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» T-duals of flux compactifications Hui, babholkar, Shelton, Taylor, Wecht, Grafia,

Motivation

Minasian, Petrini, Waldram, Halmagyi, Andriot, Hohm, Larfors, Liist, Patalong ...and many others

Habc — fabc — Qabc — Rabc

» Structure of fluxes:

6[QBE] = HMabc [e87 eb] = abcec
8aBbC — Qabc ﬁ[gna BE] _ Rabc

» Gravity theory with metric G, and flux Hapc
1 n — abc a
5— ﬂ/d xV/ TGl e (R — & Hune H™ + 4G 0,00,0)

— corresponding theory for (g?°, 3%°) without double field theory?

» Poisson geometry

{{f. g}, h} + cycl. = B2"9,8°) 9, Bpg Och
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Definition: LIE ALGEBROID -
» E — M vector bundle, Dfmpt'o "
[',-]e: E x E — E, skew symm., Jacobi identity
» p: E — TM, bundle homomorphism (anchor)
> Leibniz rule: For s1,s5, € [(E),f € C*(M)

[51, fSQ]E = p(Sl)(f) So + f [Sl,Sg]E

Examples
» M manifold, (TM, [-,], p = id)...trivial
> M Poisson manifold
— B = %B’J 0; A 0 Poisson tensor (i.e. [8,8]sn = 0)
Lie algebroid (T*M, [, -]ks, B%)
Anchor: % : T*M — TM, Bt(dx") = B0,
Bracket: [a,7]xs := Lgz(a)Y — Lty — d (B(a, 7))



Differential geometry with Lie algebroids

Mackenzie, Vaisman, Weinstein, Roytenberg, Gualtieri, Boucetta
Objects: X el(TM) — s eT(E)

Lie derivative

Ls(F) =p(s)(F), Lgs2 = [s1,9]e
e.g. dx'(f) =B"0,f, [dx', dx'] Ks = D BY dx*

Covariant derivative

stl S = stlsz
v51(7‘:52) = p(sl)(f)52 + fv5152
— Vgadx =TT dxk

Torsion: T(s1,5) = Vg5 — Vg,s1 — [s1, 5]

Curvature: R(s1,2)s3 = Vg Vs, 53 — Vs, Vs 53 — Vis.5], 53
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Application to string theory

Bosonic low energy effective action:

! /d"x\/—\G| e 2 (R — &5 Habc H + 4G™0,0050)

S— —
2K2

...invariant under diffeomorphisms, B-field gauge transformations
Seiberg, Witten '99 :
pr= (BN, &%= G

Gauge trafos of B: A¢B = d§ can be transformed:
» Gauge trafos of 3:

DB = Lgse)B — LeB — NB(dE)
» Gauge transformations of the new metric g:

Acg = Lgie)8 — Le&
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B-diffeomorphisms

Deser, Pl

R

ariv: 12101501, 1211.0030
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[-diffeomorphisms

Blumenhagen, Deser, Plauschinn, Rennecke, arXiv: 1210.1591, 1211.0030

Acg = Lgue)8 —

> Lgi(e)&: standard diffeomorphism
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Blumenhagen, Deser, Plauschinn, Rennecke, arXiv: 1210.1591, 1211.0030 Andreas Deser

Acg = Lgye)8 — Le&

> Lgi(e)&: standard diffeomorphism
> L¢g: “p-diffeomorphism”:

B-diffeomorphisms
Le(f) =¢mD™f, D™ = p™0,

£€77 = (émDmna - anmga - gmanamn) dx?

LeX = (EmD™ X2+ XTD¥m — XT,Qm"™) 04
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Acg = Lgye)8 — Le&

> Lgi(e)&: standard diffeomorphism
> L¢g: “p-diffeomorphism”:

R s —
Le(f)=EmD™F, D™ = ™0,

£€77 = (émDmna - anmga - gmanamn) dx?

[fX = (memXa + X"D%¢,, — Xmg,,Qm"a) 0,

Question: Is there an action [ d"x @(g,ﬁ,@ invariant under
diffeomorphisms and 3-diffeomorphisms?
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Blumenhagen, Deser, Plauschinn, Rennecke, arXiv: 1210.1591, 1211.0030 Andreas Deser

Acg = Lgye)8 — Le&

> Lgi(e)&: standard diffeomorphism
> L¢g: “p-diffeomorphism”:

R s —
Le(f)=EmD™F, D™ = ™0,

££77 = (memna - anmga - gmanamn) dx?

ﬁgX = (memXa + X"D%¢,, — Xmg,,Qm"a) 0,

Question: Is there an action [ d"x @(@,6,@ invariant under
diffeomorphisms and 3-diffeomorphisms?
— Idea:
» Find the right Lie algebroid (E, [, ‘], p), such that [, ]
maps (-tensors to [-tensors
> Apply differential geometry of E to get Ricci scalar, flux
corresponding to H, dilaton kinetic term
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(T*M’ [" ']QSv /Bﬁ)

> [, -]ﬂs: H-twisted Koszul-Schouten bracket (severa, weinstein)
The right Lie algebroid

(€ nKs =& mks + tpe(eytosm H
[an7 de]Zs _ (Qkab _ Bamﬁanmnk) ka — Qkabdxk

> (T*M,[-,-|Hs, B*) is a Lie algebroid if
6am6bn6ckank — Rabc
R:=[8.Blsn, R = pl2rg,std



