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Motivation

» To establish a Lagrangian formulation for the quantum
theory of a chiral boson, accommodating a wider class of
chiral boson theories.



Chiral Boson

» Self-dual gauge theory/chiral boson theory lives in 4k + 2

spacetime dimensions, for integer k.
» There exists a 2k-form field /chiral boson, ¢.

» Field strength of (2k + 1)-form is self-dual, i.e. d¢ = xd¢.

In 2 dimensions:
» Chiral scalar field, ¢
» Self-duality: ¢ = ¢’



Outline

» Henningson-Nilsson-Salomonson - Holomorphic decomposition

» Witten - Holomorphic line bundle

» Our proposal - Path integral for FJ model



Introduction

In the following discussions, we will be operating with three
different actions S on a 2-torus X, defined by

z~z+m+nT (m,neZ)

and a circle target space of the scalar field ¢ obeying the periodic

boundary condition
d(z+m+nm,z+ m+ nT) = ¢(z,z) + 2n(mwy + nwy), (1)

for arbitrary winding numbers w1, w; € Z.



Introduction

The goal is to compute the partition function Z (= [ D¢ e™)
for a chiral boson.

The partition function is a product of zero-mode- and
non-zero-mode-,
Z[A] = Z)[A©]Z[A].

Formula:

General Jacobi 9 function:

9 [g] (yv;7) = Zexp [Tri(n + a)2T] exp [2mi(n + a)(y + 5)]

neZ

with real characteristics/spin structures a, f3.



Holomorphic decomposition

(Henningson et al., hep-th/9908107)

Idea:
Znon—chiral [Aiv AZ] = ZhoI [AE]Za nti-hol [AZ]



Holomorphic decomposition
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However for nontrivial topology,
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where s is spin structure.



Holomorphic decomposition

(Henningson et al., hep-th/9908107)

Idea:

Znon—chiraI[AZa AZ] - ZhoI[AZ] anti- hoI[AZ]

However for nontrivial topology,

Znon-chiraI[AZ7 Az] ~ Z Z(s|[AZ]Z(St, ho|[AZ]

S

where s is spin structure.

Action:

S[p, Al = ; / dzdz 04050 + 1 / dzdz (A0, + A,050)



Calculations?
The non-chiral zero-mode partition function obtained is

ki—lko—1 [ Kk
Zoly, 7l = kWly1 Y > 0 [ﬁ;] (\/kzy; P

m=0 n,=0 ka
o ki k
JHISERY
where
W51 = 552 e | o+ 7).
and y = ’%A(EO), y=—-"2 A§°)
+ig=vkik, - 2

)



Calculations?

» There is a T-duality relating the two coupling constants (g
and g’ = é)

» Self-duality is realized at g2 = 2 with the only possibility
from k1 = 1, kp = 2.



Calculations?

» There is a T-duality relating the two coupling constants (g
and g’ = é)

» Self-duality is realized at g2 = 2 with the only possibility
from k1 = 1, kp = 2.

The zero-mode partition function of a chiral boson should be

identified with the holomorphic factor,

; n k k
Zchlral —_9 |k A1 ;717_ ' 3
oyl [Zi Vil Tk (3)



Discussions

Disadvantages in this approach:
» A Lagrangian of a non-chiral boson is assumed.

» An anomalous by-product W.

» Modular parameter defining the base space z and base space
A©) can differ by a fraction ki/ks.

» Obtained more general rational spin structures. (Could be
lifted to arbitrary real spin structures.)



Holomorphic line bundle

(Witten, hep-th/9610234)

Idea:
Anti-chiral component decoupled in a Lorentz invariant action.

Action:
1

S[p,A] = @ . dzdz [(0,¢ + gA;/2)(02¢ + gAz/2) — gdF.z/2]
1

= — [ dzdz (0:00:6 + gA:0:0 + g*A-Az/4) .
& Jx



Holomorphic line bundle

Z satisfies the two differential equations

pa:Z[Al =0, (4)
O + Oz — 52| Z[AI =0, (5)

on which the line bundle is defined with the covariant derivatives

D & A D &5 A

DA, ~ JA, s DAs ~ §As; 4An’

By these transformations,
6A§ == —8262, (SAZ == )\,
we can get to configurations

As = A and A, =AD.



