]. A second novel element

of our analysis is to filter the Higgs neighbourhood. This
involves resolving it on a finer angular scale, Rfilt < Rbb̄,
and taking the three hardest objects (subjets) that ap-
pear — thus one captures the dominant O (αs) radiation
from the Higgs decay, while eliminating much of the UE
contamination. We find Rfilt = min(0.3, Rbb̄/2) to be
rather effective. We also require the two hardest of the
subjets to have the b tags.

The overall procedure is sketched in Fig. 1. We il-
lustrate its effectiveness by showing in table I (a) the
cross section for identified Higgs decays in HZ produc-
tion, with mh = 115 GeV and a reconstructed mass re-
quired to be in an moderately narrow (but experimen-
tally realistic) mass window, and (b) the cross section
for background Zbb̄ events in the same mass window.
Our results (C/A MD-F) are compared to those for the
K⊥algorithm with the same ycut and the SISCone [16]
algorithm based just on the jet mass. The K⊥algorithm
does well on background rejection, but suffers in mass
resolution, leading to a low signal; SISCone takes in less
UE so gives good resolution on the signal, however, be-
cause it ignores the underlying substructure, fares poorly
on background rejection. C/A MD-F performs well both

[Butterworth, Davison, Rubin, Salam, 0802.2470]

• HV: yields good sensitivity (4.5σ) @ 14 TeV @ 30 fb-1.

• perhaps an improvement of previous HH results can be also 
achieved! 

“fat jet”



electroweak Lagrangian (I)
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• ingredients of the ‘recipe’:

+ (...)
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electroweak Lagrangian (I)
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SU(2)⇥ U(1) gauge symmetry

+ a complex doublet scalar,   .�

• ingredients of the ‘recipe’:

(    ) 

(         ) 
+ 

• start by writing (i.e. Higgs boson Lagrangian):

L = (Dµ�)(Dµ�)� V(�†�)

an



electroweak Lagrangian (I)

82

SU(2)⇥ U(1) gauge symmetry

+ a complex doublet scalar,   .�

• ingredients of the ‘recipe’:

(    ) 

(         ) 
+ 

• start by writing (i.e. Higgs boson Lagrangian):

L = (Dµ�)(Dµ�)� V(�†�)

the covariant derivative:

SU(2) gens.SU(2) coupl. U(1) coupl.

Dµ = @µ + ig2(T ·Wµ) + iY g1B
µ

an



electroweak Lagrangian (II)
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• with potential:

(    ) 

(         ) 
+ 

+  
(...)

V(�†�) = �(�†�)2 + µ2�†�,

(� > 0, µ2 < 0)



electroweak Lagrangian (II)

83

• with potential:

(    ) 

(         ) 
+ 

+  
(...)

V(�†�) = �(�†�)2 + µ2�†�,

vacuum expectation value (vev) at: 

implies symmetry breaking

)

,!

(infinite number of degenerate minima)

|�|2 = �µ2/(2�) ⌘ v2/2.

(� > 0, µ2 < 0)



electroweak Lagrangian (II)
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• with potential:

(    ) 

(         ) 
+ 

+  
(...)

V(�†�) = �(�†�)2 + µ2�†�,

(         ) 

=

vacuum expectation value (vev) at: 

implies symmetry breaking

)

,!

(infinite number of degenerate minima)

|�|2 = �µ2/(2�) ⌘ v2/2.

(� > 0, µ2 < 0)



electroweak Lagrangian 
• further steps: 

• choose minimum in particular direction:

84

• consider fluctuations of scalar field about that minimum, 

• and make a gauge transformation to absorb the Goldstone 
modes into the gauge bosons. 

!

(implies: residual U(1) invariance)h�i = 1p
2

✓
0
v

◆
,



electroweak Lagrangian 
• hence, after symmetry breaking, the Higgs + SU(2)xU(1) 

Lagrangian becomes:  

85

‘Free’ parameters:,!

(recall: μ, λ and υ are 
related and hence 
only 2/3 are 
independent.)

fluct. about min.
� / (0, v +H)

L =
1

2
@µH@µH � V(H;�, v)

+
(v +H)2

8

�
0 1

�
(2g2T ·Wµ + g1Bµ)

⇥ (2g2T ·Wµ + g1B
µ)

✓
0
1

◆

v, g1, g2,�



‘fixing’ free params. (I)
• diagonalize the quadratic terms in vector boson fields, 

• and deduce the masses of Z and W bosons:

86

Measured!

• 4-fermion interaction at low energies can fix the Fermi 
constant:

GFp
2
=

1

2v2)

MW =
1

2
vg2 MZ =
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g21 + g22



‘fixing’ free params. (I)
• diagonalize the quadratic terms in vector boson fields, 

• and deduce the masses of Z and W bosons:

86

Measured!

• 4-fermion interaction at low energies can fix the Fermi 
constant:

GFp
2
=

1

2v2)

WARNING: Leading 
Order!

MW =
1

2
vg2 MZ =

1

2
v
q
g21 + g22



‘fixing’ free params. (II)

• until very recently, only had 3 out of 4 constraining 
equations... 

• ...in July 2012, we obtained the fourth:

87

MH =
p
2�v

Measured!

,! ⇠ 125 GeV



HH SM consistency via anomalous 
couplings

88

Figure 9: The 1� and 2� confidence regions in the yt�� plane at 600 fb�1 for the bb̄⌧+⌧�

decay mode, derived using CHH , within the SM (�true = 1 and yt,true = 1).

Figure 10: The 1� and 2� confidence regions in the yt � � plane at 600 fb�1 for the

bb̄W+W� decay mode, derived using CHH , within the SM (�true = 1 and yt,true = 1). In

the lower-right corner the exclusion is weak and only the one standard deviation curve is

shown.

determination of the Higgs boson triple self-coupling.

It is evident that deviations from expected exclusions within the SM would be

an indication of some inconsistency in these assumptions that would require further

assessment in the form of new physics models. Given the framework that we have

outlined in the present paper, the parameter space relevant to Higgs pair production

can be probed using the ratio CHH in any BSM theory. Furthermore, it is obvious

from the present study, as well as previous ones, that the measurement of the Higgs

boson trilinear self-coupling is a challenging task, and further e↵ort, both on behalf

of theorists and experimentalists, should be made in order to obtain the best possible
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HH production @ LHC: numerically

89

Florian Goertz, AP, Li Lin Yang, 
and José Zurita [1301.3492]• using HPAIR (M. Spira), fits: 

�LO
HH [fb] = 5.22�2y2t � 25.1�y3t + 37.3y4t

�NLO
HH [fb] = 9.66�2y2t � 46.9�y3t + 70.1y4t

neglecting bottom quark contributions: 
O(1%) at total cross section

• negative interference term between triangle and box. 

• [interesting: a symmetry point exists at λ ~ 2.5 yt (NLO)].

(couplings 
normalized to 

SM)



dim-6 EFT with both operators

90



dim-6 EFT with both operators
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