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The di�erent regimes of QCD
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Resummation in QCD: DGLAP vs BFKL

Small values of αs (perturbation theory applies if there is a hard s
ale) 
an be


ompensated by large logarithmi
 enhan
ements.

DGLAP BFKL
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strong ordering in kT strong ordering in x
∑

(αs lnQ
2)n

∑

(αs ln s)
n

When

√
s be
omes very large, it is expe
ted that a BFKL des
ription is needed

to get a

urate predi
tions
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The spe
i�
 
ase of QCD at large s

QCD in the perturbative Regge limit

The amplitude 
an be written as:

A = +






+ + · · ·






+






+ · · ·






+ · · ·

∼ s ∼ s (αs ln s) ∼ s (αs ln s)2

this 
an be put in the following form :

← Impa
t fa
tor

← Green's fun
tion

← Impa
t fa
tor
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Higher order 
orre
tions

Higher order 
orre
tions to BFKL kernel are known at NLL order (Lipatov

Fadin; Cami
i, Ciafaloni), now for arbitrary impa
t parameter

αS

∑

n
(αS ln s)n resummation

impa
t fa
tors are known in some 
ases at NLL

γ∗ → γ∗
at t = 0 (Bartels, Colferai, Gieseke, Kyrieleis, Qiao;

Balitski, Chirilli)

forward jet produ
tion (Bartels, Colferai, Va

a;

Caporale, Ivanov, Murda
a, Papa, Perri;

Cha
hamis, Hents
hinski, Madrigal, Sabio Vera)

in
lusive produ
tion of a pair of hadrons separated by a large interval of

rapidity (Ivanov, Papa)

γ∗
L → ρL in the forward limit (Ivanov, Kotsky, Papa)
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Mueller-Navelet jets: Basi
s

Mueller-Navelet jets

Consider two jets (hadrons �ying within a narrow 
one) separated by a

large rapidity, i.e. ea
h of them almost �y in the dire
tion of the hadron

�
lose� to it, and with very similar transverse momenta

in a pure LO 
ollinear treatment, these two jets should be emitted ba
k to

ba
k at leading order: ∆φ− π = 0 (∆φ = φ1 − φ2 = relative azimuthal

angle) and k⊥1=k⊥2. There is no phase spa
e for (untagged) emission

between them
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Master formulas

kT -fa
torized di�erential 
ross se
tion
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x1

x2

k1, φ1

k2, φ2

→
→

kJ1, φJ1, xJ1

kJ2, φJ2, xJ2

dσ

d|kJ1| d|kJ2|dyJ1 dyJ2

=

∫

dφJ1 dφJ2

∫

d2
k1 d

2
k2

×Φ(kJ1, xJ1,−k1)

×G(k1,k2, ŝ)

×Φ(kJ2, xJ2,k2)

with Φ(kJ2, xJ2,k2) =
∫

dx2 f(x2)V (k2, x2) f ≡ PDF xJ = |kJ |√
s
eyJ
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Master formulas

It is useful to de�ne the 
oe�
ients Cn as

Cn ≡
∫

dφJ1 dφJ2 cos
(

n(φJ1 − φJ2 − π)
)

×
∫

d2
k1 d

2
k2 Φ(kJ1, xJ1,−k1)G(k1,k2, ŝ)Φ(kJ2, xJ2,k2)

n = 0 =⇒ di�erential 
ross-se
tion

C0 =
dσ

d|kJ1|d|kJ2|dyJ1 dyJ2

n > 0 =⇒ azimuthal de
orrelation

Cn
C0

= 〈cos
(

n(φJ,1 − φJ,2 − π)
)

〉 ≡ 〈cos(nϕ)〉

sum over n =⇒ azimuthal distribution

1

σ

dσ

dϕ
=

1

2π

{

1 + 2
∞
∑

n=1

cos (nϕ) 〈cos (nϕ)〉
}
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Mueller-Navelet jets: LL vs NLL

LL BFKL
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Results

Results for a symmetri
 
on�guration

In the following we show results for

√
s = 7 TeV

35GeV < |kJ1| , |kJ2| < 60GeV

0 < y1 , y2 < 4.7

These 
uts allow us to 
ompare our predi
tions with the �rst experimental data

on azimuthal 
orrelations of Mueller-Navelet jets at the LHC presented by the

CMS 
ollaboration (CMS-PAS-FSQ-12-002)

note: unlike experiments we have to set an upper 
ut on |kJ1| and |kJ2|. We have


he
ked that our results don't depend on this 
ut signi�
antly.

10/36



Results: azimuthal 
orrelations

Azimuthal 
orrelation 〈cosϕ〉
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C1
C0

= 〈cosϕ〉 ≡ 〈cos(φJ1 − φJ2 − π)〉

Y ≡ y1 + y2

pure LL

LO vertex + NLL Green fun.

LO vertex + NLL resum. Green fun.

NLO vertex + NLL Green fun.

NLO vertex + NLL resum. Green fun.