Holomorphic line bundle

The space of Aéo) forms a torus, parametrized by

A9 5 A9 4 2 (e ) (minez).

812

(0)

» Z will not be a function of A;”.



Holomorphic line bundle

(0)

The space of A5~ forms a torus, parametrized by

AO A0 2y (mone z), (6)
g™

» Z will not be a function of Aéo).

Calculations:

Let y = iTgA(zo)/w and y = —iTzA(ZO)/W, the covariant derivatives
are o F o F
D— = — — — D = - —y 7

where field strength F = —m/75.



Calculations?

From

—\g— 2 2 _
Uten. Di(Y: 9V ) = D <y g (manr)iy 4 (m+ ,,T)> :
(8)
we find the transition function Uy py is
U(m n) — e—g(m+n?)y+§(m+n7—)y+f(m,n)'

A section Y of the bundle should satisfy
_ 2 _ 2 _
U(m,n)Y(yay): Y<y+g(m+n7-)v y+g(m+n7—)> : (9)
By further satisfying the self-duality condition: Dy Y = 0, we have

Y(y.7) = e~ Yo(y).



Calculations®

Given a choice of f(m, n), we can have

Yo(y) = m (ay; br).

This is realized from a property of the ¥ function,

9 [g] (y + T+ m; 1) = e i2mny—imn*rti2n(ma—nS), [g} (y;7).
We found that a, b could be parametrized by integers k1, ko,
_ |k _hk
-V k' ko'

_ 2
where g = NCTE
So the zero-mode partition function for chiral boson is

Dy 5] = A(S)abyi—5y29 | ¢ ko ki
20051 = NebT5rg 2] (w/;@%k; o)

where spin structure s = («, ).




Discussions

Shortcoming in this approach:

» The action
1
S[p Al = - / d2d7 (9,6 + gAs)2) (D56 + gA3/2) — g6Fs /2]
m8° Jx

was tailor-made.

» Obtained arbitrary real spin structures.



Path integral for FJ model
(Chen et al., hep-th/1307.2172)

Idea: Direct computation by a modified chiral boson Lagrangian.



Path integral for FJ model
(Chen et al., hep-th/1307.2172)

Idea: Direct computation by a modified chiral boson Lagrangian.

Action we propose:

Sy = So+ Sa[A+ Aol + Sg + Sw

1 _
— W / dzdz(0; + 0z)p0z¢
1 -
+% dzdz (82 + 8§)¢(A + Ao)

—i—i/dag Ndo g B(op)opd(z,z)

i
— [ (d dl) A dV 11
tomp [(do+dr)nav. (11)

to compute the zero-mode partition function.

—Tz4+7Z z—z

Notations: o4 = ===,  op = =%



Local physics?
The original FJ action

1

So = g’ / dzdz (0.4¢)(0z¢)

has the equation of motion
04030 = 0.

where 04 = 0, + 03,0 = 70, + T0s.
Through gauge transformation

¢ — (bl =¢+ F(O’B),
it is equivalent to the self-duality condition

8s¢ = 0.

(12)

(13)

(14)



Local physics?

The source term of action
1
Al = — 4 A. 1
SalA) = 5 | dedz (040) (15)

When expressing in a new coordinate y = ’%A, we notice the

partition function is periodic,

Zoly + gl = Zlyl- (16)



Gauge fixing

» The winding number wy has become gauge-invariant, as a
consequence from the symmetry ¢ — ¢/ = ¢ + F(oR).

» Consider the gauge-fixing condition

j(l{ doA0B¢(z,Zz) = 2mwy = constant Vog.
Ca(og)

» Impose another constraint by introducing a constant Lagrange
multiplier a € R.

» We set w» to zero.