. . . Lie algebroids in
The right Lie algebroid i
Blumenhagen, Deser, Plauschinn, Rennecke, arXiv: 1210.1591, 1211.0030 Andreas Deser
Metric on E = T*M: g% = g(dx?, dx®
» Metricon £ = o g% = glax®, dx

Covariant derivative V g=dx? = T, 2bdxk

v

» Vanishing torsion, metricity:

B*(dx") (& (dx, dx¥)) = &(Vgeidx!, dx¥) + g(dx!, V g dx¥) The right Li algebroid

» Unique Levi-Civita connection on (T*M, [+, -]is, 5%):
e = ;gkm (DaAbm + Dbgom _ Dmé_ab)
N AR
> Get explicit Ricci-scalar for I,2?
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Action for (£, 3, ¢) invariant under both types of diffeomorphisms
1 o1 — A A
S= 55 [ dxV=Iall8 e (R = HR™ Rupe + 4£5D°6D"9)

» |371| is needed for diffeomorphism and S-diffeomorphism
invariance Main result

» The bivector 8 enters with non-trivial dynamics:

> Rabc — /Bamamﬂbc ..
> Ricci scalar contains e.g. D*D"g.p, D?(8:6Qm™) ...

> Relation to standard bosonic action by Seiberg/Witten's field
redefinition:

SNS(Ga Ba(b) = g(é(Bv G)aﬁ(Ba G)7¢)

where g% = 37" G,,, 3", and % = (B~1).
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Generalization: Filippov 3-algebroids sraiey ondsing
Filippov, Vallejo, Grabowski, Marmo Andreas Deser
Definition:

» F — M vector bundle,

> [,-,-]: Fx Fx F — F tri-linear, skew-symmetric 3-bracket,
fundamental identity:

[u1, up, [vi, vo, v3]] = [[u1, Uz, vi], vo, v3] + [vi, [u1, 2, Vo], v3]
+ [va, v, [u1, U2, v3]]

Generalization:
Filippov 3-algebroids

» Anchor-morphism a: [(A2F) — TM, Leibniz rule
[Vl, Vo, fV3] = f[Vl, Vo, V3] —|— a(v1 A Vz)(f) V3

» Homomorphism property:

[a(u1 A\ U2)7 a(v1 A VZ)]L
= a([ul, up, Vl] A\ V2) + a(v1 A\ [U17 up, V2])
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Mimic constructions of the Lie algebroid case, e.g.:

» 3-Lie derivative:

Lsns,(F) = a(si A2)(f), Lsrs, S3:= [51,%, s3]

Generalization:
Filippov 3-algebroids

Commutator has to be modified according to the gen.
Leibniz-rule:

[‘CSIASZ’ £€1A62]S = E[Shsz,el]/\ezs + ‘Cel/\[51752762]5 :



Differential geometry with 3-algebroids

» 3-Covariant derivative:

V: T(FAF)xT(F)—=T(F),

Properties:

>

v

v

Vsinstenes = Vsins, + Ve ne-
Vans,(e1+ &) = Vsaser + Vs as, €.
vfsl/\sz = fvslAsz-

Vs (fs3) = a(si As2)(f)ss+ F Visns,Ss.
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» 3-Torsion

T(sl7 S, 53) = v51/\5253 + VSQ/\5351 + v53/\5152 - [513 S2, 53] .

» 3-Curvature

Generalization:
Filippov 3-algebroids

R(Sl, 52, 53, 54) = [vsl/\527 v53/\54] - v[51,52,53]/\54 - v53/\[51,52754]
- [V51/\S47 sz/\Sa] + V[51,54,52]/\53 + V52/\[51,54,53]
+ [VS2/\$47 v53/\51] - V[52754,53]/\51 - vS:«x/\[52754,51] .



Conclusion and discussion

'S

v

v

v

v

Action with dynamical fields (2%, 322, ¢)

> Invariant under diffeomorphisms and S-diffeomorphisms

» Used the differential geometry of Lie algebroids

> Relation to standard bosonic string action by Seiberg-Witten
field redefinition

Extendible to type IIA superstring, e.g. gravitino
Lrs = ‘jja’yabc (ﬁb - ﬁ‘@baﬁ’V(XB) \TJC

Poisson tensor implemented non-trivial into gravity —
deformation quantization?
E.g. Fedosov construction of covariant star product...

Connection to T-duality and O(d, d)-transformations
Possibility to generalize to 3-algebroids and n-algebroids
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Conclusion and discussion

» Action with dynamical fields (§?°, 322, ¢)

> Invariant under diffeomorphisms and S-diffeomorphisms

» Used the differential geometry of Lie algebroids

> Relation to standard bosonic string action by Seiberg-Witten
field redefinition

v

Extendible to type IIA superstring, e.g. gravitino

Lrs = ‘jja’yabc (ﬁb - ﬁl@baﬁva6> e

v

Poisson tensor implemented non-trivial into gravity —
deformation quantization?
E.g. Fedosov construction of covariant star product...

v

Connection to T-duality and O(d, d)-transformations

v

Possibility to generalize to 3-algebroids and n-algebroids

Thank you!
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