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

The NLO 
orre
tions to the jet vertex lead to a large in
rease of the 
orrelation
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Results: azimuthal 
orrelations

Azimuthal 
orrelation 〈cosϕ〉
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〈cosϕ〉 ≡ 〈cos(φJ1 − φJ2 − π)〉

Y
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35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

NLL BFKL predi
ts a too small de
orrelation

The NLL BFKL 
al
ulation is still rather dependent on the s
ales,

espe
ially the renormalization / fa
torization s
ale
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Results: azimuthal 
orrelations

Azimuthal 
orrelation 〈cos 2ϕ〉
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CMS data

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

The agreement with data is a little better for 〈cos 2ϕ〉 but still not very
good

This observable is also very sensitive to the s
ales
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Results: azimuthal 
orrelations

Azimuthal 
orrelation 〈cos 2ϕ〉/〈cosϕ〉
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35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

This observable is more stable with respe
t to the s
ales than the previous

ones

The agreement with data is good a
ross the full Y range
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Results: azimuthal 
orrelations

Azimuthal 
orrelation 〈cos 2ϕ〉/〈cosϕ〉
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NLO vertex + NLL Green's fun.

CMS data

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

It is ne
essary to in
lude the NLO 
orre
tions to the jet vertex to reprodu
e the

behavior of the data at large Y
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Results: azimuthal distribution

Azimuthal distribution (integrated over 6 < Y < 9.4)
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√
s0

CMS data

Our 
al
ulation predi
ts a too large value of

1

σ
dσ
dϕ

for ϕ . π
2
and a too

small value for ϕ & π
2

It is not possible to des
ribe the data even when varying the s
ales by a

fa
tor of 2
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Results

The agreement of our 
al
ulation with the data for 〈cos 2ϕ〉/〈cosϕ〉 is
good and quite stable with respe
t to the s
ales

The agreement for 〈cosnϕ〉 and 1

σ
dσ
dϕ

is not very good and very sensitive

to the 
hoi
e of the renormalization s
ale µR

An all-order 
al
ulation would be independent of the 
hoi
e of µR. This

feature is lost if we trun
ate the perturbative series

⇒ How to 
hoose the renormalization s
ale?

'Natural s
ale': sometimes the typi
al momenta in a loop diagram are

di�erent from the natural s
ale of the pro
ess

We de
ided to use the Brodsky-Lepage-Ma
kenzie (BLM) pro
edure to �x the

renormalization s
ale
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Results

The Brodsky-Lepage-Ma
kenzie (BLM) pro
edure resums the self-energy


orre
tions to the gluon propagator at one loop into the running 
oupling.

These 
ontributions are formally of higher-order but they are proportional to

β0 =
11Nc−2Nf

3
≃ 7.67

First attempts to apply BLM s
ale �xing to BFKL pro
esses lead to

problemati
 results. Brodsky, Fadin, Kim, Lipatov and Pivovarov suggested

that one should �rst go to a physi
al renormalization s
heme like MOM and

then apply the 'traditional' BLM pro
edure, i.e. identify the β0 dependent part

and 
hoose µR su
h that it vanishes.

We �nd a s
ale whi
h is typi
ally about 5 times larger than

√

|kJ1| · |kJ2|
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Results with BLM

Azimuthal 
orrelation 〈cosϕ〉
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NLL BFKL+BLM
CMS

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 4  5  6  7  8  9

PSfrag repla
ements

〈cosϕ〉

Y

NLL vertex + NLL Green fun.

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV
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0 < y2 < 4.7

Using the BLM s
ale setting, the agreement with data be
omes mu
h better
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Results with BLM

Azimuthal 
orrelation 〈cos 2ϕ〉
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Results with BLM

Azimuthal 
orrelation 〈cos 2ϕ〉/〈cosϕ〉
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35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

0 < y1 < 4.7

0 < y2 < 4.7

Be
ause it is mu
h less dependent on the s
ales, the observable

〈cos 2ϕ〉/〈cosϕ〉 is almost not a�e
ted by the BLM pro
edure and is still in

good agreement with the data
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Results with BLM

Azimuthal distribution (integrated over 6 < Y < 9.4)
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With the BLM s
ale setting the azimuthal distribution is in good agreement

with the data a
ross the full ϕ range.
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Comparison with �xed-order

Using the BLM s
ale setting:

The agreement 〈cosnϕ〉 with the data be
omes mu
h better

The agreement for 〈cos 2ϕ〉/〈cosϕ〉 is still good and un
hanged as this

observable is weakly dependent on µR

The azimuthal distribution is in mu
h better agreement with the data

But the 
on�guration 
hosen by CMS with kJmin1 = kJmin2 does not allow us

to 
ompare with a �xed-order O(α3
s) treatment (i.e. without resummation)

These 
al
ulations are unstable when kJmin1 = kJmin2 be
ause the


an
ellation of some divergen
ies is di�
ult to obtain numeri
ally
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Comparison with �xed-order

An asymmetri
 
on�guration is ne
essary for �xed order but 
an be problemati


for BFKL: a BFKL 
al
ulation does not preserve energy-momentum


onservation.