This procedure contributes a term in action as

Se =1 [ dos 1 dos Blow)oao(z.2). (17)
where o4 = % o = =2



Modifications?
We introduce topological terms into the action,
Sy = 27rlkl /(dgf) +dlN) Adv. (18)
WV is a scalar auxiliary field, with twisted periodicity
Y~ W+ 271(N+ B) VNeZ,BeR.
The respective winding modes are

(d¢)(0) = 2nwidog + 2nwy dop (wi,w2 € Z), [wy is set to zero]
(dW)©) = 2rmdoy +2nndog (m,neZ).

The constant one-form dI is defined by
dl =~vydog+ (dog,

where v = —2mwn;. We may ignore the effect of  which contributes

only an overall factor.



Modifications?

[Recall from earlier Zy[y + g] = Zo[y] ]
The implication of the auxiliary field is to realize the twisted

quotient periodic boundary condition,
Zgerly) = e Zgevly + g/ k) (19)

This is satisfied when we define

ki—1

Zglyl =Y e ik zoly + gn/ka). (20)
n=0

Or,

1 —i2mwnn
e Ry + gkl
r nez

under gauge symmetry

2™yl =

n— n+ rky Vr e Z.



Modifications®

The twisting of 3 in the boundary condition of W introduces a

background Ag, where we define
Ao = mgB/iT2k

in Ep—direction. This appears from a nontrivial topological term
[ d¢ A dk, where dk is a constant one-form. That is, we have a

term in action as
1 _
Sa[Ao] = 27Tg/d2d2 (049)Ao. (21)

This gives a shift in the source term A.



Calculations

The zero-mode partition function is computed to be

Zoly] :Nze—sg’) _ {nl/kl] (kly. k127> ‘

152
o s g7 &
To derive this result we have decomposed the variables
W1:k1P+ma ”:kIQ+r>

where p,q € Z and m,r =0,1,2,--- ,(k; — 1).
To reproduce the former results, g = ki ko.



Discussions

Our proposal:

» For a generic interacting chiral boson Lagrangian, of
Lorentz-invariance or -variance, we propose to introduce the
correction terms Sa[Ao] + Sy to the “local” action So + Sa[A].

» The quotient condition is the guiding principle. And it
involves introducing an auxiliary field.

» All possible topological terms are exhausted and carefully
defined.



Discussions

Our proposal:

>

For a generic interacting chiral boson Lagrangian, of
Lorentz-invariance or -variance, we propose to introduce the
correction terms Sa[Ao] + Sy to the “local” action So + Sa[A].

The quotient condition is the guiding principle. And it

involves introducing an auxiliary field.

All possible topological terms are exhausted and carefully
defined.

Obtained a single 9 function as a solution for the chiral boson
partition function.

Spin structures can be lifted to be arbitrary real by twisting
the boundary condition of ¢.



Summary

» Henningson-Nilsson-Salomonson:
- contains an anomalous piece that makes the decomposition
not strictly holomorphic.
- requires a non-chiral boson action to start with.

» Witten:
- it is a customized action.

» Our approach:
- clear emergence of a single ¥ function.

- applicable to other generic actions.



Future works

v

Interacting chiral boson Lagrangian

v

Higher genus

v

Higher dimension

v

Curved spacetime
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Formulas!
General Jacobi 9 function:
[ ] (v;7) Zexp 7r/ (n+ a)? ]exp[27ri(n+a)(y+6)]
nez
with real characteristics/spin structures a, f3.

Poisson resummation formula:

> exp[—a(m+ B)* +y(m+ B)]
= Z \/> exp [/27rnﬁ+ 7( — i2mn) ]
Identity:
ko—1 00

-1 2mi(mi—mo)ny/ko wo ko
k, E e = O o

n>=0 Wp=—00



Formulas?

Modular transformations of Jacobi ¥ function:

9 [g] <ii) = V/—irelmy/Tmialy [_ﬁa] (vi7)

W {g] (y;7+ 1) = e~imalatl)y [5 +Z+ é] (v;7)

For m, n € Z, the Jacobi ¥ function has the periodicity

", [g] (y + 7 + m; ) = e~ 12mny—imn*T+i2n(ma—nf) [g] (y;7).
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