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Outline: 
  

n   Motivation: why BFKL? 
 
n    Dijets from QCD dynamics: GLAPD vs. BFKL 
 
n    Forward dijets at LHC:  dijet “K-factor” vs |y|  
 
n Forward dijets at LHC: azimuthal decorrelations vs |y|  
 
n Summary 
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x-section asymptotics  

Bjorken limit (GLAPD): 	

s ~ Q2 >> m2	

Q2/s = x ~ 1	


Large-angle (large-x) scattering	

  	

 	


Regge-Gribov limit (BFKL): 
s>>Q2 >> m2	

Q2/s = x -> 0	


Small-angle (small-x) scattering	
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High-energy QCD asymptotics:  
GLAPD and BFKL 

s=(p1+p2)2              	

t=(p1-p3)2                 Q2=-t	

Scattering in the Standard Model (QCD) at high energies:	

Large logarithms: aS log(s), aS log(Q2)	

	

Bjorken limit (large-angle scattering): 	

s ~ Q2 >> m2	

Q2/s = x ~ 1	

Gribov-Lipatov-Altarelli-Parisi-Dokshitzer (GLAPD): 	

 (aS log(Q2))n resummation	

Inclusive cross section ~ 1/Q4	

 	

Regge-Gribov limit (small-angle scattering): 	

s>>Q2 >> m2	

Q2/s = x a 0	

Balitsky-Fadin-Kuraev-Lipatov (BFKL): 	

(aS log(s))n resummation	

Total cross section ~ s(aР-1)	


aР – Pomeron intercept              soft scattering data: aР = 1.1	
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 LL BFKL: problems 

LL BFKL: designed for infinite collision energies	

 	

	


Problems (at finite energies):	

- fixed (non-running) coupling aS	


 - energy-momentum  conservation	

- transverse momentum conservation	


Total cross section in LL BFKL: 	

σ0 (S/S0) (aP-1)     aP = 1 + C aS ≈ 1.5-1.6     ruled out 	
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Chronicles of BFKL: next-to-leading logs (NLL) 

V.S. Fadin & L.N. Lipatov (89-98) 	

C.Camici & M. Ciafaloni (96-98) 	


next-to-leading log approximation  (NLL) BFKL 	

MSbar-renormalization scheme: large corrections	


	

 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP	


D. Colferai, M. Ciafaloni & G. Salam (99) …	

BFKLP: NLL BFKL + resummation of running coupling aS	


BFKLP: Conformal BFKL kernel in NLL -> SUSY N=4 	

Pomeron intercept: aР=1.2 - 1.3	


Cross section: σ0 (S/S0) (aP-1)     aP = 1 + C aS 	

	


L.N. Lipatov, А.V. Кotikov et al. (2000-06)	

SUSY N=4  BFKL-Pomeron	


Anomalous dimensions: test of AdS/CFT-conjecture	
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Asymptotics of QED cross sections 

V.N. Gribov, L.N. Lipatov, G.V. Frolov & V.G. Gorshkov (69-71) 	

Cheng & T.T. Wu (69-71)	


Asymptotics of QCD cross sections 

 	

	

	


LL BFKL 	

J. Bartels et al (96),  S.J. Brodsky & Hautmann (97)	


	

NLL BFKL (with LO impact factors)	


 S.J. Brodsky, VK, L.N. Lipatov, V.S. Fadin & G.B. Pivovarov (2001-02) 	

 	


NLO impact factors and full NLL BFKL:	

I. Balitsky, J.Chirilli, J. Bartels et al.	
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Highly virtual photon scattering at LEP-2  

S.J Brodsky, VK, L.N. Lipatov, V.S. Fadin & G.B. Pivovarov (2002) 	

BFKLP: NLL BFKL + generalized BLM	


	

LL BFKL:  ruled out	
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БФКЛ: dijet processes  

A. Mueller & H. Navelet, Nucl. Phys.  (87) 	

Most forward/backward (Mueller-Navelet) dijets: x-section ~ exp(|Δ|y)   	


	

V.T. Kim & G.B. Pivovarov, Phys. Rev.  (96) 	


Inclusive dijets	

	


J.C. Collins, R.K. Ellis (91), S. Catani et al (91)	

