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What is a parton distribution 
function?
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The definition (quarks)
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Why?
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Feynman diagrams
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The eikonal line absorbs gluons
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Look at deeply inelastic scattering

• A convenient reference frame is
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• Hadron momentum is big; momentum transfer is big.
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• Picture for a fast moving hadron is Lorentz 
transformation from rest frame picture.

• Separations �xµ

between interactions:
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• The hadron meets the virtual photon.

• Virtual photon has q� ⇥ Q so
its interaction takes place over

�x+ � 1/Q

• But interactions in the proton
happen at a scale

• so the “partons” in the hadron
are e�ectively free as seen by
the virtual photon.

�x+ � Q/(m2x)
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Factored cross section

• This picture gives

fa/h(⇥, µ) d⇥ = probability to find a parton
with flavor a = g, u, ū, d, . . . ,
in hadron h,
carrying momentum fraction ⇥ = p+

i /p+.

d�̂a/dE� d⇥� = cross section for scattering that parton.
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Kinematics of the leading order diagram

�P+ + q+ = 0

P+ =
Q

x
�

2

q+ = � Q⇥
2

� = x

So
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Physical role of the eikonal line
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DIS
quark distribution 

function



The parton distribution function 
is ultraviolet divergent
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Renormalize it
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The factorization scale in DIS

• Thus we regarded the partons as “frozen.”

• But look at this graph.

• Integration over k maps to integration over �x+

• So we were wrong.

• 1/Q � �x+ � Q/(xm2).

• We argued that �x+ ⇥ Q/(xm2)⇤ 1/Q.

19



perturbative 
calculation

parton distribution 
function

log(1/Q) log(1/µF)
log(�x+)

• We call µF the factorization scale.

• Solution: divide up
the integration region.

20



21

d⇤

dE� d⌅� �
⇥ 1
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d⇤̂a(µF, µ)
dE� d⌅� +O(m/Q)

• Both fa/h(⇥, µF) and d⇤̂a(µF, µ) depend on µF.



Renormalization group 
equation
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Quark masses
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A + B � Z + X

xA = ey
�

M2/s xB = e�y
�

M2/s

• Consider d�/dy for

• Factored form of cross section
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Factorization in hadron-hadron 
collisions



• The factored formula has power
suppressed corrections.

• When d⇥̂ab/dy is evaluated at order
�n

s , there are also corrections of
order �n+1

s .

• We integrate over qT . The Z boson has mostly q2
T � M2.
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Scale dependence
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Discussion of factorization
d⇤

dy
=

�
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⇥ 1
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d⇥A

⇥ 1
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d⇥B fa/A(⇥A, µ) fb/B(⇥B , µ)
d⇤̂ab(µ)

dy

+O(m/M)

• This is not obvious.

• Need unitarity, causality, gauge invariance.
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Understanding this example



Review
• A parton distribution function is defined as a matrix 

element in a hadron state of a certain operator.!

• The operator needs renormalization, which leads to 
the DGLAP evolution equation.!

• Cross sections factor into parton distribution 
functions convoluted with hard parton scattering 
cross sections.!

• The factorization is based on unitarity, causality, and 
gauge invariance and on how the parton distribution 
functions are defined.
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