This was studied at LL by Del Du
a and S
hmidt. They introdu
ed an e�e
tive

rapidity Yeff de�ned as

Yeff ≡ Y

∫

dφ cos (nφ) dσO(α3)

dy1dy2dkJ1dkJ2
∫

dφ cos (nφ) dσBFKL

dy1dy2dkJ1dkJ2

When one repla
es Y by Yeff in the expression of Cn and trun
ates to O(α3),
the exa
t 2→ 3 result is obtained
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Comparison with �xed-order

Variation of Yeff/Y as a fun
tion

of kJ2 for �xed kJ1 = 35 GeV:
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√
s = 1.8 TeV, Y = 6√
s = 7 TeV, Y = 8

Yeff/Y

kJ1 (GeV)

When kJ1 and kJ2 are 
lose, Yeff is 
lose to 1 → this e�e
t should not

be very important when kJmin1 = kJmin2

Yeff de
reases qui
kly when the di�eren
e between kJ1 and kJ2 in
reases

Yeff is 
loser to Y when going to higher energies and/or rapidities

One 
an hope that the e�e
t is less severe at NLL (work in progress)
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Comparison with �xed-order

Results for an asymmetri
 
on�guration

In this se
tion we 
hoose the 
uts as

35GeV < |kJ1| , |kJ2| < 60GeV

50GeV < Max(|kJ1|, |kJ2|)
0 < y1 , y2 < 4.7

And we 
ompare our results with the NLO �xed-order 
ode Dijet (Auren
he,

Basu, Fontannaz) in the same 
on�guration
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Comparison with �xed-order

Azimuthal 
orrelation 〈cosϕ〉
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CMS data

35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

50GeV < Max(|kJ1|, |kJ2|)

0 < y1 < 4.7

0 < y2 < 4.7

As in the symmetri
 
ase, the BLM pro
edure strongly modi�es the result

of our BFKL 
al
ulation

The NLO �xed-order and NLL BFKL+BLM 
al
ulations are very 
lose
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Comparison with �xed-order

Azimuthal 
orrelation 〈cos 2ϕ〉
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35GeV < |kJ1| < 60GeV

35GeV < |kJ2| < 60GeV

50GeV < Max(|kJ1|, |kJ2|)

0 < y1 < 4.7

0 < y2 < 4.7

As in the symmetri
 
ase, the BLM pro
edure strongly modi�es the result

of our BFKL 
al
ulation

The BLM pro
edure leads to a larger di�eren
e between NLO �xed-order

and NLL BFKL+BLM
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Comparison with �xed-order

Azimuthal 
orrelation 〈cos 2ϕ〉/〈cosϕ〉
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Using BLM or not, there is a sizable di�eren
e between BFKL and �xed-order
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Comparison: 13 TeV vs. 7 TeV

With up
oming LHC data at higher energies, we 
ould look for BFKL

e�e
ts 
omparing with results at 7 TeV

We reprodu
ed our analysis with

√
s = 13 TeV with the same 
uts:

35GeV < |kJ1| , |kJ2| < 60GeV

50GeV < Max(|kJ1|, |kJ2|) (for asymmetri
 
on�guration)

0 < y1 , y2 < 4.7

Energy-momentum 
onservation should be less problemati
 be
ause of the

larger energy
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Comparison: 13 TeV vs. 7 TeV

Azimuthal 
orrelation 〈cosϕ〉
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〈cosϕ〉

Y
NLO vertex √

s = 13 TeV

The behavior is similar at 13 TeV and at 7 TeV
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Comparison: 13 TeV vs. 7 TeV

Azimuthal distribution (integrated over 6 < Y < 9.4)
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NLO vertex √
s = 13 TeV

The behavior is similar at 13 TeV and at 7 TeV

32/36



Comparison: 13 TeV vs. 7 TeV

Azimuthal 
orrelation 〈cos 2ϕ〉/〈cosϕ〉
(asymmetri
 
on�guration)
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The di�eren
e between BFKL and �xed-order is smaller at 13 TeV than at 7
TeV
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Comparison: 13 TeV vs. 7 TeV

Cross se
tion
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0 < y2 < 4.7

In a BFKL treatment, a strong rise of the 
ross se
tion with in
reasing

energy is expe
ted.

This rise is faster than in a �xed-order treatment
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Comparison: 13 TeV vs. 7 TeV

Cross se
tion
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Taking into a

ount the s
ales and PDFs un
ertainties, the di�eren
e between

BFKL and �xed order is quite small
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Con
lusions

We studied Mueller-Navelet jets at full (vertex + Green's fun
tion) NLL

a

ura
y and 
ompared our results with the �rst data from the LHC

The agreement with CMS data at 7 TeV is greatly improved by using the

BLM s
ale �xing pro
edure

〈cos 2ϕ〉/〈cosϕ〉 is almost not a�e
ted by BLM and shows a 
lear

di�eren
e between NLO �xed-order and NLL BFKL in an asymmetri



on�guration but one should be 
areful be
ause of energy-momentum


onservation issues

We did the same analysis at 13 TeV:

- Azimuthal de
orrelations don't show a very di�erent behavior at 13 TeV


ompared to 7 TeV

- NLL BFKL predi
ts a stronger rise of the 
ross se
tion with in
reasing

energy than a NLO �xed-order 
al
ulation
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