Е.М.Levin, M.G.Ryskin, Yu.М.Shabelsky, А.G.Shuvaev (91)	


kT-factorization	

 	


Jet production	

	

GLAPD: ordering on кТ	

               у – no ordering	

	

BFKL: ordering on y 	

            кТ – no ordering	
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Dijet K-factor    
 

Mueller-Navelet (87)  
 

  K-factor = x-section / Born x-section  
   

x-section → C1 αS
2

 + C2 αS
3 + … 

Born x-section → C1 αS
2

  
 

K-factor =  
(Born x-section)(1+C2 /C1 αS + C3 /C1 αS

3 + …)  
 
 

BFKL →  enhanced (αS Δy)-terms 
x-section → B1 αS

2
 Δy+ B2 αS

3 Δy2 + … = 
(Born x-section)  exp(αSΔy ) 

 
Δy = |y1 – y2| 

 
 10	
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Dijet K-factor: not measurable 
 
 

K-factor = x-section / Born x-section  
Born x-section: no real and no virtual corrections 

 
only a theoretical quantity - > not measurable (!)  
Experiment: one cannot forbid virtual corrections   

by kinematical conditions 
 

Exclusive dijet x-section: always contains virtual 
corrections 
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Dijet observables: 
 

“K-factor” = inclusive dijet /”exclusive” dijet 
“K-factor” = MN dijet /”exclusive” dijet 

 as a function of rapidity separation between jets  
 

Inclusive dijet: Njets ≥ 2                 pT  ≥  pTmin  
all jet pairs 

  
Mueller-Navelet dijet: Njets ≥ 2       pT  ≥  pTmin   

most forward & most backward jets  
 

“exclusive” dijet (2-jet events) with extra jet veto:    
Njets = 2,  pT  ≥  pTmin  

  veto for extra jets pT  ≥  pTveto  
pTveto ≤ pTmin  

12	
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Forward dijets at Tevatron and LHC 
 
 

  Tevatron : D0 ->  |Δy| < 6  pTmin = 20 GeV 
                             - azimuthal decorr.  (1997) 
                             - 1800/630 GeV x-section ratio (2001) 
                             
 
  LHC: ATLAS ->  |Δy| < 6   70 GeV < pT < 90 GeV  
                             - (inverse) “K-factor”  (2011) 
                                       
                   
   LHC: CMS ->  |Δy| < 9.4  pTmin = 35 GeV 
                        - “K-factor”  (2012) 
                         - azimuthal angle decorr. 
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Dijet “K-factor” at 7 TeV 
1/ (MN dijet K-factor) =  

“exclusive” dijet/ MN dijet 

ATLAS, JHEP (2011)  
arXiv: 1107.1641 

7 TeV 
 

70 < pT < 90 GeV 
|Δy| < 6 

 
  

14	


J
H
E
P
0
9
(
2
0
1
1
)
0
5
3

 < 270 GeV   (+3)
T

p  £240  

 < 240 GeV   (+2.5)
T

p  £210  

 < 210 GeV   (+2)
T

p  £180  

 < 180 GeV   (+1.5)
T

p  £150  

 < 150 GeV   (+1)
T

p  £120  

 < 120 GeV   (+0.5)
T

p  £90  

 < 90 GeV   (+0)
T

p  £70  

Data 2010
HEJ (parton level)

POWHEG + PYTHIA

POWHEG + HERWIG

Forward/backward selection

 = 20 GeV0Q

ATLAS

yD
0 1 2 3 4 5 6

G
ap

 fr
ac

tio
n

0

1

2

3

4

5

(a)

Data 2010
HEJ (parton level)
POWHEG + PYTHIA
POWHEG + HERWIG

ATLAS
Forward/backward selection

 = 20 GeV0Q

 < 270 GeV
T

p  £240  0.5

1

 < 240 GeV
T

p  £210  0.5

1

 < 210 GeV
T

p  £180  0.5

1

 < 180 GeV
T

p  £150  0.5

1

 < 150 GeV
T

p  £120  0.5

1

 < 120 GeV
T

p  £90  0.5

1

 < 90 GeV
T

p  £70  

yD
0 1 2 3 4 5 6

0.5

1

T
he

or
y 

/ D
at

a

(b)

Figure 7. Gap fraction as a function of ∆y for various pT slices. The dijet system is defined as
the most forward and the most backward jets in the event. The data are compared to the hej and
powheg predictions in (a). The ratio of these theory predictions to the data are shown in (b). The
data and theory are presented in the same way as figure 3.

powheg+pythia and powheg+herwig give a good description of the gap fraction as a

function of ∆y, implying a smaller dependence on the generator modelling of the parton

shower, hadronisation and underlying event. The hej description of the data, however,

does not improve with the increase in veto scale.

10 Summary

A central jet veto was used to study the fraction of events that do not contain hadronic

activity in the rapidity interval bounded by a dijet system (gap fraction). The dijet sys-

tem was identified in two ways: using the two leading transverse momentum jets in the

event and, alternatively, using the most forward and most backward jets in the event.

The first approach examines the effect of wide-angle soft gluon radiation for pT-ordered

jet configurations, whereas the second favours very forward-backward configurations and,

therefore, BFKL-like dynamics. In addition, the mean number of jets in the rapidity in-
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Dijet “K-factor” at 7 TeV 
Inclusive dijet K-factor = inclusive dijet / “exclusive” dijet 

 

CMS, EPJ C (2012)  
arXiv: 1204.0696 

 
7 TeV 

pT_min = 35 GeV 
| Δy | < 9.2 

 
Dedicated forward dijet 

trigger: x150  
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2012 LHC Days (Split, Croatia 1-6 October 2012)Bryan Dahmes (University of Minnesota) 7

Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

Page 4 of 18 Eur. Phys. J. C (2012) 72:2216

Fig. 1 Ratios of the inclusive to exclusive dijet cross sections as a
function of the rapidity separation |!y| between the two jets, Rincl

(top panel) and RMN (bottom panel), compared to the predictions of the
DGLAP-based MC generators PYTHIA6, PYTHIA8 and HERWIG++, as
well as of CASCADE and HEJ+ARIADNE, which incorporate elements
of the BFKL approach. The shaded band indicates the size of the total
systematic uncertainty of the data. Statistical uncertainties are smaller
than the symbol sizes. Because of limitations in the CASCADE genera-
tor, it was not possible to obtain a reliable prediction for |!y| > 8

The Monte Carlo generators CASCADE (version 2.2.03)
[41] and HEJ (version 1.3.2) [42] are motivated by the
leading-logarithmic BFKL approach and incorporate parts
of a next-to-leading logarithmic approximation. The HEJ

generator produces parton-level jets; the corresponding
showers were produced with the ARIADNE program [43].
The HEJ+ARIADNE package [44] version 0.99b, consisting
of HEJ 1.3.2 and ARIADNE 4.12, was used.

The ratio Rincl of inclusive to exclusive dijet production
as a function of |!y| is presented in Fig. 1 (top panel). On
average the inclusive cross section is 1.2–1.5 times larger
than the exclusive cross section. The ratio Rincl grows with
increasing |!y|, as expected because of the larger phase
space for hard parton radiation. At the highest |!y|, Rincl

is expected to decrease because energy-momentum conser-
vation suppresses the emission of extra jets. The |!y| value

Fig. 2 Predictions for Rincl (top) and RMN (bottom) from DGLAP-
based MC generators presented as ratio to data corrected for
detector effects. Both BFKL-motivated generators CASCADE and
HEJ+ARIADNE (not shown) lead to a MC/data ratio well above unity.
The shaded band indicates the size of the total systematic uncertainty
of the data while statistical uncertainties are shown as bars

where Rincl starts to decrease varies from one MC generator
to another, as can be seen in Fig. 1.

The predictions from PYTHIA6 and PYTHIA8 agree with
the measurement. HERWIG++ overestimates the ratio Rincl

at medium and large rapidity intervals. A detailed compar-
ison between the data and the predictions of the DGLAP-
based MC generators is presented as a ratio in Fig. 2 (top
panel). It was checked explicitly that the results obtained
from PYTHIA6 and HERWIG++ at parton level are close to
the corresponding ones at stable-particle level. The different
behaviour of PYTHIA6 and HERWIG++ is also observed at
parton level.

The ratio RMN and the corresponding MC to data ratio
are presented in the bottom panels of Figs. 1–2. At large
|!y|, RMN approaches Rincl as extra jet radiation contribut-
ing to Rincl tends to concentrate at moderate rapidities. The
quality of the predictions of the DGLAP-based MC gener-
ators for RMN is similar to those for Rincl. The MC gener-
ators CASCADE and HEJ+ARIADNE considerably overesti-
mate the measurements of both Rincl and RMN.
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Dijet “K-factor” at 7 TeV 
MN dijet K-factor = MN dijet / “exclusive” dijet 

 

CMS, EPJ C (2012)  
arXiv: 1204.0696 

 
7 TeV 

pT_min = 35 GeV 
| Δy | < 9.2 

 
 

Data: rise from 1 to 1.5 
 

GLAPD ~ const ? 
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in dijet mass distribution

Recover jets from
final state radiation: merge
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with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV
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Fig. 1 Ratios of the inclusive to exclusive dijet cross sections as a
function of the rapidity separation |!y| between the two jets, Rincl

(top panel) and RMN (bottom panel), compared to the predictions of the
DGLAP-based MC generators PYTHIA6, PYTHIA8 and HERWIG++, as
well as of CASCADE and HEJ+ARIADNE, which incorporate elements
of the BFKL approach. The shaded band indicates the size of the total
systematic uncertainty of the data. Statistical uncertainties are smaller
than the symbol sizes. Because of limitations in the CASCADE genera-
tor, it was not possible to obtain a reliable prediction for |!y| > 8

The Monte Carlo generators CASCADE (version 2.2.03)
[41] and HEJ (version 1.3.2) [42] are motivated by the
leading-logarithmic BFKL approach and incorporate parts
of a next-to-leading logarithmic approximation. The HEJ

generator produces parton-level jets; the corresponding
showers were produced with the ARIADNE program [43].
The HEJ+ARIADNE package [44] version 0.99b, consisting
of HEJ 1.3.2 and ARIADNE 4.12, was used.

The ratio Rincl of inclusive to exclusive dijet production
as a function of |!y| is presented in Fig. 1 (top panel). On
average the inclusive cross section is 1.2–1.5 times larger
than the exclusive cross section. The ratio Rincl grows with
increasing |!y|, as expected because of the larger phase
space for hard parton radiation. At the highest |!y|, Rincl

is expected to decrease because energy-momentum conser-
vation suppresses the emission of extra jets. The |!y| value

Fig. 2 Predictions for Rincl (top) and RMN (bottom) from DGLAP-
based MC generators presented as ratio to data corrected for
detector effects. Both BFKL-motivated generators CASCADE and
HEJ+ARIADNE (not shown) lead to a MC/data ratio well above unity.
The shaded band indicates the size of the total systematic uncertainty
of the data while statistical uncertainties are shown as bars

where Rincl starts to decrease varies from one MC generator
to another, as can be seen in Fig. 1.

The predictions from PYTHIA6 and PYTHIA8 agree with
the measurement. HERWIG++ overestimates the ratio Rincl

at medium and large rapidity intervals. A detailed compar-
ison between the data and the predictions of the DGLAP-
based MC generators is presented as a ratio in Fig. 2 (top
panel). It was checked explicitly that the results obtained
from PYTHIA6 and HERWIG++ at parton level are close to
the corresponding ones at stable-particle level. The different
behaviour of PYTHIA6 and HERWIG++ is also observed at
parton level.

The ratio RMN and the corresponding MC to data ratio
are presented in the bottom panels of Figs. 1–2. At large
|!y|, RMN approaches Rincl as extra jet radiation contribut-
ing to Rincl tends to concentrate at moderate rapidities. The
quality of the predictions of the DGLAP-based MC gener-
ators for RMN is similar to those for Rincl. The MC gener-
ators CASCADE and HEJ+ARIADNE considerably overesti-
mate the measurements of both Rincl and RMN.
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Forward dijets at LHC:  

Color coherence and AO effects 
 

GLAPD: strong kT-ordering & no rapidity ordering 
BFKL: strong rapidity ordering & no kT-ordering 

 
Color coherence effects  => rapidity ordering 

 
Polar angle ordering (AO): 

jet cone veto for larger cone angles => rapidity ordering 
  

Pythia 6 and 8:  GLAPD + AO (AO cannot be fully switched off!) 
 Herwig++: GLAPD + color coherence (CC cannot be swiched off) 

 
No pure GLAPD MC generators (!) available 

at present: Pythia and Herwig generators contain |Δy|-effects 
 

small CC and AO |Δy|-effects in GLAPD-regime 
can be large in BFKL-regime at large |Δy|   
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Forward dijets at LHC 

GLAPD generators Pythia 6 and 8 (with AO) are consistent with 
CMS dijet “K-factor” data rather well: 

1) no sizeable BFKL effects? 
2) or BFKL effects cancels out in dijet ratio 

 
in the latter case  the “K-factor” with extra jet veto 

can be more sensitive BFKL effects 
2-jet “exclusive” events: impose an extra jet veto pTveto < pTmin 
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Forward dijets:  

azimuthal angle decorrelations 

Cosines 
V. Del Duca & C. Schmidt (94) 

J. Stirling (94) 
 
 
 

Cosine ratios –> more sensitive to BFKL (!) 
A. Sabio Vera  et al (2011) 
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Dijets: <cos> vs NLL BFKL+BFKLP 

CMS PAS-FSQ-12-002  
7 TeV, pT_min = 35 GeV 

Δy = |  | < 9.4 
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2012 LHC Days (Split, Croatia 1-6 October 2012)Bryan Dahmes (University of Minnesota) 7

Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

NLL BFKL + BFKLP (Sept. 2013) 
B. Ducloue, L. Szymanowski & S. Wallon 

 

Ivan Pozdnyakov, ITEP 36 

Final Plots 

3.04 Ivan Pozdnyakov, ITEP 5

Fitting function 
par[0]*exp(par[1]*x^8+ par[2]*x^6 +

 par[3]*x^4+ par[4]*x^2)
x = ∆φ
Initial for par[0] = 0.01
NDF = N_bins — N_params = 10 — 5 = 5

Chi^2  = 17.4572

Chi^2  = 8.04346

Chi^2  = 12.9047

3.04 Ivan Pozdnyakov, ITEP 5

Fitting function 
par[0]*exp(par[1]*x^8+ par[2]*x^6 +

 par[3]*x^4+ par[4]*x^2)
x = ∆φ
Initial for par[0] = 0.01
NDF = N_bins — N_params = 10 — 5 = 5

Chi^2  = 17.4572

Chi^2  = 8.04346

Chi^2  = 12.9047
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Dijets: <cos2/>/<cos>) vs NLL BFKL + BFKLP 

CMS PAS-FSQ-12-002  
7 TeV, pT_min = 35 GeV 

Δy < 9.4 
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Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

NLL BFKL + BFKLP (Sept. 2013) 
B. Ducloue, L. Szymanowski & S. Wallon 
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Figure 7: On the left measured ratio C2/C1 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.
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Figure 8: On the left measured ratio C3/C2 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.
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Forward dijets: MPI & hadronization 

 
 

 MPI and hadronization for dijet ratios and azimuthal angle 
decorelations at 7 TeV: noticeable but not exceed  

CMS systematic and statistical uncertanties   
 PYTHIA 6 and 8  

HERWIG++ 
 

->  Direct comparison with parton level calculations 
 
 

NLL BFKL B. Ducloue, S. Szymanowski & S. Wallon (2012-13): 
- parton level 

-  no MPI 
still can be compared with the data 
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Summary: 
    
  n  Forward dijet “K-factor” by CMS at 7 TeV :  
     moderate rise with  increasing |Δy|  
     - Pythia describes the rise, Herwig overshoots the rise 
     - however: pure GLAPD -> const ? 
 
  n  Azimuthal angle decorrelations (AAD) of CMS dijets:  
     - agreement with NLL BFKL improved by BFKLP 
     - Herwig describes AAD (almost) reasonably,  
       but Pythia doesn’t 
  
  ->  first indication on BFKL at LHC ?   
       No pure GLAPD predictions 
                                 
    Other observables: 
     - K-factor with extra jet veto, number of extra jets, … ? 
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